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From ( P4 and (9.3.29) we get

/ df/ o

<c(v,K,U X\ o,a,b,m,n) 1+Z (/ HfaHOngdt) / |u|mB(3g)dt .

|| <m

dx<

The last inequality and (9.3.25) allows us to conclude the proof. []
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applying Theorem 7.2.1, it follows
u € L*(=a,0, H""(B(0),R"))

and

0
/ |u|3n+l,B(a)dt <

+9
550
< c(v, K,U N\ 0,a,b,m,n)¢ 1+ Z ( | f* HOB(gg)dt> +/b]u\fn73(30) dt p. (9.3.25)

|aj<m

Finally we have to prove that u € H'(—a,0, L*(B(c),RY)) and inequality (9.2.5).

From inequality (9.2.3) we have

0
/ dt/ | D"u||*dz <
—a B(o)
Lt

9
< (v, K,U N\ o,a,bymn) Q1+ > ( I HOB@U)C@ / [ul?, poydt p (9.3.26)

|a|<m

then we have

D"u € L*(B(o) x (—a,0),R"). (9.3.27)

Moreover, bearing in mind that, for |a| < m, a®(X, p) satisfies (P.3), and for |a] = m
a®(X, p) satisfies (P.4), we have

D*a*(X,p) € L* (B(0) x (—a,0), R") Va : ol < m (9.3.28)

Recalling the definition of weak solution, for every ¢ € Cg°(Q, RY), proceeding as in
[24], we have

G

and, bearing in mind (9.3.28), we obtain that

) dr =Y / dt/B (D%a®(X, Du)| ) da (9.3.29)

jal<m @)

du 2 N
HE € L? (B(o) x (—a,0),RY) . (9.3.30)



142

every |h| < hyg, it follows

: }
/ |70 D"l || D" ul|* dz < (/ ||Ti,hD'u||4dx) (/ ||D”u||4dm) <
B(20) B(20) B(20)

2 2 4
< |h’2 ||D//UH0,4,B(ga) I DHUHO,4,B(2U) < |h|2 ’u‘m747B(g

o)

Integrating in (—b%,0), from (9.3.23) it follows

0
/ dt/ | 750 D"u|? da <
—a B(o)
1+9

0 2 0
<c(v, K, U\ o,a,b,mn)h* { 1+ Y (/ ||fa||0,3(3g)dt> +/ ul?, a0 Ot
—b —b

|a|<m
(9.3.24)

If ho < |h| < §, for every i = 1,2,...,n we easily obtain

0 0 2 0
h
/dt Hn,hD"uH?dxgzL/ dt HD”uHdegél—Q/ dt [ |D"u|dx<
Bo) —a B(30) h() —a B(30)

—a

0
S C(Vv Ka Ua )\,O’, a, bvman)h2/b |u‘3n,B(30)dt <

0 o
< C(V’ K: Ua )\,O’, a, b7 m, n)|h’2 1+ Z (/ HfaHO,B(30'>dt> +/ ’u‘rzn,B(?;o) dt
—b —b

|a|<m

It is then proved, for every |h| < § and every i € {1,2,...,n}, that

0
/ dt [ |7 D"ul)? da <
—a B(o)

149

0 2 0
<c(v,K,U\o,a,b,m,n)|h|* {1+ Z (/ ||fa||g,B(3g)dt) +/ ]u|;73(30) dt p |
—b —b

|a]<m
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Multiplying each term for p? and integrating respect to (—b*, —i) and applying
(9.3.5), we achieve

_1

m
[ ar [ (i o)
—b* B(30)

2

Ti —n D (¢2mn7h u) H dr <

_1

v z 2

e A I - s
4e(K,m,n) /_b* K B(20)

0 5 1
+C(V> Ka Ua )\,O’,CL, bvman)hQ 1+Z (/b”faHO»B(&T)dt) +/bu‘u|iz,B(3a) dt

|oj<m
Taking into consideration the last inequality and the properties of the function 1,

from (9.3.21) we deduce

_2
/ " dt/ 7in D'ul? dae <
—a B(o)
149 1

0 S
S C<V7 K) U,)\,U,a,b,m,n) h2 1+ Z (/ Hfa||0,B(30')dt) +/ H|u‘72n,B(30) dt +
la|<m —b —br

+c(v, K,o,m, n)/ " dt 2™ pi | 7inD' u H2 || D"u H2 dx.
—b* B(20)

From which, passing the limit y — oo, we get

0
/ dt/ 70 D"u|| dz <
—a B(o)

0 % 0
<c(v, K\ omn)h* {1+ (/ ||fa||0,B(3[,)dt) +/ ul?, 5oy dt ¢ +
—b —b*

la)l<m
0

+ c(u,K,a,m,n)/ dt/ $ 2 lrn Dl | D"ul® d. (9.3.23)
—b* B(20)

Let us now estimate the last term in (9.3.23). Using Holder inequality, applying
Theorem 7.2.2 (for p = 4, B(30) instead of B(c) and t = 1) and formula (9.3.5), for
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Let us focus our attention on the last term, taking into account that from (9.3.4),
for

a. e. t € (—=b*,0), we have

u(-,t) € H™* (B (ga) ,RN>

then using Holder and Young inequalities, for every « such that |a| < m, for every

g > 0, it follows

S, Q71D ) D (47 ) | e <
B(50)

(/ |h|2Hn,_hm<¢2mn,hu>u2dx)2(/ h2(|f“|+||D”UI|2)2d:c>§
B(30) B(50)

2
< S [h|7? /
2 B(30)

Furthermore, for every « such that || < m, from Theorem 7.2.2 for every h € R

NI

IN

Ti—nD* (V*" 71 u) H2 dx + c(e) h? / (|f** + HD"UH4) dz.

B(ga)

with |h| < hg and for every € > 0, we have

s |
2 B(30)

oD (0| d < / | )| e <
50)

B(
<e W2 | i D" | dz + (o, 5)/ | 7, D w||” da <
B(20) B(20)
<e W2 || 7 D" || dz + c(o, €) h?/ | D"u|® da
B(20) B(30)

the last inequality follows, as before, applying Theorem 7.2.2 for p = 2. Let us now

choose € = it ensures

v
4¢(K,m,n)’

[ (e 1om?)
B(ga)

TL_hDa (QZJQmTi’h U)H dx S

v 2 "2
- "N 7in D d
~ de(K,m,n Bgﬁa) i D"ul|"dz

+C(V7 K, g, m, n)hQ{/ |fa|2dx+|u|3n,B(30)+|u|fn74,B(go) } (9322>
B(30)
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Then, from (9.3.9) estimating the terms A, B,C, D and E, for every € > 0, we have

_1
u/ Tt ol ke D'l da <
—b* B(20)

§{38 +c(K,U,m,n) (\h| + K+ |h]/\ + \h|2)‘> }/ Hdt/ 7,[127”,02 ]|Ti7hD"u||2dx—|—
—b* B(20)

_1
+c(K,0,a,b,m,n,e) hg/ g dt/ (1 + HD"uH2> dx +c(o,a,b,n, ) Kh*+
—b* B(30)
1

+ (K, o, m,n,a)/ "t G202 D ull? | D"l i+
—b* B(20)

(K, mn) S / i / (1714 1 D" al)llmn D (277 || di. (9.3.20)
—b* B(%0)

|al<m

We observe that the function
h— oK, U,o,m,n) (bl + 2+ |} + |

is continuous in the origin, then I ho(v, K,U,\,0,m,n), 0 < hy < min{1, §}, such

that for every |h| < ho, we have

(K, U, 0.mim) ([l + 2+ | + [B[*) < 7.

For each integer i = 1,...,n , for ¢ = {5 and every h such that |h| < ho(< 1), it

follows
_1
m
Z/ dt / ¥ p? ||7in D"l dw <
2 ) B(20)
_1
<e(v,K,0,a,b,m,n) \h|2/ " dt / (1 + HD”UH2> dx +
—b* B(30)
_1
m
+ (v, K, U,m,n)/ dt wzmpi ||T,-7hD’u||2 | D"ul|]® do +
—b* B(20)
_1
m
+ ¢(K,m,n) Z / ﬁidt/ (If| + 10" ul®) |75, —nD* (V*™7ipu) || dz.
—b* B(%O’)

|oj<m

(9.3.21)
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The term B can be estimated, for every € > 0, as follows

B| < {5+C(K,U,m,n) <|h|A+|h|2A)}/ “dt/ P02 |7 D"l da +
—-b B(20)

1
+C(K,U,m,n,5)h2/ udt/ |D"ul|* da+
b B(30)

1
+ (K, m,n, e)/ "t Vel |, WD/l || D"u)|* dz. (9.3.16)
—b B(20'
Let us consider the term C, for every € > 0, we have
_1
1C| <{e+c(K,m,n) (h*+ |h|)}/ Cat 2™ p? ||TZhD”u|| dx +
—b B(20)

_1
+c(K,0,m,n,¢) hz/ ' dt/ (1+ ]|D”u||2) dx.
—b B(30)

To estimate the term D, we firstly observe that

(

=0 if t <—b —a<t< -2 t>-1
iz Iz
(PP (t) § < A if —b<t<-—a (9.3.17)
<0 if —2<t< -1
\ s H

then, using Theorem 7.2.2, we obtain

D = / V" pu | Tl dX =
Q

= / / V2" 1, ol Pda + / dt / V2" 1, pul | i [P <
B<2a>

B<2a>

dt |7ipul® de <

dt | Dju||*da.

B(20) B(so)

(9.3.18)
Finally, using (P.3) condition, the term E can be expressed as follows

|E] < c(K,m,n) Z/ pudt/ (LF + 1D u|*) 73,5 D (4773 ) || e

|a)<m

(9.3.19)
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we have

_1
u/ Tt ol Lo D"ul|” dxy/ Cat A" p? Z 750 D%ul|” d <
—b B(20) —b B(20’)

|lal=m
< [ ¥ 3 ((moun) 2
D,

laf=|B8l=m k=1

Pu Tish Dau) dX <

<A+B+C+D+E,
(9.3.9)

where

Y S [ (v 2

lo|=|8|=m v<a k=1 Py,

(rin D7) (X) )dX,
(9.3.10)

53 zz/(mm )2

D“(w%mgnmmx3)>dxy(9sln

jal=m [8]<m k=1
—_p Da° B2 2 AX 0312
= |Z oz, puTinu)(X)) | dX, (9.3.12)
D = / 5 g gyl T |2 X 9.3.13)
-> / “(X, Du) |7;,_n D™ (V*™ p27iu) ) dX. (9.3.14)

jal<m

We observe that, for every ¢ > 0, we have

1
|A] < 6/ "t P p? ||Tth”uH dx+c(K,o,m,n,e) / dt/ 1+ | D" ul| )
—b B(ZO’) B(30)
(9.3.15)
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Then, equality (9.3.8) becomes

/Q (axz ZZ“D%’“ )Zp

[B|<m k
/me / 7'Z hu| p,uTz hu)*gs) dX+/ (Ti,hu| mepu [(p;ﬂ—i,hu) " gs]/) dX_
Q

De (Wm/)u [(puTinu) * gs) )) dX =

laj=m

Z /(ao‘ (X, Du) |T¢,tha{¢2m,0u [(puTi,h“)*QS]}) dx.

|a|<m

Taking into account, for «a : |a| = m, that

D (V" py [(puminn) * 951) = *" p [(puTin D) % gJH0™ Y Car () [(pumin D7) % 9]

<
where
c(m,n)
|Ca’y(w)| < W)
we obtain
2m B é;& «
w P Z Z TZhD wg( ))W(puTi’hD u) % gs | dX =
laf=|8l=m k=1 P

S [ (0 00| (1) (D) a1 ) ax-

lo|=|8|=m v<a k=1 pk

-2 2 Z/( (7in D7 X))gaa a(T/JQmpu[(pm,hU)*gs]))dX_

laj=m |8]<m k=1 P

% (5

la|=

D (9" pyu [(pumipw) * gs])) dX + / V¥l (il (puTinu) *gs) dX +

/Q(Tl | 2™ Pu [(puTipu) * g.] dX—Z / (X, Du) |1; ., D*® {@DQmp# [(puTinuw) * gs]}) dX.

|a\<m

For s — 400, using ellipticity condition (3.6), symmetry hypothesis, convolution

property of g, and that

lim (Ti,hu| z/JQmpu [(puTinw) * g5 ) dX =0,
s——400 Q
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Let i be a positive integer, i < n, and h a real number such that |h| < . For every

,u>§ and for every s > max{pu, ﬁ} let us define the following “test function”

o(X) =74 {wz"‘pu [(puTinu) * gs]} , VX =(z,t) €Q. (9.3.7)

Substituting in (9.2.1) the above defined function ¢, we have

/Q Z 7;.,0% (X, Du) | D (@DQmpM [(puTinw) * gs] ))dX —

laf=m

= / (TZ ntt| VP p [(puTinu) * gs]}’) dX —
— Z / “(X, Du) |7;,_nD* {1/12"‘;)“ [(puTipu) * gs]}) dX.
loo|<m

(9.3.6
For every o : || = m and a. e. X = (z,t) € @), we have
Tina® (X, Du(X)) = a® (z + he',t, Du(z + he',t)) — a® (X, Du(X)) =

1
:/ dd * (z +nhe',t, Du(X) + nripDu(X)) dn =
o an

1
— h/ aa a® ($+77h6i,t, Du(X)+777i,hDu(X)) dn+
0 0%

N

1
+ Z Z (TithBuk(X))/%a“(m—i—nh@i,t, Du(X)+n7;, Du(X))dn=

|B]<m k=1 0 Pk

where, if b = b(X, p), for simplicity of notation, we set

1
b(X) = / b(z+ nhe', t, Du(X) + 7 Du(X)) dn.
0
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then, using (9.3.1), written with 6 = 1 — 3, and (9.3.2)—(9.3.4), we have

0 0
/_b* HUanA,B(gU) dt < ¢(o) /_b* IIUI|§’4+%7B(30) dt <

0

<c(,\ 0,m, n)/

" 2 2
. D" | 3.8(30) [l dt <

Cm=1A(B(50),RN)

0 # 0
<c(w, K. UNommn) {1+ > (/ ||fa||0,3(3g)dt) +/ ul?, pao dt
—b —-b

|a|<m

(9.3.5)

then it follows the requested inequality (9.2.3). ]

Proof. Let us fix B(30) = B(2",30) CC Q, a,b € (0,T) with a < b and h € R such
that |h| < £, set b* = %2 and let ¢(z) € Cg°(R™) a real function satisfying the
following properties 0 < ¢ < 1inR", ¢ = 1in B(0),% = 0in R"\ B(20), | D[ < £
in R™.

Let us also define the function p,(t), for p > %, i integer, the following real function

(
1 if —a <t <=2
I
0 iftg—bandtz—i
pull) = (93.6)
% if —b<t<-—a
. 2 1

Moreover set {gs(t)} the sequence of symmetric regularizing functions such that

gs(t) S Cgo(]R)v gS(t) > 0, gS(t) = g5<—t),

11
Supp gs C |:__7_:| ) /gs(t) dt =1.
R

S S
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and

0
"2
/ [ D"uly p(30) dt <
_b*
140

0 2 0
S C(Vv K7 U,I?,)\,O',Cl,b, m, ’I’L) 1 + Z (/ ||faH0yB(3U)dt) +/ |u|72n,B(30') dt
-b —b*

|| <m

(9.3.1)

Hence, we remark that « € C™1A(Q, RY), then, it results, for a.e.t € (—b*,0),
u(z,t) € H™ (B (ga> ,RN) nCcm-tA (B (g(f),RN) , YO< ¥ <1, VB(30) cC Q.

Then, from Theorem 7.2.4 with Q = B (ga), 1—-A <60 <1,foro= %, and for

a.e.t € (—b*,0):
u(z,t) € H™P (B (ga) ,]RN> ,

and there exists a constant ¢ = ¢(0, A\, 0, m,n) such that

1 1
||u||m,p,B(§a) < C||u||fn+9’3(%a) ||u||ém—1,/\(B(ga>,]RN)a
Wherep=4+% > 4.

The choice § =1 — 3(> 1 — A) ensures that for a. e. ¢ € (—b*,0) we have

5 4\
u(z,t) € H™P (B (50) ,IRN) ,  withp=4+ v VB(30) CcC Q. (9.3.2)
n J—
and
1
||uHm,p,B(go'> S C(ev Avavmvn)||u||;+17%73(gg) ||u||ém—1,)\(B(%o—)7RN)7 (933)
Wherep:4+f—_)‘/\ >4

Then we have, for a. e. t € (—=b*0), the following inclusion between Sobolev

u(z,t) € H™P (B (ga> ,RN) cc gm™* (B (ga) ,RN> (9.3.4)

spaces
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and the following estimate holds

1+

9
0 0 b) 0
/ ull 1 oy < (v, I, U, A0, b,m, m) 414+ 3 (/ be“Ho,B@a)dt) n / Tl sy
e la)l<m - -
(9.2.3)

where K = supg [|[D'ul| and U = ||ul| gm-1.x g -

Theorem 9.2.2. (main result). If ue L*(=T,0, H™(Q,RY)) N C™ M Q,RY),
0<A<1, is a weak solution of the system (6) and if the assumptions (P.1) — (5.6)
hold, then VB(3c) = B(2°,30) CC Q, Va,b € (0,T), a < b it results

u € L*(—a,0, H" Y (B(o),RY)) N H'(—a,0, L*(B(c), RY)) (9.2.4)

and the following estimate holds

0 2
/ {|U|72n+1,3(g) + } dt <
—a 0,B(0)

0 2 0
< C(Vv Ka Ua /\707 a, b7m>n) 1+ Z (/ Hfa||07B(30)dt) +/ |u|iz,B(3U)dt
—b —b

|oj<m

du
ot

(9.2.5)

where K = supg [|[D'ul| and U = ||ul| gm-1.2G gw)-

9.3 Proofs of the main results

Proof. Let us observe that, using Theorem 2.III in [11], for every 0 < ¥ < 1 and

ue L? (—b*,o,HmW (B (ga) ,RN)> ,

b* = b we have

2
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we have

la < M(K) 1+ P71,

T

ZZ

k=1 |8|=m

M(K);

8pk

(3.6) Jv=wv(K) >0 such that:

dad(X
Z 3 a’(z) : D) e ed > (k) STIEN = vilel?,

R k=1 |a|=|B]=m |8]=m
for every £ = (£*) € R” and for every (X,p) € Q x R, with ||p|| < K .

If the coefficients a® satisfy condition (3.6) we say that the system (6) is strictly
elliptic in ).

9.2 Main results

We say a function u € L*(—T,0, H™(Q,RY)nC™ 1A Q,RY), N positive integer and
0 < A < 1, weak solution in ) to the nonlinear parabolic system of order 2m
0
3" (~1)D*a* (X, Du) + a—;‘ =0

) o] <m
/Q{ > (a*(X, Du)| D*p) — ( I%t)}dX 0, Vo € C(Q,RY). (9.2.1)
la<m

Theorem 9.2.1.. Ifu € L2(=T,0, H™(Q,R))n C™ YMQ,RY), 0 < X\ < 1, is
a weak solution of the system (6) and if the assumptions (P.1) — (3.6) hold, then
VB(30) = B(2°,30) CC Q, Va,b € (0,T), a < b, it results

u € L*(—a,0, H™*(B(c),RY)) (9.2.2)
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and p = {p“}jaj<m, p* € RY, the generic point of R. If p € R, we set p = (p/,p")
where p’ = {p®}jajcm € R' = jnjcm RY, p" = {p“}Hajem € R" = [Tiai=m RY . and
pl* = D 1 12017 = D2 1% 1271 = D Ip%1%
la|<m loa|<m la|=m

We consider, as usual,

0

Di = )
81‘,’

N . o aq a2 Qp .
1=1,...,n; D% = D{"D5*...D;";

Du = {Dau}wgm, D'u = {Dau}|a|<m, D"u = {Dau}w:m.

Let us consider the following differential nonlinear variational parabolic system of

order 2m :

> (=)D a™ (X, Du) + 2_7: =0 (9.1.1)

|| <m
where a®(X,p) = a“(X,p/,p") are functions of A = Q x R in R, satisfying the

following conditions:

(P.1) for every a: |a] < m and every p € R, the function X — a“(X,p), defined in

Q having values in RY | is measurable in X ;

(P.2) for every a: |a] < m and every X € @, the function p — a®(X, p), defined in

R having values in RN, is continuous in p;
(P.3) for every a: |a| < m and every (X,p) € A, such that ||p'|| < K, we have
o (X, p) | < M(E) (17201 + 191
where f* € L*(Q);

(P.4) for every a : |a| = m, the function a®(X,p,p"), defined in Q x R having values
in RY are of class C* in Q xR and, for every (X,p,p") € QxR with ||p/|| < K,



Chapter 9

Nonlinear parabolic systems

In this chapter, we investigate differentiability of the solutions of nonlinear parabolic

systems of order 2m in divergence form of the following type

> (=1IDYa (X, Du) + % =0.

laj<m

The results are achieved inspired by the papers [23] and [25]. This chapter can be
viewed as a continuation of the study of regularity properties for solutions of elliptic
systems started in [15] and continued in [16] and [18], and also as a generalization of
the paper [7] where regularity properties of the solutions of nonlinear elliptic systems

of order 2m with quadratic growth are reached.

9.1 Problem formulation

Let us set m, N positive integers, « = (a1,...,q,) a multi-index and |o| = a5 +

...+ a, the order of a. We denote by R the Cartesian product

R = [ RY

laj<m

129



128

where K = sup || D'ul|.
Q
Therefore, because we are exactly in the same situation studied in n. 3 Chapt. IV of

[4], we get the conclusion.
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and, Vo : o] = m,

_ Oa®(x, Du) a®(z, Du)
as B
G (x, Du) = — -y Z (Dy DPu o (8.4.4)
|Bl<m k=1 k
Let us also assume in (8.4.2) # = D,p with ¢ € C§°(Qo, RY), summing from 1 to
n respect to s, we gain that the function u € H™(Qg,RY) N O™ 1A(Qg, RY) is

solution of the following quasilinear system of order 2 (m + 1)

n

/ Y. > (Bargs(a, Du)D, D u| D, D ¢) dx =
Q

0 IOtI—IB\—W“S—1
-[ ¥ S (G (e, Du) + 60 Y (. DD Dupdr, Vg € C(, BY)
Qo

laj=m s=1 |8]<m

(8.4.5)

where

Bar,@s = 5rs Aaﬂ . (846)

We point out that system (8.1.1) is strictly monotone but, because of a® € C*( x
R,RY), for |a] = m, this condition is equivalent to that of strict ellipticity. Let us
prove that the same is also true of system (8.4.5) with the same ellipticity constant
v. Indeed, thanks to (8.4.6) and (8.4.3), for every system {n**}, s—12,. . of vectors of

RY, we have

> Z Barps Z > (Aasn™n™) =

laf=|Bl=m r,s=1 s=1 |a|=|8|=m
n N n
2
Y Y Y=Y YY) o 5775877?32”2 > In*liy -
s=1 |a|=|B|=m h,k=1 s=1 |a|=|8|=m h,k=1 s=1 |a|=m

Moreover from the hypotheses (F.3) and (F.4) it follows

|G + 60 Y @, Du)ll < c(K){L+ Y [f°]+ [ D"ul*},

|Bl<m |a|<m
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m.

Theorem 8.4.1. Let u € H™(Q,RY) N C™1AMQ,RY), 0 < X\ < 1, a weak solution
of the system (8.1.1), are true the hypotheses (E.1), (E.2), (E.4), (E.5), (E.3) for
fee L%(Q), la| <m, and a®(x, Du) € C*(Q2x R,RY) for|a| =m,. Then, there
exists a closed set §2o C €2, such that

H,_,(Q) =0 for a number ¢ > 2, u € C™(Q\ Qo,RY) for a suitable v € (0,1),
where H,_,(S) is the (n — q)-dimensional Hausdorff measure of Q.

Proof. of Theorem 4.1. Let us fix a positive number s, s < n, and assume in the

definition of weak solution (9.2.1) ¢ = D, 0, for § € C5°(Q, RY), Qy CC Q, we have

/ > (Dya®(x, Du)| D) dz =0, V6 € C5°(2,RY). (8.4.1)
Qo

|| <m

we can write the derivatives:

Dga®(xz, Du) = &ES—I—ZZDDBUIc 5+ZZDDukaa.

|Bl<m k=1 Py, |B8|=m k=1

Applying the previous theorem we have that u € H/"™ (€2, R"), thus we are able

loc

to write (8.4.1) as follows
/ (Aag(z, Du)Ds D’ u|D*0) dzx =
20 Jaj=[8|=m

/ {> (G*(z,Du)|D*0)— Y (a®(x, Du)|D*D,0)}dx, V0 € C3°(€,RY)

0 lal=m laf<m

(8.4.2)

where Yo, 5 : |a| = |8 =m,

Anp = {AMS}, AlE = ., hk=1..N (8.4.3)
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Let us now estimate the last term using the Holder inequality

1 1

2 3

[t o< ([ fmanatan)” ([ jorgtas)
Q(20) Q(20) Q(20)

5):

Then, applying Theorem 7.2.2 (for p = 4, Q(30) instead of Q(0) and ¢ = for

every |h| < hy, it follows

/Q@U) I7en D"ull* | D"ull* dx < B2 1D"ullg 4 300 10" o 4,020y < 1 1l a.30) -
(8.3.52)
From (8.3.51) and (8.3.52), for every i (1 < i < n) and every |h| < hgy, we gain the
following estimate

2 o 2 4
/Q( : 7in D"ul|” dx < c(v, K, 0,m,n) h2{1+( Z I f ||0,Q(3a)>2+|u|m,Q(3cr)+’u|m,4,Q(30')}'

|a|<m
If hg < |h| < §, as in (8.3.19), we have that
2 h? 2 2
| D"u|"dz <4 — [ ||D"u||"dz < c(v, K,U,\,0,m,n)h?|ul, Qo) <
(30) ’

/ |70 D" || dz <4 5
Qo) ho Jo@o)

Q

o 2 4 .
S C(Vv K7 U7 )\7 g, n) hz { 1+( Z ||f ||O7Q(3¢;r))2+|u|m,Q(30—)+‘u|m74,Q(3o-) }ﬂ Vi = 17 27 sy

|| <m

It is then proved, for every |h| < § and every i € {1,2,...,n}, that

2 a 2 4
o |)‘Ti,h DNU” dx < C(”? Kv Ua )‘7 g, m, n) h2{1+( Z Hf HO,Q(SU))2+|U’m,Q(30)+|u|m,4,Q(3cr)}’

|a|<m
applying Theorem 7.2.1, it follows (8.2.9) and (8.2.10). O
8.4 . Partial Holder continuity of higher order deriva-

tives

As application of the previous differentiability properties for solutions of system

(8.1.1) we have the following result of partial Hélder continuity of derivatives of order
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Exploiting Theorem 8.2.3 we can achieve that u € H]™*(Q, RY), then we can estimate

the last term as follows

S [ 1D ) D" ()| do <
Q(30)

|a|<m
<> / B 72 |7 n D (0277 ) || )2 ( / (|| + | D"u*)? dz)? <
laj<m ¥ Q(9) Q(30)
<SIh Y /Q oy oD @) [ e+ cle) 2 3 /Q oy (P N0 ) dr
o] <m |a|<m

Furthermore, from Theorem 7.2.2 (for p = 2, Q(%0) instead of Q(0) and ¢t = £), for
every h € R con |h| < hg and every € > 0, we have
S [ et @) P e <5 [ D @) de <
Qo) Q(39)

< g/ V2" | i D"u || dx + (o, 5)/ | 7inD'u | dx <
Q(20) Q(20)

< 5/ ¥ | T D' H2 dx + c(o,¢) h2/ HD"uH2 dz.
Q(20) Q(

30)

the last inequality follows, as before, applying Theorem 7.2.2 (for p = 2, Q(30) instead

of Q(c) and ¢ = 2). Let us now choose & = To(iy» 1t ensure
S [ (5 1Dl Dt (60| do <
Q(30)
la)<m
v 2 2 2 2 4
<= " i D ul da + e(v, K om)h? 4 (D 1% logen)” + [tlnoee) T [t aoes
1K) oo %m 0.Q(3) Q) 4Q(30)

Taking into consideration the last inequality and the properties of the function v,

from (8.3.50) we deduce

2 o 2 4
Q(”Z’z‘,hDHUH dr<c(v, K, a,m,n)h2{1+( Z If Ho,Q(3a)>2+|U|m,Q(3a)+|U‘m,4,Q(3a)}+

|a|<m

+ c(y,K,a,n)/

|7in D' | D"u||® dz. (8.3.51)
Q(20)
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2(1+9*)n

we assure that ¢¥* € (0, 1) exists and is such that T

<4, %), from (9.3.2), we have

> 4. Let us set p* in

ue H™(Q(0),RY),¥Q(o) CC Q
from which, because of p* > 4, it follows
u e H™(Q(o),RY). (8.3.49)

We end the conclusion remarking that (8.3.49) is true for every Q(o) CC €.

8.3.2 Proof of local differentiability result in H""! space

Proof. of Theorem 3.4. Let us consider ¢(z) € C§°(R") the cut-off function
above defined in (8.3.1), Q(40) CC 2 a generic cube, ¢ < n a positive integer and h

a real number such that |h| < . Carrying on as in the proof of Theorem 8.2.1, we

obtain
of el de<cn Koomon i [ (14 |D"l) das
Q(20) Q(30)
et Koamn) [ Dl [0 do
Q(20)
+e(K)Y / (|f“HID" ul®) || 73.n D> (0" 7 p0) || do
|a|<m Q(3U)

(8.3.50)
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and we reach the inequality

2 « i— 2
|D//u’ﬁi’Q(4—ip) < C<V7 K7 U7197 Aapvm’ n)(l + ( Z ||f ||O7 2n Q(4p))1+ﬁ t |u|m,Q(4p)>

n—2X"

lo|<m

(8.3.47)
Let us fix arbitrarily zp € Q, Q(0) = Q(z°,0) CC Qo) = Q(z°,09) CC Q and

assume p = 22=%. The set of cubes

F={Qw" . 47" "), v € Q0)}

is an open cover of Q(o), let us then extract the finite cover

QM 47y, Qy®, 47 ), .., QY™ 47 p).

After that, set Q, = Q(y™®, 47" 1p)NQ(0), k=1,2,...,t,
t
U Qk = Q(U)7 Q(y(k)74p) ccC Q(UO) cC Q7 Vk = 1727 s 7t )
k=1

from (8.3.47) and Theorem 7.1.6 (if 2 = Q(0), ¥ = ¥; and 0 = %), we have

2 o i— 2
‘D//u|’l9i,Q(O')S C(V7 K7 U7ﬁ7 )\707 007m7n){1+( Z Hf ‘|O7”37§/\7Q(0-0))1+19 ! + |u|m7Q(Jo)}
lal<m

we gain (8.2.6) and (9.3.1) bearing in mind that ¢;_; < ¥ < 9.
To prove (8.2.8) we remark that u € C™~5*(Q, RY), then

we H™(Q(0),RY) N C" Q). RY),  Y0<id<1,  VQo)ccq

In addition, Theorem 7.1.7 ensures that

2(1+9)n

H™P RY 1<p< 21
u e (Q(0),RY), VI<p<——0r=,

Vo< <1, VQ(o)cCcC.
(8.3.48)

and observing that
i 2(1+9)n 4n -
im =
9—1- n — 20\ n— 2\

4,
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i) Wy =1 (1—00)"*";
i) 0 <y <1 <1;
111) ?95+1 — 195 = 190(1 — 190)8+1 ;

iv) dep1 <5+ 51—V, ;

4n
n—2\"

v) g = 2(14+895)n

S T n—29\ <

It ensure that f* € L% (Q), for every s = 0,1,2,... and every a such that |a| < m.
Due to ligrn s = 1, fixing arbitrarily 9 € (g, 1) exists a positive integer ¢ = i(J, \)
S§——+00

such that ¢, < v < ¢; < 1.

Additionally, from Theorem 8.2.1 we deduce

= Hm+§o<Q<4p)7RN> N Cme)\(Q(élp)’RN)’ VQ(4p) cc

and

|D//u’§0,Q(p) S C<V7 K7 U7 )‘7p7 m7n><1 + Z ||fOtH0y 21 Q(4p) + ‘u|fn7Q(4p)) (8345>

n—2\"7
|a|<m

Exploiting Theorem 8.2.2 for ¥ = ¥y ¢ = qo, ¥ = ¥; and Q = Q(4p), as well as iv)

and v) for s = 0, we have
u € H™(Q(p), RY) N C" A (Q(p), RY)

and

2 « 2 2
|D//u’191,Q(471p) SC(”? Ka U7 )‘7 p,m, n)(l +( Z ||f ||0,q70,Q(p))1+190+|u|m,Q(p)+|D//u|ﬂo,Q(p)) <

|| <m

o 2
SC(Vv Ka U7 )‘7p7m7n) (1 + ( Z ||f ||O,ni" Q(4p))1+190 + |u|m7Q(4p) )

207

|a]<m

making use ¢ times of Theorem 8.2.2 we establish, VQ(4p) CC €2, so that

w e H™(Q(47 p), RY) (8.3.46)
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then, for every h : 0 < |h| < 20 is integrable in [—20, 20| the second member of

n

1 2
ZW/ ||7-i,h D//UH dx é C(V7 Kv U,ﬂ,A,m,n,U)-
= |l Q)

1
a -+ 2 2
L 10,3060 +|u|m,Q(30)+|D”u|z9,Q(30)}|h’1+219/—219—,\(1—19) (8.3.43)

la|<m

and thus also the first one is integrable.

It is then proved that

Z/ WHW /( |75 D"uH2 dr < c(v, K,U, 9,9, \,m,n,o)-

o A
{1+( Z [Fauirs q,Q(3g) ) ‘u’mQ(:so)HD"Ub Qeeyt Vo<V <d+ 2(1 — 7).

|a|<m

(8.3.44)

Because of u € H™(Q, RY) from Theorem 7.1.3, we have
D"u e H"(Q(0),R")

and

2 2
|D/’u|ﬂ/’Q(g) Z/U ’h’l—i_wl /( HTi,hD//uH dr <

« 2 2
<e(v, K, U, 0,9, \,m,n,o {1+( ZHf ”0,2,Q(3g))1+19+|u‘m,Q(3")+’D//U‘g,Q(gg)},

lo|<m

we achieve our goal. O

Proof. of Theorem 3.3. Let us fix ¥y = % and make a point of the geometric

series

1+(1—190)+(1—190)2++(1—190)T+ """ .
For s =0,1,..., let us set ¥5 =1 > (1 —Jy)". We achieve, for every s =0,1,...,
r=0
that
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Therefore for every € > 0 and every 2 < p < min(4, ¢) we reach
z me ||Ti,h D”U||2 d.ﬁU S C(”J K7 Uam7n)h2/

(1 + ||D”u||2) dr +
2 JQ(20) (20)

ol
+ o, K U0, mom,0) B2 LD gay) 1)+

+2g/ ™ |70 D" do + clo, <) h2/ | D"uf? do+
Q(20) Q(50)

+c<K,U,p,e>|h|”“<2’2’/ (S 1FDE + 1| D" ) da

(3o lo|<m
Let us now set in the last inequality ¢ = % and p = 2(1 + ) € (2,min(4,q)). We
have, for every h : |h| < ho (< 1), that
v

— V|| 7 D" || da < e(v, K, 0,m, n)hQ/

(1 + ||D”u||2) dr +
4 /g0 (30)

Q 5
+ o, KU 0, mn,0) B D] g 4+ 1)+

+ (v, K,U,9) !hl””“‘%(s (1D D"l ) da <

o) |a|<m

<c(v, K,Udd,\,m,n,o) | h |219+)‘(1_19)-

2 "2 2(149)
{1+’u|m,Q(%U)+|D U‘ﬂ,@(ga)ﬂ ‘m2(1+19)Q Z [Fas Ho,2,Q(°o)> }

laj<m

From (8.3.34), for |h| < hy, we gain

Z/ I7in D"ul|* dx <
i=1 7 Q)

2HA(1—0 « 2 2
< C(”a K7 U,i?,)\,m,n,a) |h’| ( ){1_‘_(2Hf ||O,%,Q(3a))1+12'L‘u|m,Q(30)_'L|D”u|19,Q(30)}'

|a|<m

(8.3.42)

The procedure if hy < |h| < 20 is similar to the one used in the proof of Theorem
8.2.1.

Combining both results we obtain that (8.3.42) is true for |h| < 20.
Let us now choose 0 < ¢ < 9+3(1—1), it implies that 142 =29 —A(1—9) < 1
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inequality, for 2 < p < min(4,¢q), we carry out

LED S SRUGIIAREETY

\a|<m

o(Kop) D ( / o (IR l?) D w2 )] dz) |

|a|<m

73, D (¥ 7 pu) HQ_%]dxg

7D (627 ) || 7]

p—2

([ I @) -

= o(K,p) Y (/Q(S )|h|p_2 <|fa|g + ||D”u||p) |72 D" (6277, U)HLL%" da:)

|aj<m

- ( / ]2
Q(30)

The use of the suitable consequence of Young inequality ab < eal*ﬁ—i-a_%bl*%, denoting

hSAIN]

p—2

P

7i-n DY (V"7 w) szx) : (8.3.40)

with
p=2

2 -2 «@ 2m 2 !
:—’ fr—y h i— D i d ,
T2 ! (/Q@a)' D @) x)
2

b=c(K.p) < L (1 1D oD (2 ) | dw)
Q(50)

and the hypothesis u € Cm_“(ﬁ, RY) allows us to have
D] < |h|™ Z |73, -n D% (> ™7 U)H2 dr +c(K,U,p,e) |h|p*2+’\(2’§
5

(2

|| <m 2

Z / |f“|% + ||D”u||p) dr, Ve>0,V2<p<min(4,q). (83.41)

laj<m Y Q(59)

Thus we also need Theorem 7.2.2 to obtain

\h|_2 Z / i, hDO‘ ¢2mTzhu)H dr < 5/ HD” (¢2mTi’hu)H2 dr <
Q(30)

lof<m

< 2 / W || D) da + (o, €) / V" || rpD'u)? de <
Q(20) Q(20)

<o [ 0 mp D'l de + e(o, €) h?/ 1Dl da.
Q(20) Q ga)
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9 _ 2(1-9)
the last inequality is obtained considering that ]|Ti7hD/uHiTp2 €L (Q(20)), ||7i.nD'ul| =

p—2

L2 (Q(20)) , 2% +2=2U9) — 1 From Theorem 7.2.2 for t = 4 and Q(20) in place of Q(o),
p—2 5 2

’ p—2

Vh € R, |h| < , we attain the inequality

2 209

(/ memwum)pgwﬁﬁ / ID"ull” dz |, ¥p,q:204d) <p<q.
Q(20) Q(20)
(8.3.36)

Using the hypothesis u € C™ 1A (Q, RY) we deduce, for every 2(1 +9) < p < ¢, that

p—2(14+9)
p—2(14+9)

2(1—=9)p_ 3
(/62(2 : ||7—i,hD/u||P*2(1+l9) dx>§ U2(1—19) |h|2>\(1719) [HliSQ(QJ)]T . (8337)
From (8.3.35)—(8.3.37) we reach

/ O |7 Dull*| D ull? dx < (U, 9, p, o) (B2, v 2(140) < p< g,
Q(20) e

that, for p =1+ ¢+ £ and combined with (8.3.34) for p = 30 and for p =1+ + £,

gives
/ P lron Dl | D"l dr <
Q(20)

v wmwmanMgduKamm#/

(prww)m+
2 JQ(0) Q(30)

+ (v, K, U, 9, \,n,m, o) |h] "0 {|D”u!7297Q(%g) + 1} +|D|. (8.3.39)

Let us focus our attention on the term D. Combining (E.3), (8.3.31) and Holder
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and

/Q(P)

Thus we deduce that

p . —-B 1 T
dw’gC(ﬁ,A,W,ﬂ,p) (mlSQ(p))l 4 [ ] +19 |D// |§+5(p) .

(8.3.32)

‘D//u o (D//u)

Q(p)

2(149)

9) "n,op P
lulo ol = (/ | D" | dw) <
0,Q(p) Q)
2(1+9)

( ) P p
< 2<p—1>“;’9{/ D”u—(D”u)Q(p)H dx+/ H(D”U)Q(p)‘ dx}ép
Q(p) Q(p)

"2 " 2(1+9)
(U, 9, A, m,n,p) ¢ [D"uly o + H(D u)Q(p)H <

2 2(1+9
c(U, 9, \,m, n, p) {|D”u|l97Q(p) + ) 2080 } (8.3.33)

Using interpolation inequality contained in Theorem 7.1.4 we derive

2(149) _o(149 2(1+9)
[l ) < (9, >{|D”u|19Q(p) Jull7- Lo 7 ||“||m71,cz(p>} =

2
<c(K,9,m,n,p) {’D”“‘&Q(ﬂ) * 1}

then, VQ(p) CC Qand ¥V2<p<q= 21517;’;)/\", we have

W20 < (B, U0, 0 m,m.p,p) {10l g + 1} (8.3.34)

By (8.3.31), the hypothesis u € C™ % (Q,RY) and Holder inequality, for every
2(1+) < p < q, it follows

p—2

2
[t it aes ([ gpraras ([ o) -
Q(20) Q(20) Q(20)
(8.3.35)
2 p=2
P P
:</ | D dex) (/ | 7 D |75 || o D ]| 52 d”f) <
Q(20) Q(20)
p—2(149)

2
P 2(1-9) P
<([ woraras) ([ pranalr ae) ([ mapalia)
Q(20) Q(20) Q(20)

[2
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Recalling that u € O™ 1A(Q, RY), we have
|lrnD'u(z)| S U (B, Vo € Q(20). (8.3.27)

Moreover applying Theorem 7.2.2, for p = 2, t = % and Q(%a) in replacement of
Q(0), for every h € R such that |h| < §, we achieve

/ |7 p D' da < hQ/ |D"u|® dz, i=1,2,...,n. (8.3.28)
Q(20) 5

Q(go)

From (8.3.24) — (8.3.28) it follows
V/ " |7 D"ul* dw < {32 + ¢(K,U,0,m,n)(|h] + h* + [B]* + |B]**)}-
Q(20)

/ Y2 |7 D"u))? da + (K, 0,m,n,e) h2/
Q(20)

(1 + HD”uH2> dz +
Q(30)

+ (K, 0,m,n,e) / V|| 7 D'u ||| D" || dz + | DY, Ve > 0.
Q(20)

(8.3.29)

As in the proof of Theorem 8.2.1 there exists ho(v, K,U,\,0,m,n),0 < hy <
min{1, ¥}, such that

(K, U, a,m,n) (yh| +h2 4 B+ |h|”) <Y |l <he

14
47

then, for ¢ = {5 we have

v P |7in D”u||2 dr < c(v, K, U,m,n)hQ/ (1 + ||D”u||2) dx +
2 JQe0) Q(30)
4 c(y,K,a,m,n)/ O |raDul? | Dl de + D] (8.3.30)
Q(0)

Let us now estimate the last two terms in (8.3.30).

Applying Theorem 7.1.7 we have, VQ(p) = Q(2°,p) CC Qand 2 < p < ¢ = 2751_21;);’

that
u € H™P(Q(p), RY) (8.3.31)
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and

A
2 2
| D"uly o0y < E / \h\Hw /( |7inD"u||” dz, V0 <9< 5 (8.3.23)

From (8.3.22), (8.3.23) and (8.3.21) we reach the conclusion. O

Proof. of Theorem 8.2. Let us fix 7y € Q and the cube Q(40) = Q(2°,40) CC Q.
Let us also consider a positive integer i < n, and a real number h such that |h| < §.

As in the proof of Theorem 8.2.1, for every € > 0, we have

1// 2™ |75 D”uH2 de < 5/ Pp2m | 7i.n D"u||2 dz+
Q(20) Q(20)

+ oK, J,m,n,s)/ IraD' ul? de +B+C+D, (3324)
Q(20)

where 1 is the above defined cut-off function (see (8.3.1)) and the terms B, C' and D

are considered in (8.3.7) — (8.3.9).

The terms |B| and |C| can be estimated , Ve > 0, as follows
1B| < {e+c(K,0,m,n) (|h] + hQ)}/ Y2 || D) da
Q(20)

+ (K, 0,m,n, )h? P (1+ ||D“u||2> dx+/ |rnD'ul|? de, (8.3.25)
Q(20) Q(20)
IC| < / {6 +c¢(K,0,m,n) <||Ti,hD/u|| + |\7’i7hD’u||2> } V" || Tin D”u||2 dxr+
Q(20)
+C<K> g,m,n, 8) / ||Ti,hD/u||2 dl‘—f—C(K, Jvm>n7€) me ||Ti,hD/u||2 HDHUHZ d.??,
Q(20) Q(20)

(8.3.26)

similarly to the proof of Theorem 8.2.1.
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Otherwise if hg < |h| < 20, we get for i =1,2,..

.n,

/ 7.0 D" da: < 2/ |D"u (z + he')
Qo) Q(o)
gz/‘ HD%W@de+2/‘ | D"u() ||* dv <
Q(30) Q(o)

h)\
4/ HDHUH2 dl‘g 4%/ HD//uH2 dx <
Q(30) ho Joeo)

<e(w, K, U, X o,m,n) R U437 1o s+l opn ) (8:3.19)

laj<m

\%m+2/ |1 D"u(z)| dz <
Q(o)

IN

From (8.3.18) and (8.3.19), for every 0 < |h| < 20, it follows that

n

1 / "2
— 5 |7in D"ul|” dx <
Z-_Zl 172 Joe)

« 2 1
< C(V, K, U, )\, a,m,n) 1+ Z Hf HO717Q(30’) + |u\m7Q(3a) Wm . (8320)

|a|<m

The hypothesis 0 < ¥ < % assures that 1 4+ 29 — A < 1, then the function of the

variable h that appears in the second member of (8.3.20) is integrable in [—20, 20],
it implies the integrability in [—20, 20] of the left term of inequality (8.3.20) and it

follows

2
S [ it [l e <

C<V7 K7 U7 197 )\7 o,m, ’I’L) 1+ Z Hfa||071,Q(30) + |u‘72n,Q(3a) ' (8321>

|aj<m

Finally, recalling that u € H™(Q,RY), from (8.3.21) it follows that D"u satisfy the
hypotheses of Theorem 7.1.3, we can conclude that

D'ue H*(Q(o),R") (8.3.22)
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|D| < Z la“(z, D"u, D"u)|| ||7i, D" (@ZJZmTzhu)H dr <
|| <m Q(30)
<)Y [ (11 1) D ()
laj<m (30)

(8.3.14)
On the other hand, using the hypothesis that v € C™~1*(Q,RY), we easily obtain
|71 D* (W* "7 u) ()| < 2U R[N, Vo € Q(30). (8.3.15)

From (8.3.14) and (8.3.15) we have

|D| < o(K,U,m) |h|} Z/ £+ | D"u|)? da | - (8.3.16)
(30)

la)l<m
From (8.3.5), (9.3.15), (9.3.16), (9.3.19), choose € = %% we deduce that
v [ e raD"ul? de < {5+ ov, K, Um,n) (\h| + 02+ [+ [n) }
Q(20) 4

| Dl detelv, KU, oym w2 ) [ (103 (5D P
Q(20) Q(30)

laj<m

(8.3.17)

Because of the continuity of the function h — ¢(K, U, o, m, n) <|h| + h? + ]h\A + \h|2’\>
in the origin, 3 ho(v, K, U, A\,0,n), 0 < hg < min{1,c}, such that for every |h| < ho,

we have
(K, U,0,m,n) (|h| + B2+ | + |h|”) <

] R

Let us consider, at first, that |h| < hy < 1.
Recalling that 0 < A < 1 we have h? + |n]* + [h|** < 3]h|" and taking into
consideration that ¢ (z) = 1in Q(o), from (8.3.17), it follows, for : = 1,2,...,n,
170 D"ul)* da < c(v, K, U, 0,m,n) R {1+ Y 7 17 lon.oeo) + [l osen

2 Qo) |a|<m
(8.3.18)
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Similarly, using (E.4), for the term C' we have
IC| < > lla®(z, D'u(x) + 7ipD'u(x), D"u(x) + 73 D"u(x)) —
Q%) |o)=m

— a®(x, D'u(z), D"u(x) + 73, D"u(2))|| || D* (V*"7ipu) || doe <

<c(K, n)/ |17in D'ul] (| D"l HI 720 D" ull) (e, m) ™™~ |73 D'ul )™ || 73 D"l dx =
Q(20)

= / [ |75 p D" ull] [c(F, n) ™ (|70 D'ul| (1 + || D"ul])] d+
Q(20)
+ ¢(K,n) / V™ || 7in D'u| || 7o D”uH2 dx +
Q(20)

+/ [e(a,m) |70 D'ul] [e(K, n)*™ |73 D'ul| (1H] D"l |7 D" ul) )| dov.
Q(20)
Because of u € O™~ (Q, RY), for every £ > 0, it follows
O] <e | @™ |mpD " ul dwe(K,m,e) | 02 |rpD'ul (14 D"ulP) do
Q(20) Q(20)

+ (K Un) [ [ 0P || D"l da + (o, m>/ I D'ul*d+
Q(20) Q(20)

+C(K,n)/ o rp D P (14 D" + |7 D" ) dr <

Q(20)

<{ercmun) (11 +]h |2A>}/ O || 7 D | dr +
Q(20)

+C(K,U,m,n,€)/ y\Ti,hD'uy\Qdﬁc<K,U,n,g)\h|”/ D2
Q(20) Q(20)

Using again (8.3.11), we get

) < {e+ e, Unm) (JB+ BV} [ 02 lrp D"l do+
Q)
4 o(K,U,0,m,n,e) (h2 + |h|”> / 1D"u|? dz, Ve > 0. (8.3.13)
Q(30)

Finally, let us estimate the terms D. For the hypothesis (E.3), we have
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From (8.3.10) and (8.3.11), we have

|A] < 5/ V" || 7n D"l da + (K, 0,m,n,e) h?/ |D"u||® dz, Ve >0.
Q(20) Q(30)
(8.3.12)

From (E.4) we can majorize the term B as follows

|B| < Z | a®(z + he', D'u(z) + 735 D'u(z), D"u(x) + 755 D"u(x)) —
Q(20) la|=m

— a®(z, D'u(z) + 7 D'u(z), D"u(x) + 7, D"u(2))|| || D* (V> 7ip ) || do <

2mk
<c(K, n)!hl/ (1+HD”UH+Hn,hD”ull)( | th’UHWQmHMD"UH)dw <
Q(20)

<c(K,m,n)|h| O ||y D" dw+/ [c(E,m,n) [h[ 4™ (1+ [[D"ul])]
Q(20) Q(20)
[y IITz',hD"UII}d:ch/ [c(o,m) |70 D"ul]] [e(K, n) [R| ™ (14| D"ul| + |70 D"ul)] dz
Q(20)

Then, for every € > 0, we have

|B| <c(K,m,n) |h| Pprm ||7'Z-7;LD”u||2 dr + ¢ Pp2m ||7'i’hD”uH2 dx +
Q(20) Q(20)
+ (K, m,n,e)h? / P (1+\|D"u|\2)dx+c(a, m) / 70 D'l Pdc+
Q(20) Q(20)

+ c(K,m,n) h2/ 2 (1 + ||D”uH2 + HT,-,hD”uH2> dor =

Q(20)
= {e+c(K,m,n) (h* + |h])} / 2 ||7'Z~,hD"uH2 dr +
20

FelK,mym, b2 (1| D"l da+-c(o, m)/ |7on D'z
Q(20) Q(20)

Using (8.3.11), we can estimate |B| as follows

1B| <{e+ ¢(K,m,n) (h*+ |h|)} V¥ |7 D"l da+
Q(20)

+ (K, 0,m,n, ) h2/ (1+1D"ul?) dr, Ve >0

Q(30)
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B= _/ Z (a®(z + he', D'u(x) + 7, D'u(z), D"u(z) + 730 D"u(z)) —
Q

|la=m

— a®(z, D'u(z) + 73, D'u(z), D"u(z) 4+ 7, D"u(z)) | D* (V> 7 1)) d, (8.3.7)

C=- /Q > (@ (z, D'u(@) + 7 D'u(w), D"u(x) + 70D u(w)) —

la|=m

— a®(z, D'u(z), D"u(z) + 7;p D"u(z)) | D* (v* "1 u)) dx, (8.3.8)

Z / (z, D'u(x), D"u) | 74—p D* (1/)2’”7'1»,;1 u)) dz. (8.3.9)

Let us estimate the terms A, B, C' and D.
Applying hypothesis (E.5) and the properties of the function v, we have

Al <2m [ * 7 Y Jla®(x, D'u(x), D"u(x) + 7, D"u(x))
Q(20)

la|=m

— a® (z, D'u(z), D"u(z)) || || (D*¢) Tipu || dz <

<c(K,m) [ Y D] D"l |7 D'u| da <
Q(20) laj=m

<c(K,o,m,n) V" | 7w D ||| 7 p D'ul| dz <
Q(20)

c(K, J,m,n)/ " 7w D ul| || 7in D'ul| de.
Q(20)
Then, for every € > 0, we have

|4] < 5/ V2" || 70 D" ul? da + (K, 0,m,n, 5)/ I7inD'u|® dz,  (8.3.10)
Q(20) Q(20)

On the other hand, using Theorem 7.2.2 for p = 2, t = % and @Q(30) instead of
Q(0), for every h € R such that |h| < (1 — 2) 30 = o, we have

/ | 7inull3 do < h2/ | Dl dz,  i=1,2,...,n. (8.3.11)
Q(20) Q(30)



108

formula (9.3.8) becomes:

/men Z (a®(z, D'u(x), D"u(z) + 1 p D"u(x)) — a®(x, D'u(z), D"u(x))|7: n Du) dax =

|la|=m

(8.3.4)

:—Qm/¢2m 1 (z, D'u(x), D"u(z) + 71, D"u(x)) —a*(x, D'u(z), D"u(x))| (DY) 7; pu)da—
la|=m

/ Z (z, D'u(z) 47, D'u(x), D"u(x)+ 7, D"u(x))—a*(x, D'u(x), D"u(x)+7;,D"u(z))|

|la|=m

| D* (Y"1 u)) da —/ Z (z + he', D'u(z) + 7ip D'u(x), D"u(x) + 735 D"u(z)) —

laf=m

— a®(z, D'u(z) + 75 D'u(z), D"u(z) + 750 D"u(z)) | D* (V"™ 7ipu) ) do —

Z / (z,D'u,D"u) | 75, D* ("™ 754 u)) dz.

|a]<m

Using hypotheses (E.5) we can minimize the first member of (8.3.4), as follows

/me (z, D'u(z), D"u(z) + 1 p D"u(x)) — a®(x, D'u(z), D"u(x))|7; n D) dx =

laf=m

— / V*™ (a(x, D'u(x), D"u(z) + 7ip D"u(x)) — a(z, D'u(z), D"u(z)) | 7:,D"u) dv >
(20)

> ,,/ A
Q(20)

then we obtain
v V" |7 D"ul® do < A+ B+C+D, (8.3.5)
Q(20)

where
— m / S (0% (@, D), D'ulx) + 7o D ulz)) —
\al

—a®(x, D'u(x), D"u(x)) | (D*Y) 7ipu)dx, (8.3.6)
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Let us also consider i < n a positive integer, h a real number, |h| < o, and let us

also set
o =Tin (V" Tinu) (8.3.2)

it follows that ¢ € H"(Q,RY) N H™1o(Q, RY). From (9.2.1), written for this “test

function” ¢, it follows

/ Z 700" (z, Du) | D* (1/)2’”7”1 u))

lal=m

S Z / (z, Du) |1i—p D* (V*" 75 w)) dz.  (8.3.3)

|a|<m

On the other hand, for every a such that |a| = m and for a. e. z € Q(20), it follows:

70" (z, Du(z)) = 7 pa%(z, D'u(x), D"u(z))
= a“(z + he', D'u(x + he'), D"u(x + he')) — a®(x, D'u(x), D"u(x))
a®(z + he', D'u(x) + 75, D'u(z), D"u(z) + 73, D"u(x)) — a®(x, D'u(x), D"u(x))
= [a®(z + he’, D'u(z) + 73, D'u(z), D"u(z) + 73, D"u(x))
— a“(z, D'u(z) + 73, D"u(x), D"u(x) + 7,5, D" u(x))]
+ [a®(z, D'u(x) + 75 D'u(x), D"u(z) + 73, D" u(x))
—a*(z, D'u(z), D"u(x) + 71, D"u(x))]

+[a®(x, D'u(z), D"u(x) + 7, D"u(x)) — a®(z, D'u(x), D"u(z))] .

Regarding in mind that

Da(¢2m7'i,h U) = ¢2mTi,hDaU + 2m¢2m_1 (D%) Ti,nU ,
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8.2.2 Local differentiability result in H™"! space

Let us now apply the previous local differentiability properties in H™+7(Q,RY), 0 <

¥ < 1 to reach the main objective of this chapter (see also [18]).

Theorem 8.2.4. (Main result) If u € H™(Q,RY) N C™ A QRYN), 0 < A < 1, is
a weak solution of the system (8.1.1) satisfying the hypotheses (E.1), (E.2), (E.4),
(E.5) and, for f* e L%(Q) assumption (E.3), then

u € H"M(Q,RY) (8.2.9)

loc

and, for every cube Q(4o) CC Q, the following inequality is true

2
|u|m+1,Q(a)

a 2 4
S C(Vv K7 U> )‘707 m, n) 1 + ( Z Hf HO,Q(40’))2 + ‘u|m,Q(4U) + |u’m,4,Q(4a') ’ (82]‘0)

la|<m

where K = sup [lul and U = ||ul|gm-11@ gy -
Q

8.3 Proofs of main goals

In this section we give the proof of the main results of this chapter.

8.3.1 Proofs of local differentiability results in H"*’ spaces

We start with the proof of local differentiability results in H™+?(Q,RY), 0 <9 <

ol

Proof. of Theorem 8.2.1 Let us choose zp € € and a generic cube Q(40) =
Q(2°,40) CC Q, let ¥(x) € C(R™) a cut-off function having the following proper-

ties:

0<y<1inR" ¢¥=1inQ(0), v =0in R"\ Q(20), ||DY| < S in R". (8.3.1)
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where |D”u|1297Q(J) = 3 |Dau|129’Q(U) , K= s%pHD’uH and U = [Jul gm-1a@grv)-

|l =

Theorem 8.2.2. If u € H™(Q,RY) N C™AMQ,RY),0 < 9, A < 1, is a weak
solution of the system (8.1.1), the assumptions (E.1), (E.2), (E.4) , (E.5) and the

condition (E.3) with f* € Lz(Q),q = %, are true, we have

loc

) A
w e H™(Q,RY), v € (0,19 + §(1 — 19)) , (8.2.4)
and, for every cube Q(4o) CC Q, we have the following inequality

ID"ulyy o) < (v, K, U9, 0" X\, 0,m,n)

1+9

« 2 2
1 + Z ||f ||O,%,Q(4a) + |u|m,Q(4a‘)+ ‘D”u|19,Q(4a') y (825)

|| <m

where |D"ulj oy = 3 1Dy g0 o K = s%an’uH and U = ||ullgm-1@ -

o) =m
Applying an iterative method, we have the following result.
Theorem 8.2.3. If u € H™(Q,RY) N C" A Q,RY), 0 < A < 1, is a weak solution
of the system (8.1.1), the hypotheses (E.1), (E.2), (E.4), (E.5) and the condition
(E.3) with f* € L%(Q) are verified, then

we H(QRY),  Vo:0<d <l (8.2.6)

loc

Moreover, for every cube Q(o) CC Q(0¢) CC Q, we have

2
D"l o)
1+9

SC(V7K7 U’ﬁ7>\’0-70-07m7n) 1+ Z ||jjOéH07

lo|<m

2
200 | T U ¢ (82.7)

n—

where K = sup | D'u|| and U = ||u]
Q

C"'/_I’A(ﬁ,RN) .
Moreover

u € HWH(Q,RY). (8.2.8)
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(E.5) for every (z,p’) € Qx R/, the functions p” — a*(x,p’,p"), |a] = m, are strictly
monotone with non-linearity ¢ = 2, so that there exist two positive constants
M(K) and v(K) such that ¥(x,p") € Q@ x R, with ||p'|| < K, and Vp",q" € R,
we obtain:

la(z, p',p") — alz, p', ¢")I| < M(K) [Ip" = ¢"|| ,

(a<x7p/7p/l> _ a(x’p/7q/l>|pl/ _ q/l) 2 V(K) ||p// _ ql/H2 .

Remark 8.1.1. We point out that the assumptions (E.1) — (FE.5) are more general

than the one used by Campanato and Cannarsa in [7].

8.2 Main results

Let © be an open bounded set in R", n > 2.
We say weak solution of the system (9.2) a function u € H™(, RY) N L>*(Q, RY)
such that

/ Z (z,Du)| D*¢) dv =0, Yo € HMQ,RY) N H™ H°(Q,RY).  (8.2.1)

la|<m

8.2.1 Local fractional differentiability results

Let us now state the local fractional differentiability results (see also [18]).

Theorem 8.2.1. If u € H™(Q,RY) N C"™ A (Q,RY), 0 < A < 1, is a weak solution
of the system (8.1.1) and the assumptions (E.1) — (E.5) are satisfied, then

A
€ H™(Q,RY), W€ (o, 5) : (8.2.2)

moreover, for every cube Q(40) CC Q, we have the following inequality

2 a 2
|D”u|19,Q(a) < C(”? K7 U7 197 )‘7 o, m, n) 1+ Z ||f ||071,Q(4a) + |u|m,Q(4a) ) (823>

lal<m
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and p = {p“}jaj<m, p* € RY, the generic point of R. If p € R, we set p = (p/,p")
where p' = {p*}ajcm € R' = [ljajem R " = {0 Hal=m € R" = [{jy=n RY, and
Il = D 1% 1217 = D2 115 171 = D I
|a|<m la|<m lo|=m

We consider, as usual,

0
(‘93:1- ’

Let us consider the following differential nonlinear variational system of order 2m :

D; = i=1,...,n; D% = DD .. . Do,

> (=D a (x, Du) = 0 (8.1.1)

|a| <m
where a®(x,p) = a“(z,p,p”) are functions of A = Q x R in RY, satisfying the
following conditions:

(E.1) for every a and for every p € R, the function x — a®(x,p), defined in 2

having values in RY , is measurable in x;

(E.2) for every o and for every x € S0, the function p — a*(z,p), defined in R

having values in RY, is continuous in p;

E.3) for every a, such that |a| < m, for every (z,p’,p") € Q x R, with |||y < K,
N

we have:

la (e, 9 < MOK) | 1F2@)]+ D I3 | = M) (172@)1+ 117

|a|=m

where f* € LY(Q);

(E.4) for every z € Q,Vy € Q (a:, \/Lﬁdx> Vo',qd € R, where |||, ||d|| < K and for

every p’ € R”, we have:
la(z,p’, p")|| < M(K) (1 + [Ip"])

la(z,p',p") = aly, ¢, p")|| < M(K) (llz =yl + 1" = ¢l L+ [Ip"]));

where a (z,p) = (a®(x,p))jaj=m and d, = dist ({z},0€) > 0.



Chapter 8

Nonlinear elliptic systems

We continue the study of regularity properties for solutions of elliptic systems started
in [15] and continued in [18] (see also [16]), proving, in a bounded open set Q of
R", local differentiability and partial Holder continuity of the weak solutions u of
nonlinear elliptic systems of order 2m in divergence form

> (=1 D*a® (x, Du) = 0.

laj<m
Specifically, are generalized the results obtained by Campanato and Cannarsa, con-
tained in [7], under the hypothesis that the coefficient a® (x, Du) , are strictly mono-

tone with nonlinearity q = 2.

8.1 Problem formulation

Let us set m, N positive integers, &« = (ay,...,q,) a multi-index and |a|] = a3 +

...+ a,, the order of a. We denote by R the Cartesian product

R =[] RY

la|<m

102
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Theorem 7.2.2.. Let u € H'"?(B(p),RY) fora,p>0,1<p < +oco and N be a
positive integer. Then, for every T € (0,1) and every h € R, |h| < (1 — T)p, we have

ITintllop pirp < 10l 1Ditullgy 5y, t=12,...,n.
Theorem 7.2.3. (see [30], [27]). Let N be a positive integer and €2 a cube of R™. If
u € W™ (Q,RYN) N O, RY),

with m > 2, m integer, 1 <r < oo, s > 0, s integer, 0 < A < 1, s <m — 1, then, for
each integer j with s + A < j < m, there exists two constants ¢, and cy (depending
on Q,m,r, s, A, j) such that

s 1-6
max | D%l 0 < ¢ (Ialllfzii |Dau|077«79> . (maX[DaU/]/\’Q> + comax[D%|y o

|| =3 |a|=s |arl=s

where%:%+5(l_m)_(1_5)s:>\’ V(Se[j_s_’\ [

T n m—s—A\’

Theorem 7.2.4. (see [23]). Let N be a positive integer and Q@ a cube of R". If
u € WHT(Q,RY) N C*MQ,RY),

with m > 1, m integer, 0 < 0 <1, 1 <r < oo, s >0, s integer, 0 < A < 1, s < m,

then, for each integer j with max(s+ X\,m +0 — %) < j <m +0, it results
u € WiP(Q,RY)

and there exists a constant ¢ (depending on Q,m, 0,7, s, A, j,n,d) such that

lulljpe < cllullyiono lullg o my

where %}z%—i—(S(%—mT”)—(l—é)%, Vo e [ni;;__s’\_/\,l[with (1=0)(s+A)+

d(m +0) non integer.
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Let k a positive integer, p € [1,+oc[, ¥ € (0,1), in the following we will consider

the spaces
LP(=T,0, H*"(Q,R"Y))
= {u(m,t)|u(-,t) € H*"(Q,RY) for a.e. t € (—T,0) and /OT (-, )70 dt < oo}
and
LP(=T,0, H*P(Q,RY))
:{u(x,t)|u(~,t) e "7 (Q,RY) for a.e. t € (—T,0) and /OT||u(-,t)||§+97p’Q dt < oo}.

Let us now state some properties useful in the sequel.
Let 7 €]0, 1], p and a two positive numbers and h € R\ {0}, where |h| < (1 —7)p.
If u is a function from B(p) x (—a,0) in RY and X = (z,t) € B(rp) x (—a,0), we set

Tinuw(X) = u(z + he' t) —u(X), i=1,2,...,n, (7.2.1)

where {e'},_,, . is the canonic basis of R".

Let us now state the following results, proved in [20] and [30], useful to achieve

the main result of the note.

Theorem 7.2.1.. If u € LP(—a,0,L”(B(2p),RY)), a,p>0,1 < p < 400, N

1 a positive integer and exists M > 0 such that
0
/ dt / |Tinwl|” de <|hf" M, V |h| < (1=71)p, Vi=1,...,n,
—a B(p)

then uw € LP(—a,0, H**( B(p),RY)) and

0
/ dt/ IDw|P de < M, ¥ i=1,...n
—a B(p)
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2(1+9)n

T Specifically

where ¢ =
Diue LP(Q(0),RY),  V1<p<yg,

and s true the following inequality
o

7.2 Parabolic systems: notations and preliminary

p
dr < (9, n.p,q)(mis Qo)) [u] 2 ZID ul3 g

Qo)

’Diu— (D; )

results

Let © be an bounded open set in R", n > 2, x = (21, s,...,2,) denotes a generic
point therein, 0 < T < oo and @ the cylinder Q x (=T7,0), let N be a positive

integer. In () we consider the following parabolic metric
dX,Y) = max{|lx —yllo, [f = 7|2}, X =(2,0),Y = (y,7).

Let us set k a positive integer greater than 1, (-|-), and ||-||, respectively the scalar
product and the norm in R*. If there is no ambiguity we omit the index k.

Let k be a nonnegative integer and A €]0,1]. We denote by C**(Q,RY) the
subspace of C*(Q,RY) of functions u : Q@ — R which satisfy a Holder condition of
exponent A, together with all their derivatives D%u, |a| < k. If u € CP*(Q,RY), then

we set
lullorr@rry = Y sup [D%ully + Y [D*ul, 5
lo|<k @ laf=k

where

[Dau] == sup ||Dau(X)_Dau(Y)HN
AQ

X,YeQ d)\<X7 Y)
XY

The space C’k”\(@, RY) is a Banach space, provided with the norm

HUHck,A@,RN) = HUHck@,RN) + Z (D%l -
|al=k
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Theorem 7.1.3. If u € L*(Q(30),RY) and, for 9 € (0,1), is finite

Z = Il

then u € H(Q(o),RY) and

e < [ g [ Il

We mention the following interpolation inequality, fundamental for the sequel of

the work (see e.g. [7], Appendix, Lemma 1).

Theorem 7.1.4. If u € HW(Q(o),RY), for 0 < 9 < 1, then

2(1+9) e
luli.q@) < c(n, ) <Z|D ulg Q(o)) [l + o o)

Theorem 7.1.5. ([7], Appendix, Lemma 2). Let us consider u € H'™?(Q(c),R"Y),
for 0 <9 < 1, then

1
29

149
ZHD u—(Diu Q(J)HO Qo) = c(n, V) (Z\D U|19 Q(o)) | w— UQ(U)“S,JZ;(U)-

Theorem 7.1.6. ([7], Lemma L.3). Let us set ,,Qs,...,Q, m~+1 bounded open
sets of R™ such that U Q. = Q, 0 and 9 two positive real numbers, 9 < 1 and

u € HY(Qy,RY), for every kE=1,2,...,m. Then, there exists a positive constant

c(9,0) such that

i)~ )
uly o < c(d,0)4 ||ullga+ / / dy ¢
i < 0 lulia+ 3 [ e [ IO

where Q. o, k=1,2,...,m, is the set of points of R" away from Qp less than o.

Theorem 7.1.7. (see [7], Teorema 2.I). If u € H'*(Q(o),RY) N C'Q(o),RY),
0<Y<1and0< X <1. Then, for everyt >0 and everyi=1,2,...,n, we have

4 a0
> i1 |D; U|$,+¢§(g) ' [u];%

tq

mis {x € Qo HD u(z) — (D; U)Q(o)” > t} < c(n, )
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1,2,...,n, thenu € H'"(Q(to),RY) and
HDZuHO,p,Q(tU) S M7 VZ: 1,2,...,”

Theorem 7.1.2. (see e.g. [4], [15]). Let u € H**(Q(o),RY) for 1 <p < +o00 and
N be a positive integer. Then, for everyt € (0,1) and every h € R, |h| < (1 —t)o,
we have

Ity one < 1Dy 0m . i=1.2...,n. (7.1.6)

7.1.3 Sobolev spaces with fractionary exponent H*/?

Let ©2 be an open bounded set in R™, J € (0,1), p € [1,+oo[ and N a positive integer.

Definition 7.1.2. We say that a function u defined in  having values in RY belongs
to H'P(Q,RY) if u € LP(Q, RY) and is finite

|u(z Yl
’U‘ﬁ Q= / / " dy
P, y|| +19p

Definition 7.1.3. If k£ is a nonnegative integer, we mean for H*+%?(Q, R™) the

subspace of H*?(Q, RY) of functions u € H"?(Q, RY) such that

D e H'*(Q,RY), Va : |a| =k

We stress that H**7?(Q, RY) is a Banach space equipped with the following norm

lulksons = (Nullpa+ 31D ,0)"-

laf=k

If p = 2, then we shall simply write H***(Q, RY) and [Jul], .y q-

The result below is used recurrently throughout the paper (see the proof in [2],

Lemma I1.3).
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7.1.2 Sobolev spaces

Definition 7.1.1 (Sobolev Spaces). (see e.g. [1], [21]). Let k and j be two positive
integers, k > j. If p € [1, +00[ and u € C=(Q,R"Y), so we set

1
P

1
P k
[uljp0 = /}:WPW%M ,HWMQZ(ZN%NJ (7.1.3)
=0

Q.
la|=j

and denote respectively by H*?(Q, RY) and HE?(€, RY) the spaces obtained as clo-

sure of C*(Q,RY) and Cg°(Q, RY) regarding the norm [Jul|,,, -

The spaces H*?(Q,RN) and HY?(Q,RV) are known in literature as Sobolev Spaces.
We remark that HoP(Q,RY) = LP(Q,RY), 1 < p < +oo. If p = 2, then we shall

simply write H*(Q,RY), H}(Q,RY), ul; 0 llullyq-

Let us now state some properties useful in the sequel.

We set, for 2° € R" and ¢ > 0, Q(0) = Q(2°, o) the cube of R" defined by

{xER":

zi—ai| <o, i=1,2,...,n}, (7.1.4)

we also consider t € (0,1),0 > 0, h € R\ {0}, where |h| < (1 —t)o.
If there is no ambiguity we only write the radius and not also the center of the cube.

Let u be a function defined in Q(¢) in RY and x € Q(to), we set
minu(z) = u(x + he') —u(z), i=1,2,...,n, (7.1.5)

,, 1s the canonic basis of RN,

where {e'},_;,

77777

Let us now state Nirenberg’s Theorem (see [4], Chapt. I, Theorem 3.X.), useful

to achieve the main result of the note.

Theorem 7.1.1.. If u € LP(Q(0),RY), 1 < p < +oo, N is a positive integer
and ezists M > 0 such that |[Tipully, ouey < M |2, ¥V |h] < (1=t)o, i =



Chapter 7

Preliminaries

7.1 Some function spaces and preliminary results

Let © be an open bounded set in R®, n > 2, having diameter dp and boundary
0Q, v = (x1,29,...,x,) denotes a generic point therein. Let us set k a positive
integer greater than 1, (-|-), and |[-||, respectively the scalar product and the norm

in R*. If there is no ambiguity we omit the index k.

7.1.1 Holder continuous functions

Let k be a nonnegative integer and A €]0, 1]. We denote by C**(Q, RY) the subspace
of C*(Q,RY) of functions u : @ — RY which satisfy a Hélder condition of exponent

A, together with all their derivatives D%u, |a| < k; if u € CF*(Q,R"), then

[ull ey =sup > 1Dl + Y [Dul, g (7.1.1)
Q
la|<k |la|=k
where
D~ — D«
[D%u]y g = sup | Du(z) Au(y)HN < +o0, Va i |a| = k.
ryeQ Iz =yl
TFy
The space C’k”\(ﬁ, RY) is a Banach space, provided with the norm

Hu”ck»k(ﬁ,RN) = HuHck(ﬁ,RN) + Z [D%u]y g - (7.1.2)

|al=k
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Let us also mention the considerable note by [25] where the authors prove that a
solution u of nonlinear parabolic systems of order 2 with natural growth and coeffi-

cients uniformly monotone in D u belongs to
L*(—a,0, H*(B(o),RY)) N H(—a,0, L*(B(c),RY))

Results similar to those obtained by Marino and Maugeri in [23], with stronger
assumptions, are obtained by Naumann in [28] and by Naumann and Wolf in [29].
Let us also bear in mind the study made by Sergio Campanato in [8] on parabolic
systems in divergence form.

We want to finish this historical overview, concerning interior differentiability of
weak solutions, recalling the recent note [18] where similar results are achieved for

elliptic systems of order 2m.
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if, preliminarily, is not ensured the regularity
Duu € L*(=a,0, L*(B(0),RY)), i=1,....n (6.0.5)

for every a € (0,T), and for every B(20) CC €2,
The technique used in [12] allows the author to achieve, instead of (6.0.5), the
condition

D€ L2+ (—a,0,L*(B(0),RY)), i=1,...,n,

for every a € (0,7), VB(0) CC Q and every 6 € (ﬁ, 1), which is not enough to
ensure that is true (6.0.4)

In [23], under the same assumptions of the previous result [12], the differentiability
result (6.0.4) is proved, for u satisfying (6.0.3).

Key of this note is the use of interpolation theorems of Gagliardo-Nirenberg type.

The use of interpolation theory, made in [23] and in [25] with monotonicity as-
sumption and quadratic growth, has recently allowed Fattorusso and Marino to obtain
differentiability also for weak solutions of nonlinear parabolic systems of second order
having nonlinearity 1 < g < 2 (see for details [14]).

Inspired by the note mentioned above by Marino and Maugeri, in the present
note the authors extend differentiability properties to the case of parabolic systems
of order 2m. More precisely, let €2 be an open subset of R, n > 2, and 0 < T < o0,
aim of this note is to study, in the cylinder @ = Q x (=T,0), the problem of interior

local differentiability for solutions
we LX(=T,0, H™"(Q,RM) nC™ "MQ,RY), 0<A<1

of the nonlinear parabolic systems of order 2m of variational type
0
S~ (1D (X, Du) + a—i‘ — 0.
la|<m

Using the above explained idea is proved the following local differentiability with

respect to the spatial derivatives

u € L*(—a,0, H"™(B(0),RY)NH (—a,0, L*(B(0),RY)), Ya € (0,T),VB(c) CC Q.
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and applying an iterative method we attain that

we H P (Q,RY), VOo<d<1.

loc

Therefore in paragraph 2.2 the main result (Theorem 8.2.4) allows us to reach the
differentiability (6.0.2) and in paragraph 2.3 using it, is established partial Holder
regularity for the derivatives D" 'u of the system (9.2) (see Theorem 8.4.1).

PARABOLICOThe study of regularity for solutions of partial differential equa-
tions and systems has received considerable attention over the last thirty years. On
the other hand little is known concerning parabolic systems in divergence form of or-
der 2m with quadratic growth and the corresponding analytic properties of solutions.
To such classes of systems our attention is devoted.

This note is a natural continuation of the study, carried out in the last decade
and a half, of embedding results of Gagliardo-Nirenberg type from which we deduce
local differentiability theorems, making use of interpolation theory in Besov spaces
(see e.g. [31] and [32]).

In this respect we mention at first the note [12] where the author proves that, let
Q0 C R™ an open set, 0 < T < oo and Q = Q x (=T,0), 2° = (29,29,...,2°0) €
Q, p>0and B(p) = B(a",p) = {x = (x1,22,...,2,) : |z; — 2| < p, i =1,2,...,n},
if

u€ L*(=T,0, HY(Q,RM) n C*(Q,RY)), Vo< <1 (6.0.3)
is a solution of a second order nonlinear parabolic system of variational type and under

the assumptions that the coefficients a®(z, Du) have quadratic growth is obtained that
u e LQ(_CL’ Oa H1+6(B(0-)7 RN)))

for every a € (0,%),V8 € (0,1) and for each cube B(20) CC Q.
In the same paper Fattorusso stressed that it is not possible to improve this result

in such a way to achieve, for each solution u to the above system, the differentiability

u € L*(—a,0, H*(B(o),RY)), (6.0.4)
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precisely exploiting natural growth and coefficients uniformly monotone in Du, at
first in [13], later the complete extension of the results contained in [7] is achieved
in [25]. The crucial step in the two mentioned papers by Fattorusso, Marino and
Maugeri is the use of interpolation estimates of Gagliardo-Nirenberg’s type in gen-
eralized Sobolev spaces. Recently, as announced in [26], the use of interpolation
inequalities allows, in [14], the authors to establish differentiability results for weak
solutions of nonlinear parabolic systems of second order endowed with nonlinearity
q € (1,2). The present note can be view as an extension from second order nonlinear
elliptic systems to order 2m of the results established by one of the authors in [15].

Thus we can see that nonlinear systems of second order in divergence form have
been extensively studied, much less depth if we talk about order 2m.

The aim of this note is to give an answer to the starting problem using as assump-
tions that the vectors a®(x, Du), |a| = m, are strictly monotone and endowed with
nonlinearity 2.

The technique used in this note to obtain Holder regularity is not the classic
one, founded on representation formulas of solutions and their derivatives, it is based
on Campanato spaces £P*. They allows us to characterize Holder functions using
integral inequality and then it is very useful to study the regularity of weak solutions
of elliptic and parabolic equations and systems (see e.g. [20], [5], [8]).

We wish to recall the study made by Giusti in [19] where this technique is used
and appreciated.

This paper is organized as follows. In Section 1 we set the definitions of Sobolev
spaces and fractionary Sobolev spaces, as well as useful preliminary Gagliardo-Nirenberg
estimates. In Section 2 are established local differentiability results for weak solutions
of (9.2) in four steps. The heart of the paper is paragraph 2.1, where it is proved that
if u € H™(Q,RY)NC™1A(Q,RY) (0 < A < 1) is a weak solution of the system (9.2)
and some useful assumptions are satisfied, then v € H™(Q,RY), Vo € (O, %) , 0 <

loc

A < 1. Using this result we obtain that u € H"'(Q,RN), Vo' € 0,9+ 3(1—0))
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systems of order 2m in divergence form

> (=)D a (z, Du) = 0. (6.0.1)
la|<m
Concerning the differentiability, if 0 < A < 1 and u € H™(Q, R¥)NC™1A(Q,RY)
is a solution of system (9.2), we answer to the question of what conditions are required

for the vectors a®(x, Du), in order that

u € HM(Q,RY). (6.0.2)

loc

In this chapter, we consider solutions of class C™~1*(Q, RY) because, as already
known, if we take solutions u € H™(2,RY) N H™ L (Q RY), it is not possible in
general to ensure differentiability (6.0.2) for nonlinear elliptic systems of order 2m
even if the vectors a®(x, Du) are smooth.

A first answer to the above problem has been given in [7] where the authors prove
a result of local differentiability (6.0.2) for solutions of nonlinear elliptic systems of
order 2m with quadratic growth.

The same hypotheses used in [7] are applied to second order (m = 1) nonlinear
parabolic  systems of variational type by Fattorusso in 1987 in the note [12] and
later by Marino and Maugeri in 1995 in [23] to extend the local differentiability
by Campanato and Cannarsa from the elliptic case to the parabolic one. The goal
is achieved making use of the interpolation theory in Besov spaces. Moreover, as
differentiability achievements allow Campanato and Cannarsa to obtain partial Holder
continuity of the derivatives D*u, |a| = m, similarly Marino and Maugeri obtain
in [22] a result of partial Holder continuity for spatial gradient of the solution to the
parabolic system of second order.

We also mention the note [29] where comparable outcomes are obtained by Nau-
mann and Wolf.

Similar results concerned with interior differentiability of weak solutions u to non-

linear parabolic systems of second order are obtained using more general hypotheses,



Chapter 6

Introduction to PART 2:
Regularity properties of elliptic
and parabolic systems

In the second part of this Ph.D thesis, the regularity properties for solutions of non-
linear elliptic and parabolic systems are studied. In particular, I continue the study
started in my Master’s degree thesis (see [15]), where the local differentiability and
Holder regularity for weak solutions of nonlinear elliptic systems of second order in
divergence form were dealt with. Firstly, a generalization of the results contained in
[15] from elliptic systems of the second order to nonlinear elliptic systems of order
2m in divergence form is presented. Secondly some results of [15] are extended from
elliptic systems to nonlinear parabolic systems of order 2m in divergence form. The
results contained in the second part of the present thesis, can also be seen in my
papers [16], [18] and [17].

Now, we analyze in detail the contents of subsequent chapters of this thesis.
Firstly, in Chapter 7, some preliminary questions, useful later in the paper, are dis-
cussed.

Then, in Chapter 8, we investigate in an open bounded €2 C R" the problem of lo-

cal differentiability and Holder regularity for weak solutions u of nonlinear elliptic
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By Lemma 5.2.1 we have

551+?7 H,Lg

lulta(s) + 7, 2) = v(ta(s) + 7 2)[| < Craeltroalrolrg@on?y, 4 =0

— CT%6K(1+a3(T,s))rs(1+n)198(1+n)19 (HudHﬂ + 1)

= c(70, )7~ (JJugl|” + 1) .

(5.3.21)
Then,
(T, 2) —wall = e 2(re, ) —uall = 52 |2(7e, ) — 2
< 5740 (||5S§+n|| + < S;J”]) < g
Therefore

|lw(Te,x) — ual| < Nu(Tex) — oI5 2)]] + ||v(Tex) — wa|l < e (5.3.22)

]
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We can represent the solution of the linear problem (1.2.1) with «(t,z) = a3 and

vy = s g + 6414, by Fourier’series, in the following way

v(ta(s) +7,2) = 7Y e (ulty(s), ), Pu(-))1.aPe().

k=1

(5.3.18)

Let us consider

A x) =Y e (ulty(s), ), Pi(-))aPe()-

Then,
z(T,x) = Z (e77 —1) (/_ u(ta(s), T)Pk(T)dT> Pi(z) + 8" Mg + dg140

k=1 1

Hl
= sy + S0 as T — 0T

(5.3.19)
Fix 0 <e < 1,

e Js. € (0,50) such that

e d7(s.) > 0 such that

1
_ 07-528;]((1—"_77)6}(7- (”UdH?,a + 1) < %

1,a + < 51+7I.

= 27, ) = se M ulla < ||5s§+" 1%

Set T, = to(s.) + 7(s:). Let us define

1 1+n 1
alt, ) = as(s.) = — n(i ) __ j" Ins, ¥t € [ta(s.), 2], Vo € (=1,1). (5.3.20)
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Thus, we have the following estimate

luta(s), ) = 5" Mua(-) e < lJulta(s), ) = v(ta(s), )lra + Jo(t2(s), ) = s ua(:)|r.a

—nA
< C (tas) — ta(s))? KO0 sug 5|10+ Cs 75 51

1 9K Os v —nip
<O (tafs) —t1(8)7 85 8 ||lug + 2| +Cs 7 sl
1,a
[

—nA
+5 %QHMHM)
1,a

—nAo

< C ((tals) ~ is))? 8571 sTE ) 10,

for every s € (0,s0). (5.3.17)
Now, we have

1 s ||lugll?,
o)~ ) = i (i) o wss 0

Since % + 19 —1—mn > 0 by the choice of 3, we have

1
1onkK g q_ 1 s ugl| 2 K g g
to(s) — t1(s))2 s 9717 = 2y [ ENUdlle Sl ), 0T
(ta(s) —t1(s))2 s (ﬁ n ((suo T s as s

Defining
Sg1en () 1= u(ta(s), ) — s uy(") x e (—1,1),
estimate (5.3.17) yields

195140 ()10

+
s —0, ass—0".

STEP. 3 Let 7 > 0. On the interval (t2(s),T(s)), with T'(s) = ta(s) + 7, we apply a

positive constant control az(x) = ag (its value will be chosen below).
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that is, since w; =

1 s [|uall? )
ta(s) = t1(s +—ln(—’ . 5.3.13
2( ) 1( ) /8 <U0+%,Ud>17a ( )

So, by (5.3.12) and the above estimates for |[v(t2(s), ) =5 ua(-)||1.o and ||7s(t2(s), )10

we conclude that

lo(tz(s),) = 5" Mua() |10 < DO sug + 6,10

1
= ettt Walhey gy oty 2 el 0
uy(s ’ z1(s) S 1,a
(5.3.14)

Then, by (5.3.13), we deduce that Jsy € (0, s*) such that

5 =2 bs _
e_ws)_h(s))M _ (%) 7 o+ S lha < Cs7F2, s e (0, 5).
() 21(s) z1(s)

From the above, the inequality (5.3.14) becomes
[0(ta(s), ) — s Mug() e < cs 728141, Vs € (0, o). (5.3.15)
Then, we can observe that
ag(t,z) = an(z) + B <0, Vt € [t1(s),t2(s)], Vo € (—1,1).
Thus, by Lemma 5.2.3, we deduce the following estimate
lulta(s), -) = v(ts(s), Ve < C (ta(s) — tr(s))? X1 lsug 4+ 5|7 . (5.3.16)

Then, by (5.3.13), we deduce that

=X

K (t2(s)=t1(s)) — <—SnHudH1’a) < cs%’ Vs € (0730)_

21(8)
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The solution of (1.2.1), with a(t,z) = a.(x)+ 5, t > t1(s), vo = ug, has the following

representation in Fourier series (%)

o(t,z) = Z eCARFA =N gy () ()
k=1

— eﬁ(t—m(S))ul(S)wl(x) + Z e(—)\k-i-ﬁ)(t—tl(8))uk(5)wk(x)

k>1
Let

ry(ta) = 3 IOy, (51, (2)
k>1

where, =\, < —A\; =0, for every k € N, k > 1. Owing to (5.3.9),

[o(t, ) = s ugll10 < || Dy (s)wr — ||sM 7 ug||1awn

+ [I7s(t, 2) |10
1,a

= 71wy (s) — s ualla] + 175, 2) o

Since — A\, < —Ag, Vk > 2, applying Parseval’s equality we have

Iro(t, )17, < X FEREDN oy () P Jwn ()17,

k>1
= RN T oy + b,y af? = A g 48,2,
k>1
By (5.3.10) we obtain
Js* € (0,1) : ui(s) = (sug + ds,w1)1,4, Vs € (0, s"). (5.3.11)

Then, we choose t5(s), ta(s) > t1(s) such that

PR~y (5) = s ||ug|l1.a (5.3.12)

3Observe that adding 3 € R to the coefficient a, there is a shift of the eigenvalues corresponding
to . from {—Ag}ren to {—Ax + B}ren, but the eigenfunctions remain the same for a, and o, + 8.
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STEP. 2 Now, we will steer the system from the initial state
u(ty(s), ) = sup(x) + ds(x), x € (—1,1),
to an arbitrarily small neighborhood of the target state
s g, me (0,9 —1).

at some time to(s). For this purpose, define

as(z) = an(z) + 5, Vre (—1,1),

with o, () = -8z 0 e (—1,1), and B = min{— ol 11, 54} — 1.

uq(z)

We denote by

{=Ai}ren and {wr Fren,

respectively, the eigenvalues and orthonormal eigenfunctions of the spectral problem
Aw = dw, with A = Ay + o, and D(A) = H*(—1,1) ( see Lemma 3.2.6 ).

Recalling Lemma 2.3.5, we can see that

A =0 and wi(x) = % >0, Ve e (—1,1). (5.3.9)
d||1,a
Set
u(s) == (u(ti(s), ), wi(-))1.4, Vk € N.
Thus,

ds
u(s) = szk(s), where z(s) := (ug + ;,wkh@, Vk € N.

Then, by (5.3.9), we can observe that

1
21(s) — —(up, ug)1a >0, as s — 0. (5.3.10)

[ ual
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(—=1,1). Now, we consider the linear problem (1.2.1) with a(t,x) = «a4(s), Vt €
[0,¢1(s)], and initial state vy = wy. For t = t;(s), the solution v(¢,z) of the linear
problem (1.2.1) has the following representation in Fourier’s series

v(ti(s), x) = e WY " ey Py Pi(r) = s 2(t(s), x), Vo € (—1,1).
k=1

Therefore, by (5.3.2), we obtain

82

lo(ti(s), ) — suo(:)|1.a = s||2(t:1(s), ) — uo(*) |14 < 5 (5.3.5)

Moreover, by Lemma 5.2.3, the choice of #;(s), and (5.3.3) we have

[w(ti(s), e = llu(ti(s),-) = v(ta(s), -)ll1a

2
< V0 (5)CeK O |2, < % (5.3.6)

From (5.3.5) and (5.3.6) we obtain

|u(ti(s), ) — suoll1,a

< Jluti(s),+) = v(ta(5), M + lo(ta(s), ) = suo()lla < 5

(5.3.7)
Let us define
ds(x) == u(ti(s), x) — sup(x), Ve (—1,1),
and observe that, in view of (5.3.7)
% — 0, as s — 0. (5.3.8)

In this way, we have steered the system from the initial state uy to the target state

sug + 0, at time t1(s).
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respectively, the eigenvalues and orthonormal eigenfunctions of the spectral problem
Apw = pw, with Ay defined as in (3.1.4) ( see Lemma 3.2.6 ) (?).

Set

z(t,x) = Z e M (ug, Pe)1.aPr(T).

k=1
Since z € H(Qr), one can observe that,

2(tx) = (e = 1){ug, Pe)r.aPr(x)
k=1
H;
+ ug(x) == up(x), as t — 0.
Fix any s € (0,1). Thus,
3 t*(s) > 0 such that ||z(¢, ) — uo(+) |10 < g, Vi < t*(s). (5.3.2)
Moreover,
2
J#(s) > 0 such that vtef! < 8—19, Vi < t(s), Yoy € R, (5.3.3)
2C|uollY 4

where C' = C(ay, 7,0, v,a), and K = K(,0,v,a) are the constants of Lemma 5.2.3.
Now, set

tl(s) = min{t*(3)7 t_(S), 1}7
and observe that ¢;(s) — 0, as s — 0.

We select the following negative constant bilinear control

alt,r) = ay(s) = tllrz_ss)

that is, o (s) is such that e*1()1(s) = g,

<0, Vtel0,ti(s)],Vz € (—1,1), (5.3.4)

On the interval (0,¢;(s)), we apply the negative constant control a(t, z) = ay(s),Va €

2In the case a(x) = 1 — 22, that is, where the principal part of the operator is that the Budyko-
Sellers model, the orthonormal eigenfunctions are reduced to Legendre polynomials, and the eigen-
values are pu, = (k— 1)k, k > 1.
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From the above inequality, applying Gronwall’s inequality we obtain

/_1 (u™(t, z))*dx < vie2lloll=t /1 (u™(0,7))*dz .

1 -1

Since
u(0,x) = ug(z) = 0,
we have
u”(0,z) = 0.
Therefore,
u (t,x) =0, V(t,z) € Qr.

From this, as we mentioned initially, it follows that

u(t,z) =ut(t,z) >0 V(t,z) € Qr.

5.3 Proof of main results

Proof. (of Theorem 5.1.1) Let us consider any nonnegative initial state wug,uq €
HY(=1,1), ug > 0, (ug,uq) >1. 0 To prove Theorem 2.1 it is sufficient to con-

sider the set of target states
uqg € C([—1,1]), ug >0 on [—1,1]. (5.3.1)

Indeed, every function ug € L?*(—1,1),ug > 0 can be approximated by a sequence of
strictly positive functions of class C*([—1, 1]).

STEP. 1 We denote with

{—tx} ren and {Pe}ren,



we obtain
/1 [wu™ — (a(z)uy),u™ | do = /1 [ouu™ + f(z,u)u™] da. (5.2.

Recalling the definition v+ and u~, we have

/1 wud = /1 (ut — - You—da = — /1 (o ude = —~ L [ y2de.

1 1 ~1 2dt
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4)

Integrating by parts and recalling that v~ € H}(—1,1), we obtain the following

equality

/_l (a(2)uy),u” dz = [a(z)uu ]ty — /1 (2 )y (—u), dr = /_1 a(ani da

1 -1

1 1
/ auu~dr = —/ afu™ ) dx.
-1 -1

Moreover, using (5.1.4) we have

We also have

/11 Flr,u)u do = /11 fla,uh —u"u” do
= /_11 flo,—u ) dr = —/_llf(x, —u”) (—u7) do
> v

_—/_11 (—u_)Qdac:—/_lll/(u_)2dw

and therefore (5.2.4) becomes

1d [ ! ' 2 1
—= (u)Qder/ a(u)Qder/ v(u”) de/ a(z)uz >0,
-1 —

1 -1

from which
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Proceeding as in the proof of Lemma 3.2.5, and applying Corollary 3.2.2 and

Corollary 5.2.2 we obtain the following lemma.

Lemma 5.2.3. Let T > 0,9 > 1, & € L¥Y~1,1),a € L®(Qr) and uy €
H}(—1,1). Let w € H(Q7r) be the solution of (5.1.1) and v € H(Qr) be the solu-
tion of (1.2.1) with the same coefficient o € L>(Qr) and initial state vy = ug. Then,

the difference w = u — v satisfies
lw(t, Ya < VTCre® Wuollf,, vt e [0,7],

where K = K(v,0,v,a), K = K(a,70,0,v,a) and Cr > Cy = 1VT > 0.

Lemma 5.2.4. Let T > 0, a € L™(Qr), let ug € H(—1,1), up(xz) > 0 a.e. z €
(—1,1) and let uw € H(Qr) be the solution to the semilinear system

;

Up — (CL(x)u:c):Jc = O‘<t7aj)u + f(x,u) in Qr = (O7T) X (_17 1)

a(x)uy(t, z)|p=e1 = 0 te(0,7)

| w(0,2) = ug(z) re(—-1,1).

Then

u(t,z) >0, V(t,z) € Qr.

Proof. Let uw € H(Qr) be the solution to the system (5.1.1). It is sufficient to prove

that

u (t,x) =0 in Qr.

Multiplying both members of the equation in (5.1.1) by ™ and integrating on (—1, 1)
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Then, we have

t
1
ol < 20l |l ds + 3wl

+ (70,9, @) T2 [[ull3 gy t e (0, 7).

From wich, we deduce

1 t
slolian < 2ol | ol ds

+ (0,0, a) T2 JullF o0 te(0,7).

Applying Gronwall’s inequality we have

w30 < co, 9, a) T3 e4\|a+||ooT”uH3zQT)7 te(0,7).

By the previous lemma and applying Lemma 3.2.5

Corollary 5.2.2. Let T > 0,9 > 1, & € L*7Y~1,1),a € L=®(Qr) and uy €
HY(—=1,1). Let u € H(Q7) be the solution of (5.1.1) and v € H(Qr) be the solution
of (1.2.1) with the same coefficient o € L>®(Qr) and initial state vg = ug. Then, the

difference w = u — v belongs to H(Qr) and satisfies

3
lwllsr = llu = vls@en < Killluollie) T7 e uol,,

where Ki(|[uoll1.) = ¢, 70,0, v, a) (k1(|Jugllr.a))’ for some positive constant
cla,v,0,v,a), ki(||uoll1,a) is the constant given by Lemma 3.2.5, and

Ky =2 +2[[a"||oc + (v + |oT ||sc)¥? (ot denotes the positive part of o ).
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Holder’s inequality , we have

t 1 t 1
/ ds / |f(x,u)||w|de < %/ ds / lu|? |w|da
0 -1 0 -1

Thanks to the assumptions (5.1.5), i.e & € L?"1(—1,1) C L'(—1,1), we can apply

< vollul oo g Iwllz2-

the Lemma 3.1.2, then we have
1
w2y < c(a)tt [[w] sy (5.2.2)

Then, being &, € L?’~1(—1,1), by Corollary 3.1.4 we have

1
ullz20 (g, < c(9, )2 lullfyq, (5.2.3)

Then, by (5.2.2) and (5.2.3), applying Young’s inequality, we obtain

t 1
s [ 1tz < ol llellse,

11

< voc(¥, a) 2 1 ||ullyy g, lwls)
3

< (¥, a) T ||ullyyo,) vl @y

3 1
0(707197(1)7—'2 ||U’||’?-?(QT) + ZHwHQB(Qt)

So, for every t € (0,7"), we obtain

Jw(t, 72 11)—1—2/ ds/ aw? dx

1 3
< 2||Oé+||oo/ [w(s, MZ21yds + §||w||J2B(Qt) +c(v0,9,a) T2 ||ull3 o0
0

t
1 3
< 2||04+||oo/0 [w|[Bq. ds +§IIwIIQB(Qt)+C(%ﬂ9,a)T2 [ 7
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Proof. Let us consider the difference between the solution u of (5.1.1) and the solution
v of (1.2.1), with the same coefficient o and initial state vy = uo.
Given

w(t,z) =u(t,x) —ov(t,z) in Qr,
w(t, z) is solution of the following system
wy — (aw,), = aw + f(z,u) in Qr
(I(if)wm(t, 'I'.)|a:::|:1 - 0 (521)

w(0,2) =0

\

Multiplying by w both members of the equation in (5.2.1) we obtain
wyw — (a(z)w,),w = aw? + f(z,u)w

and therefore integrating on (—1,1), we deduce that

1d [ 1 1 1
—— deq:—i—/ aw?dx :/ anda:—i—/ f(z,u)wdx
2dt J 4 -1 -1 -1

1 1
§/ a+w2dx—|—/ |f(z,u)||w|dz
-1 -1

1 1
< ot / e / 1 (0, 0)Jwlde
- —1

Fixing ¢ € (0,7") and integrating on (0,¢), we obtain
¢ 1
e, M +2 [ ds [ autds
0 -1

t t 1
< 2ol [ ot Mids +2 [ ds [ 1Gw)lulds.

Since u,v € H(Qr) and therefore w = u — v belongs to H(Qr), by (5.1.2) and
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In the following, we suppose that the semilinear system (5.1.1)

(

up — (a(z)ug), = a(t,z)u+ f(x,u) in Qr = (0,7) x (—1,1)

a(@)uz(t, ) |z=41 =0 te(0,7)

[ u(0,2) = up(x) re(-1,1).

satisfies the assumptions (A.1) — (A.4). We also recall the associated linear system

(1.2.1)
Vg — (a(x>vr)z = Oé(t, SC)U in Qr = (OaT) X (_17 1)

a(2)vy(t, 7)]o=s1 = 0 te (0,7T)

| v(0,2) = vo(z) re(-1,1),
where vy € H!(—1,1), a(t,x) and the diffusion coefficient a(z) satisfy respectively
the assumption (A.2) and (A.4). In particular, in the following we assume that the

coefficient a(x) of the associated linear system (1.2.1) is the same as the semilinear

system (5.1.1).

Lemma 5.2.1. LetT > 0,9 > 1,§, € L?7Y(—1,1),a € L>®(Q7) anduy € H:(—1,1).
Let u € H(Qr) be the solution of (5.1.1) and v € H(Qr) be the solution of (1.2.1)
with the same control a € L®(Qr) and initial state voy = ug. Then, the difference

w =u — v belongs to H(Qr) and satisfies

2lla[loo

3
lwlls@r) = llu = vlls@rn < c(y0,0,a)TTe TlulBiom

where at denotes the positive part of a, and (0,9, a) is a positive constant.
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We are interested in studying the multiplicative controllability of (5.1.1) by the

bilinear control a(t,x).

5.1.2 Main result

Let us start with the following definition.

Definition 5.1.1. We say that a function o € L>®(Q7) is piecewise static, if a(-, z)

is piecewise constant in ¢ and a(t,-) € L®(—1,1), t € (0,7)).

The global approzimate controllability result is obtained for the semilinear system

(5.1.1) in the following theorem.

Theorem 5.1.1. For any ug € HX(—1,1),uq > 0 and any ug € HY(—1,1) such that
(o, ug)1,a > 0, (5.1.6)

for every e > 0, there are T = T'(e,up, uq) > 0 and a piecewise static bilinear control

a(t,x) € L=(Qr) such that

(T’ ) = udllia < €

In the following, we will sometimes use || - || instead of || - || 12(~1,1), and || - || instead

of || - [l =(@r)-

5.2 Some useful lemmas

In this section I prove some useful results for the proof of the main theorem obtained

in collaboration with P. Cannarsa in [10].
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(A.4) a € C*([—1,1]) is such that

o a(x)>0Vzre(—1,1), a(-1)=a(l)=0

e the function & (z) = [ a‘fz) satisfies the following

£, € LP77H(—1,1). (5.1.5)

Remark 5.1.1. o If f(x,u) belongs to the space C'(R), with respect to u, a suffi-

cient condition for the assumption (5.1.3) is that, for some 9 > 1 and 7 > 0,

| fu(, )| < yiful'~! for a.e. v € (—1,1), Vu € R.

e The assumption (5.1.4) is more general than the classical sign assumption
fjlf(x,u)u dr < 0,(') indeed the last condition is equivalent to f(z,u)u <

0, for a.e. z € (—1,1), YueR.

o 1 & LY(—1,1), so a(-) is strongly degenerate.

e The principal part of the operator in (5.1.1) coincides with that of the Budyko-
Sellers model for a(z) = 1 — 2?. In this case, &(z) = 2ln () s0 &, €
LP(—1,1), for every p > 1.

Example 5.1.1. An ezample of function f that satisfies the assumptions (A.3) is the
following

f(z,u) = c(x) min{|u["~", 1}u — |u|” " u,

where ¢(-) € L>*(—1,1).

IThis integral condition is used by A. Khapalov in [29], in the uniformly parabolic case, but also
there it can be generalized by a condition similar to (5.1.4).
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(—1,1) by means of the bilinear control a(t,x))

(

Up — (a('r)uz)m = O‘(t’x)u + f(x,u) in Qr = (OvT) x (_L 1)

a(@)ug(t, ) |p—t1 =0 te (0,7) (5.1.1)

[ w(0,2) = up(x) re(—1,1).

under the following assumptions:
(Al) up € H;<_17 1)7
(A2) a € L™(Qr);

(A3) f:(—1,1) x R = R is a Carathéodory function (i.e. f is Lebesgue measurable
in x for every u € R, and continuous in u for almost every z € (—1,1)) such

that

e there exist ¥ > 1, 79 > 0 and v; > 0 such that

|f(z,u)|] <70 lul?, for ae. z € (—1,1),Vu e R, (5.1.2)

‘f(l‘,U) - f(fE,U)|
<y (T4 Jul” 4 o|” 1) [u — o], for ae. x € (—1,1), Vu,v € R;
(5.1.3)

e there exists a nonnegative constant v such that
flz,u)u < vu? for a.e. z € (—1,1), YueR. (5.1.4)

Below we will put vy = e*7;



Chapter 5

Controllability of nonlinear
problems

In this chapter we study the global approximate multiplicative controllability for a
semilinear degenerate parabolic Cauchy-Neumann problem (see also [10]).

We will show that this system can be steered in H)(—1,1) from any nonzero, initial
state ug € H}(—1,1) into any neighborhood of any desirable nonnegative target-state

ug € H!(—1,1) such that (ug, ug)1,, > 0, by bilinear piecewise static controls.

5.1 Notation and main results

5.1.1 Problem formulation

Given T > 0, let us consider the control system (Cauchy-Neumann strongly degener-

ate boundary semilinear problem in divergence form, governed in the bounded domain

66
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Then, it is possible choose [, so that

1
eﬁETE/ vowrdr = ||vgl|
-1

that is, since w; = Mol

1 [ vall®
fe = —1n (— . 4.2.9
T: f_ll VoUgdx ( )

So, by (4.2.7), (4.2.9) and the above estimates for ||v(T;,-) — v4(+)|| and ||r(T%, )| we

conclude that

2
_ _ Vq
[0(T%,-) = va()[| < e g || = e )\QTE—lH H [vol| = €.
f_lvovddx

From which we have the conclusion. ]

Proof. (of Theorem 4.2.2) The proof of Theorem 4.2.1 can be adapted to Theorem
4.2.2; keeping in mind that, in STEP.3, inequality (4.2.8) continues to hold in this

new setting. In fact we have

/1 vo(x)wy (x)de = /1 vo(x)wdx =

' 1 [[vall
1 1
= _HUdH / vovgdz > 0, by assumptions (5.1.6).
-1

From this point on, one can proceed as in the proof of Theorem 4.1.1.
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the following Fourier series representation (%)

ot z) = g (Nt ( /_ 11 vo(s)wk(s)ds) () =
:eﬁt( / 1 vo(s)wl(s)ds>w1(x)+26()‘”B)t( / 11 vg(s)wk(s)ds>wk(a:)

1 k>1
Let

r(tz) =Y Mt ( /_ 11 vo(s)wk(s)ds) wi(z)

k>1

where, recalling that A\ < A\g11, we obtain

A< =X =0 forever keN k>1.

e, 1=

+ (2l

Owing to (5.3.9),

[o(t,-) — vall <

([ ol Jon =

([ wtaranteie) - o

Since — A\, < —Ag, Vk > 2, applying Parseval’s equality we have

1
It m)|[? < 2§ / s

k>1

— 2(Aeth)t Z(Uo,wk>2 _ 62(—/\2+ﬂ)t||vo||2'
k>1
Fixed € > 0, we choose T, > 0 such that

2

leon () I* =

1
Vovadx
el — fl% (4.2.7)
[[vol[[[vall
Since vy € L*(—1,1), vo > 0 and vy #Z 0 in (—1,1) and by (4.2.6), we obtain
1
(vo, wq) = / vo(z)ws (x)dx > 0. (4.2.8)
—1

4Observe that adding 3 € R in the coefficient a, there is a shift of the eigenvalues corresponding
t0 i from {—Ag}ren to {—Ax + B}ren, but the eigenfunctions remain the same for o, and o, + 8.



63

Indeed, regularizing by convolution, every function vy € L?*(—1,1),v4 > 0 can be

approximated by a sequence of strictly positive C*([—1, 1])— functions.

STEP.2 Taking any nonzero, nonnegative initial state vy € L*(—1,1) and any target

state vy as described in (4.2.4) in STEP.1, let us set

a.(x) = —w, re(—1,1). (4.2.5)

va(x)
Then, by (5.3.1),

a,(z) € L=(—1,1).

We denote by

{=Mi}ren and {wr ren,

respectively, the eigenvalues and orthonormal eigenfunctions® of the spectral problem

Aw + dw = 0, with A = Ay + o] (see Lemma ?7).
We can see, by Lemma 77, that

A =0 and wi(x) = Tﬁ}(jr >0, Ve e (—1,1). (4.2.6)

STEP.3 Let us now choose the following static bilinear control
a(x) = a,(x) 4+ 5, Ve € (—1,1), with 5 € R (f to be determined below).

The corresponding solution of (4.2.1), for this particular bilinear coefficient «, has

3 As first eigenfunction we take the one which is positive in (—1,1).



and therefore (4.2.3) becomes

1d [ ! !
T (v—)Qd:c+/ a(v‘)Qd:czf a(z)v? > 0,
-1 — -

from which

1 1

d 1

pr _1(U_)2dSL‘ < 2/_1a(v_)2dx < 2||04H00/ (v™)*dz.

-1

From the above inequality, applying Gronwall’s lemma we obtain

/_ 1 (v~ (t, z))2dz < 2l / 1 (v=(0, z))2dx .

1 -1

Since
v(0,2) = vo(z) >0,
we have
v (0,2) =
Therefore,
v (t,z) =0, Y(t,z) € Qr.

From this, as we mentioned initially, it follows that

v(t,x) =vt(t,x) >0 V(t,x) € Q.

We are now ready to prove our main result.

Proof. (of Theorem 4.2.1)

STEP.1 To prove Theorem 4.2.1 it is sufficient to consider the set of target states

vg € C(]-1,1)), vg > 0on [—1,1].
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(—1,1) and let v € B(0,T") be the solution to the linear system

(

Uy — (a(m)vm)x = Oz(t,.%’)l) in Qr = (OvT) X (_17 1)

a(x)v(t, z)|p=tx1 =0 te(0,7T)

| v(0,7) = vo(z) xe(=1,1).

Then

'U(t,l’) > 07 V(t,l‘) S QT-

Proof. Let v € B(0,T) be the solution to the system (4.2.1), and we consider the

positive-part and the negative-part. It is sufficient to prove that
v (t,x) =0 in Qr.

Multiplying both members equation of the problem (4.2.1) by v~ and integrating it

on (—1,1) we obtain

/_ [vw™ = (a(z)vy),v™ — avv™ | dz = 0. (4.2.3)

1

Recalling the definition v and v, we obtain

! ! ! 1d
/ v~ dr = / (vt —v ) dr = —/ (v ) dr = ~5q (v7)%dz .

1 1 -1
Integrating by parts and applying Theorem 2.1.1, we obtain v~ € H!(—1,1) and the

following equality

1 1

a(x)vy(—v), dx = / a(x)v? de .

-1

/1 (a(x)vy)pv™ dz = [a(z)v,07]L, _/

1 1

1 1
/ avv~dr = —/ a(v™)?dx
-1 -1

We also have
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Theorem 4.2.1. The linear system (4.2.1) is nonnegatively approximately control-
lable in L?(—1,1) by means of static controls in L°°(—1,1). Moreover, the correspond-

ing solution to (4.2.1) remains nonnegative at all times.

Then the results present in Theorem 4.2.1 can be extended to a larger class of

initial states.

Theorem 4.2.2. For any vy € L*(—1,1),v4 > 0 and any vy € L*(—1,1) such that

1
/ vovgdx > 0, (4.2.2)

1

for every € > 0, there are T = T(e,v9,v4) > 0 and a static bilinear control, o =

a(z), a € L>®(—=1,1) such that
|o(T,-) = vall2(-11) < €.

Remark 4.2.2. The solution v(¢, x) of the problem (4.2.1) in the assumptions of The-
orem 4.1.2 does not remain nonnegative in Qr, like in Theorem 4.1.1, but it can also

assume negative values.
4.2.3 Proofs of main results.

For the proof of Theorem 4.2.1 the following Lemma is necessary.

Lemma 4.2.3. Let T > 0, a € L™(Qr), let vg € L*(—1,1), vo(x) > 0 a.e. z €
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Remark 4.2.1. We observe that
1. 2 & L'(—1,1), so a(x) is strongly degenerate

2. the principal part of the operator in (4.2.1) coincides with that of the Budyko-

Sellers model for a(z) = 1 — z?. In this case A(z) = 11In (H2) € L(-1,1)

-2 1-=x

3. a sufficient condition for 3.b) is that a/(+1) # 0 (if a € C?*([—1,1]) the above

condition is also necessary).

We are interested in studying the multiplicative controllability of problem (4.2.1)
by the bilinear control «(t,z). In particular, for the above linear problem, we will
discuss results guaranteeing global nonnegative approximate controllability in large
time (for multiplicative controllability see [29, 32, 13]).

Now we recall one definition from control theory.

Definition 4.2.1. We say that the system (4.2.1) is nonnegatively globally ap-
proximately controllable in L?(—1,1), if for every ¢ > 0 and for every nonnegative
vo(z), va(z) € L*(—1,1) with vy # 0 there are a T = T'(¢, vy, v4) and a bilinear con-
trol a(t,xz) € L>(Qr) such that for the corresponding solution v(t,z) of (4.2.1) we
obtain

|o(T, ) = vallr2(-11) < €.

In the following, we will sometimes use || - || instead of || - ||f2(—1,1)-

4.2.2 Main goals.

In this work at first the nonnegative global approrimate controllability result is ob-

tained for the linear system (4.2.1) in the following theorem.
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with the bilinear control a(t, z) € L>(Qr). The problem is strongly degenerate in the
sense that a € C'([—1,1]), positive on (—1,1), is allowed to vanish at +1 provided
that a certain integrability condition is fulfilled. We will show that the above system
can be steered in L?(—1,1) from any nonzero, nonnegative initial state into any
neighborhood of any desirable nonnegative target-state by bilinear static controls.

Moreover, we extend the above result relaxing the sign constraint on .

4.2.1 Problem formulation

Let us consider the following Cauchy-Neumann strongly degenerate boundary linear
problem in divergence form, governed in the bounded domain (—1,1) by means of

the bilinear control a(t,x)

(

vy — (a(x)vg), = a(t,x)v in Qr = (0,T) x (—1,1)

a(2)vy(t, @) |z=41 = 0 te(0,7) (4.2.1)

[ v(0,2) = vo(z) ze(-1,1).

We assume that
1. vy € L*(—1,1)
2. a € L™(Qr)
3. a € CY([—1,1]) satisfies
(a) a(z) >0Vze(—1,1), a(-1)=a(l)=0

1 _ [T ds
(b) Ae L'(—1,1), where A(x) = [, 20 -




a7

Then, it is possible choose d. so that

e (v, w1) = [|vall,

that is, since w; = HZ_ZH’

1 [|vall® )
5. = —In . 4.1.12
T. (<vo,vd> ( )

So, by (4.1.8) — (4.1.10) and (5.3.13) we conclude that

|val|? _
<v0 vd> HUOH =c.
)

|o(Tz,+) —va(H)] < e(—Aat0e)T: T

vl =e

From which we have the conclusion. ]

Proof. (of Theorem 4.1.2) The proof of Theorem 4.1.1 can be adapted to Theorem
4.1.2, keeping in mind that, in STEP.3, inequality (5.3.11) continues to hold in this

new setting. In fact we have

1
(vo,wq) = m(vo,vd) > 0, by assumptions (5.1.6).
d

From this point on, one can proceed as in the proof of Theorem 4.1.1.

4.2 Strongly degenerate problems

In this section we study the global approximate multiplicative controllability for the

linear degenerate parabolic Cauchy-Neumann problem

(

Uy — (a(x>vx)m = Oz(t,]})’l) in Qr = <O7T> X (_17 1)

a(x)vg(t, )| p=x1 =0 t e (0,7)

[ v(0,2) = vo(z) xe(-1,1),
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and a, + 0.
The corresponding solution of (5.1.1), for this particular bilinear coefficient «, has
the following Fourier series representation

v(t,r) = Z eIy Wi w ()

k=1

= vy, w )wi (2) + Z eMAD (y wop Y () .

k>1

Let
r(t,x) = Z e MO (v, wiYeog ()

k>1
where, recalling that A\ < A\;11, we obtain

A< —-XM =0 forever keN, k>1.

Owing to (4.1.7),

lo(t, ) = vall < || (vo, wi)an — [Jvallws || + llr(t, )]

= [e®(vo,w1) — [loall| + |Ir(t,2)||. (4.1.8)

Since — )\, < —Ag, Vk > 2, applying Bessel’s inequality we have

Ir(, )17 < X220 (v, we) P flwr () |
k>1

— 2(=ato)t Z<U0;Wk>2 < 22 R0 140112 (4.1.9)

k>1
Fixed € > 0, we choose T. > 0 such that
eeTe = gwo’—%. (4.1.10)
[[voll[[val

Since vy € L*(—1,1), vo > 0 and vy #Z 0 in (—1,1) and by (4.1.7), we obtain

(vg,w1) = /_ vo(z)ws (x)dx > 0. (4.1.11)

1
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Finally, since % = -\ Yz € (—1,1) (?), we have
HE
M € L%(~1,1).
Ya

STEP.2 Taking any nonzero, nonnegative initial state vy € L*(—1,1) and any target

state vy as described in (5.3.1) in STEP.1, let us set

a.(x) = —w, x € (—1,1). (4.1.6)

va ()
Then, by (5.3.1),

a, € L>*(—1,1).
We denote by
{=Ak}ren and {wi tren,

respectively, the eigenvalues and orthonormal eigenfunctions of the spectral problem
Aw + dw = 0, with A = Ay + . (see Lemma 3.2.6), where as first eigenfunction we

take the one which is positive in (—1,1).
We can see, by Lemma 2.3.5, that

A =0 and wi(x) = Trlv(jl) >0, Ve e (—1,1). (4.1.7)

STEP.3 Let us now choose the following static bilinear control
a(z) = au(z) + 90, Vo € (—=1,1), with § € R (J to be determined below).

Adding ¢ € R in the coefficient a, there is a shift of the eigenvalues corresponding to

a, from {—A;}ren to {—Ax + 0}ren, but the eigenfunctions remain the same for a

2_)\, is the first eigenvalue of the Sturm-Liouville problem (4.1.5).
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Now, let us consider wq, the first positive eigenfunction of Ag with norm 1. Note that

wy is a solution of the following Sturm-Liouville problem

,

(a(x)wy)r + Aw =0 in  (—1,1)

B (~1) + Bra(—1)ws(~1) = 0 (4.1.5)

Yow(l) + 1 a(l)w,(l) =0
Define

Ua(x) = & () () + (1 = & (2)) volx), = e[-1,1],

where &, € C*([—1,1]) (0 is a positive real number) is a symmetrical cut-off function

o {,(—x) =& (), Vo e [-1,1]

o 0<&(x) <1, vz € [0,1]
o &,(x) =0, Vz € [0,1— o]
o {(z) =1, Vo e[l—9g,1]
Then,

Povg(=1) + fra(=1)vg,(=1) = 0
v5 € H2(—1,1),05> 0 in (—1,1) and

Y0 0g(1) + 1 a(l)vg,(1) =0

Moreover, taking into account that there is ¢ > 0 such that

o -l < | @)~ @) dot [ (@)~ via) do <

€
)
l1—0o 4
we have

[va = 5l < [lva = vgll + [lvg — 5l < €.
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Since
v(0,2) = vo(z) > 0,
we have
v (0,z) =0.
Therefore,
v (t,z) =0, V(t,x) € Qr.

From this, as we mentioned initially, it follows that

v(t,x) =vt(t,x) >0 V(t,x) € Q.

4.1.3 Proofs of main results.

We are now ready to prove our main result.

Proof. (of Theorem 4.1.1)
STEP.1 Let Ag be the operator defined in (2.2.1), to prove Theorem 4.1.1 it is sufficient

to consider the set of target states

vg € D(Ap), vg > 0 on (—1,1) such that (aVe)a € L>*(-1,1). (4.1.4)
Vq

Indeed, regularizing by convolution, every function vy € L*(—1,1),v4 > 0 can be
approximated by a sequence of strictly positive C*([—1, 1])— functions.
Then, fixing ¢ > 0, we can find a function v € C*([—1,1]),v5 > 0 in [—1,1] such

that |lvg — o3|l < 5.
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Recalling the definition v and v~, we obtain

1 1 1 1d (!
/ v dr = / (vt —v ) dr = —/ (v ) dr = ———/ (v7)%dz.
—1 —1 —1 2dt -1

Integrating by parts and applying Theorem 2.1.1 (see Appendix), we obtain v~ €

H!(—1,1) and the following equality
1 1
/ (a(2)vy)v™ dr = [a(z)vv7 ]t — / a(x)vy(—v), dx

1 -1

If B1v1 # 0, using the Robin boundary conditions and the sign assumptions, we have

[a(x)v,v7 ]t = a(D,(t, Do~ (¢, 1) — a(—1D)w,(t, —1)v~ (¢, —1) =

= —Ev(t, Do~ (t,1) + %v(t, —1)v=(t,-1) > 0.

7 1
If 8171 = 0(*), proceeding similarly, we obtain

[a(x)v,v~ ]t > 0.

We also have

and therefore (5.2.4) becomes

1 1 1
g [ [ o=l + [ a0
t 1 -1

from which
d [ 1 1
— [ (v7)¥dz < 2/ a(v)dr < 2||04H00/ (v™)%dz.
dt J_, -1 -1

From the above inequality, applying Gronwall’s lemma we obtain

/_ 1 (v (t, z))2dz < Xl / 1 (v=(0, z))2dz .

1 -1

n the particular case 81 = 1 = 0 we have [a(x)v,v~]L; = 0. Indeed, in this case the problem
(5.1.1) is reduced to a Cauchy-Dirichlet problem.
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In the following, we will sometimes use || - || and (-,-) instead of || - ||z2(_1,1) and

<'a '>L2(71,1) .

For the proof of Theorem 4.1.1 the following Lemma is necessary.

Lemma 4.1.3. Let T > 0, a € L®(Qr), let vy € L*(—1,1), v9(x) > 0 a.e. x €

(—=1,1) and let v € B(0,T") be the solution to the linear

system
[ o (@), = et i Qr = (0.7)x (-1.1)
Bov(t,—1) + fra(—1)v,(t,—1) =0 te (0,7)
You(t,1) + v a(l)v.(t,1) =0 te (0,7)
\ v(0, ) = vg(x) rxe(-1,1),
Then

’U(t,l‘) > 07 V(t, $) S QT-

Proof. Let v € B(0,T) be the solution to the system (5.1.1), and we consider the

positive-part and the negative-part (see Appendix). It is sufficient to prove that
v (t,z) =0 in Qr .

Multiplying both members equation of the problem (5.1.1) by v~ and integrating it

on (—1,1) we obtain

/_ [vw™ = (a(z)vy),v™ — avv™ ] dz = 0. (4.1.3)
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Definition 4.1.1. We say that the system (5.1.1) is nonnegatively globally ap-
proximately controllable in L?(—1,1), if for every ¢ > 0 and for every nonnegative
vo(z), va(z) € L*(—1,1) with vy # 0 there are a T' = T'(¢, vy, v4) and a bilinear con-
trol a(t,z) € L>®(Qr) such that for the corresponding solution v(t,x) of (5.1.1) we
obtain

|o(T, ) = vallg2(-11) < €.

In this work at first the nonnegative global approximate controllability result is

obtained for the linear system (5.1.1) in the following theorem.

Theorem 4.1.1. The linear system (5.1.1) is nonnegatively approximately control-
lable in L*(—1,1) by means of static controls in L°°(—1,1). Moreover, the correspond-

ing solution to (5.1.1) remains nonnegative at all times.

Then, the results present in Theorem 4.1.1 can be extended to a larger class of

initial states.

Theorem 4.1.2. For any vg € L*(—1,1),v4 > 0 and any vy € L*(—1,1) such that
<UO;Ud>L2(—1,1) > 0, (412)

for every € > 0, there are T = T(g,vg,v4) > 0 and a static bilinear control, o =

a(x), a € L>®(—=1,1) such that
|o(T, ) — Ud||L2(—1,1) <e.

Remark 4.1.1. The solution v(t, z) of the problem (5.1.1) in the assumptions of The-
orem 4.1.2 does not remain nonnegative in (), like in Theorem 4.1.1, but it can also

assume negative values.
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v — (a(x)vg), = alt,x)v in Qr = (0,7) x(—1,1)
Bov(t,—1) + fra(—1)v,(t,—1) =0 te(0,7T)
(4.1.1)
You(t,1) + y1a(l)v.(t, 1) =0 te(0,7)
v(0,2) = vo(x) ze(—1,1)

\

We assume that
i vy € L3(—1,1)

i e Lo(Qn)

iii. a € C°([—1,1]) N C'(—1,1) fulfills the following properties
(a) a(z) >0Vxe (-1,1), a(-1)=a(l)=0
(b) £ e L*(-1,1)

iv. Bo, 81,7071 €R, B2+ 57 >0, 42 + % > 0, satisfy the sign condition
(a) BoBr <0 and vy > 0.

Under the assumptions iii.) we say that the problem (5.1.1) is weakly degenerate.

4.1.2 Main goals.

We are interested in studying the multiplicative controllability of problem (5.1.1) by
the bilinear control a(t, x). In particular, for the above linear problem, we will discuss
results guaranteeing global nonnegative approximate controllability in large time (for
multiplicative controllability see [29], [32], [13], [11]).

Now we recall one definition from control theory.



Chapter 4

Controllability of linear problems

4.1 Weakly degenerate problems

In this work we study the global approximate multiplicative controllability for a
weakly degenerate parabolic Cauchy-Robin problem. The problem is weakly degener-
ate in the sense that the diffusion coefficient is positive in the interior of the domain
and is allowed to vanish at the boundary, provided the reciprocal of the diffusion
coefficient is summable. In this paper, we will show that the above system can be
steered, in the space of square-summable functions, from any nonzero, nonnegative
initial state into any neighborhood of any desirable nonnegative target-state by bilin-
ear static controls. Moreover, we extend the above result relaxing the sign constraint

on the initial-state.

4.1.1 Problem formulation.

Let us consider the following Cauchy-Robin weakly degenerate boundary linear prob-
lem in divergence form, governed in the bounded domain (—1,1) by means of the

bilinear control a(t, )

48
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In the case a(z) = 1 — 22, so that Ay = ((1 —2%)u,),, then the orthonormal
eigenfunctions are reduced to Legendre’s polynomials Py (z), and the eigenvalues are

p = (k= 1)k, k € N. Py(z) is equal to /525 Li(x), where Li(x) is assigned by

Rodrigues’s formula:

1 d

= sEg gt @ VT (k=)

Lk($)
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By Lemma 3.2.1 we deduce

|f(z,u)||*dzds < ’yo/ lu|?’da ds
Q¢ t

< ¢(70, 7, a)T”uHHl(O,T;LQ(—Ll)) ||’LLH%iO_(E,T;Hé(7M))

' % 29—1
< (70,9, a)T (/ Hut(s?-MIst) (sup Hu(sj->||1,a)
0 t€[0,7

1 1 29—1

< e, 70,0, v, )T (3G (1+ luoll?z?) luoll3)® (xer (1 + lluol2")? ol
_119

< (a0, 9,1, @)X [1+ fuoll?z"]” fwol 2,

From which the conclusion

lulBuan < ela 0., v,a) [max{T, 1hd (1 + luolli") uol:.
+T7x3 (1 + luollyz")” Nluoll3 ]
< c(a, 70,9 v, ) max{T, T |1+ Juoll75" + (1+ ol 721) "] (ol + o 13%)
< cfa, 50, 9 v, 0) € X3 (1+ ol 72") " (14 luoll32) lfuoll?
< cfa, 70,0, v, @) " T (1 g [751) (14 ollf)” ol

< C(CM, Y0, Y, v, a) 6[1+2(V+|ICY+IIOO)T9]T (1 + HuOH?;l)Z"’l9 HUOHia'

3.2.1 Spectral properties of A

Let A = Ay + al, where the operator Ag is defined in (3.1.4) and o € L*>°(—1,1).
Since A is self-adjoint and D(A) < L?*(—1,1) is compact, we have the following (see
also [6]).

Lemma 3.2.6. There ezists an increasing sequence { \g }ren, with A\, — +00 as k —
o0, such that the eigenvalues of A are given by {—Ng}ren, and the corresponding

eigenfunctions {wy, fren form a complete orthonormal system in L*(—1,1).
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t
/ e, )2 ds + [1v/aua(t, )2 ds
0
1

< (lalloe + w) llult, I + IV avos [|* + lla™ [loolluoll* + 2/1 |F'(, uo(2))| de

< (lallse +v) ult, )1* + fuol o + o™ lloolluoll* + (0, 9) [luoly%-

)T

Let us consider for simplicity yr := e®*l¢"l=)T By Lemma 3.2.3, we deduce

t
e, I + /@, )2 + / (-, ) 2
< (oo + v+ 1) Jult, ) + ol o + 1o o ol + (30, 9) o7
< (lalloo + v + 1) [l gy + uol} o + o™ lsclluolI2 + (0, 9, @)lfuo 175
< (ela v 11T 4 o™ loo ) ol + ol + (0, 9, @)l o1

+ _
< max {c(oz, v)va 2l lleoT 4 la™ oo, ¢(y0, ¥, a), 1} [||u0||%a + HuOHf;l]

45

< e(a, 70,9, v,0) X7 1+ [Juollyg'] lluollf o

Moreover, by (5.1.1), we have
(a(@)us(t, 7)), = w(l, z) — a(z)ult, z) — f(z, ),
then, for every ¢t € (0,7"), we obtain

[ a0, P as
<2 [ s, 1P ds + 2Nl [ s s 2 [5Gl s

< (o, 0. 9, v @) max{T, 1 [1+ JuollV5'] o2, + 2 / 1, w)|P da ds.
Qt
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Then, by Lemma 3.1.1, we deduce that

1
| 1P u@)lde < con )l o < o dwl i (32)
—1

Finally, we observe the following property of the function F' :

keeping in mind that, by (5.1.4), for almost every = € (—1,1), we obtain
o f(x,u) <wvu, for every u € R,u >0
o f(z,u) > vu, for every u € R,u < 0,

then, for almost every x € (—1,1), we have
e for every u € Ryu >0, F(z,u) fo x()d(ﬁuﬁf(d(ﬁ%uz

e for every u € R,u < 0, Fx,u) = —f f@,Qd¢ < —v [ ¢d¢ < %

Then
F(z,u) < gu2, Y(z,u) € (—1,1) x R. (3.2.8)
By (3.2.6), we obtain
1
/ ul(t, z)dx + th/ {a(z) —a(z)u’(t,z) — 2F(z,u)} dz = 0. (3.2.9)
-1

Fix ¢t € (0,7") and integrate on (0,t), to have

// ul(s, x)dx ds + = /{a r) — afz)u’(t,z)} do

:/1 Fla,ult, z)) de + - / {a(z)id,(z) — a(e)dd(z)} dx—/llF(x,uo(x))dx
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Lemma 3.2.5. LetT > 0, up € H}(—1,1) and o € L>=(Qr). The solution u € H(Q7)

of system (5.1.1) satisfies the following estimate
ullren < k1(||U0||1,a)€k2T||U0||1,a7

)
where ki(|luoll1,a) = c(o,70,0,v,a) (1+ ||uo||719;1)1+27 c(a, 0,0, v,a) is a positive

constant, and ky = 3 + (v + |l [|0)¥.
Proof. Multiplying by u; both members of the equation in (5.1.1) and integrating on
(—1,1) we obtain

/_1 u (t, z)dr — /_1 (a(x)ug(t, @), u(t, 2)de

1 1

= /_l a(z)u(t, z) u(t, z)dzr + /_11 [z, u) w(t, z) de,

1
thus,

/1 2, 2)da+ b [ oyt )d
ur(t, z)dx + =— a(x)uy(t,x)dx
! 2dt | 4

1d [!

=57 a(z)u?(t, z)dx + /1 [z, u)u(t, ) de.

Now, let us consider the following function F': (—=1,1) x R — R,

F(z,u) = /Ou flz,Q)d¢, Y(z,u) € (—1,1) x R.

Then, we observe that

OF (z,u(t,x))

ot = flz, ult, 2))w(t,z), Y(t 2) € Qr. (3.2.6)

Moreover, by (5.1.2) (see assumptions (A.3)), we have

Flaun(@) = [ e.0dc < [ 71070 = 2™, v € (1.1)
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Moreover, applying the inequality (5.1.3) (see assumptions (A.3)) and Hélder inequal-

ity we obtain

/ |f(z,u) — f(z,v)|* dxdt

T

< vf/ (1 |+ o) Ju = vf? de dt

T

9—1 1
0 KN v
<o) ([ (P o) ) ([ o doat)

_1 - .
< C(’Yl; 19) (T1 7+ ||u||i(21,99(é)T) + ||U||i(21?9(clg)jﬂ))||u - UH%W(QT)’

(3.2.5)

Then, by (3.2.4) and (3.2.5), applying Corollary 3.1.4 we have

W 1 4@n

_1 2(9—1 2(v—1 1
< e, 9, )CROT (1+ Il + 0356, ) 771l = vlian)

< c(y1, 9, a) (1+2R*D) Tllu — v]3,0,-

Let
1
2¢(m, 0, a) (1 + 220Dy’

and define T = min{7,(R),T1(R)}. Then, A is a contraction map. Therefore, A has

Tl(R> =

a unique fix point in Hz(Qr,), from which the conclusion follows.

Now, thanks to a classical result (see e.g. [34] and [36]), the following lemma

assures the global existence of the solution of (3.2.1).
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Now, we fix To(R) = min { Cgﬂ(l)CQ(VO%ﬂva)Rw,D , 1} . Then we have

[A(W)3@r) = 1Ulln@n
< Oy(1) (2%(%,19, Q)R'T* + R)

< 2C,(1)R, VT € [0, Ty(R)).

Thus, Au € HR(QT), VT € [O,TO(R>].
STEP.2 We prove that exists Tg < Tp(R) such that the map A is a contraction.
Let T,0 < T < Ty(R) (T will be fix below). Fix u,v € Hr(Qr), and set W =

A(u) — A(v), W is solution of the following problem

(

Wy —(aW,)e = aW + f(z,u) — f(z,v) in Qr
a(x)We(t, 2)]z=41 = 0 (3.2.3)

W(0,z) =0

By Lemma 3.2.1 f(-,u) € L?*(Qr) and applying Proposition 3.1.5 we deduce that a

unique solution W € H(Qr) of (3.2.3) exists and we have

Wlls@r) < Co(DIf(u) = (5 0) |20 (3.2.4)
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where Cy(1) is the constant Co(7T) (nondecreasing in T') defined in Proposition 3.1.5

and valued in 1. Then, let us define the following map

A Hp(Qr) — Hr(Qr),

such that

Au)(t) = eug + /t =D p(u(s)) ds, Vt € [0,T).

0

Step. 1 We prove that the map A is well defined for some T'.
Fix u € Hr(Qr). Let us consider U(t,z) = A(u)(t,x), then U is solution of the

following linear problem

(

U — (aU), = U + f(z,u) in Qr
a(2)Uy(t,2)]z=21 = 0 (3.2.2)

U(0,z) = ug

\

By Lemma 3.2.1 f(-,u) € L*(Qr) = L*(0,T;L*(—1,1)), then applying Proposition

3.1.5 we deduce that a unique solution U € H(Qr) of (3.2.2) exists and we have

1Ullx@r) < Co(T) (I ()l 2@ + l[uoll1a) -

Thus, keeping in mind that Co(T') < Cy(1), by our choice of T, and applying Lemma

3.2.1 we obtain

1Ulhsan < Co(1) (1 ¢ w)lz@n + luolla)
< co(1) (tollulfas gp) + ol
< Co(1) (elv0, 0, )T ull oy + o)
< Cy(1) (c(%, 9,a)T3(20,(1)R)° + R)

< Co(1) (c(10,9,@)(Co(1))R'T* + R).
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Then we obtain

Hu ||L2(Q) —|—2/ / t x dxds
< o220y + / (1 loe + ) [[u(5, ) [2a(q ds

< |luollZz @)

/ (latfloe +7) <||U( Mz + 2/ / (1, d:chT) ds, Vt € [0,T].

Applying Gromwall’s lemma we have

Hu( ||L2( 11)+2/ / t$ drds < 62||a+|\oot+2foVdsHUOHLQ( 11y
Therefore
+
ull B < vr e?le ||°°T||U0||%2(—1,1)-
|

Now, the following result assures the local existence and uniqueness of the solution

of (3.2.1).

Theorem 3.2.4. For every R > 0, there is Tg > 0 such that for all ug € H}(—1,1)

with ||ug|l1.. < R there is a unique solution u € H(Qry,) to (5.1.1).

Proof. Let us fix R > 0, ug € H}(—1,1) such that ||ugll1a < R Let 0 < T < 1

(further constraints on 7" will be imposed below). We define

Hr(Qr) = {u € H(Qr) : |ullr@, < 2Co(1)R},
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for some positive constant c(p, 9, a).
For the sequel, the next lemma is necessary.

Lemma 3.2.3. Let T > 0, ug € H:(=1,1) and o € L>=(Qr). A solution u € H(Qr)

of system (5.1.1) satisfies the following a priori estimate

latllooT HU’OHLZ(—LI) 7

lulls@r) <vre

where o™ denotes the positive part of o . (")

Proof. Multiplying by u both members of the equation present in (5.1.1) and inte-

grating on (—1,1) and applying Lemma 3.2.1 and assumption (5.1.4) we obtain

A M+/1(V@)d
_— u xT)ax al\xr)u xT)ax
2dt -1 ’ -1 z ’

1 1 1 1
:/ a(x)u2dx+/ f(a:,u)udxg/ oﬁ(t,ac)u2—l—/ vu*dr.
1 -1 -1 -1

Integrating on (0,t), we have

—Hu N2 +/ / 2(t,z)dr ds

1 t
ﬂwmum+mwg/w nmm@+/um<mymw

"We recall that vy = e*T.
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where A is the operator defined in (3.1.5), « € L®(—1,1), up € H}(—1,1), and, for

every u € H}(—1,1),

o(u)(x) == f(z,u(x)), VYoe (-1,1).

We assume hereafter that assumptions (A.3) and (A.4) are enforced.

The next lemma shows that ¢ : H!(—1,1) — L?(—1,1).

Lemma 3.2.1. Let T > 0,9 > 1,§, € L¥1(=1,1), and let u € H(Qr). Let f :
(—1,1) x R — R be a function that satisfies assumptions (A.3). Then, the function

(t,z) — f(x,u(t,z)) belongs to L*(Qr) and the following estimate holds

/ |f (@, u(t, 2))* dz dt < c(y0, 0, a)T Nl 0,722y 1750 701 (1,00

T

for some positive constant (7o, 0, a).

Proof. By Lemma 3.1.3, since £, € L?71(—1,1) then u € L*(Qr). By (5.1.2) we

obtain

/ |f(z,u(t,z))|* dedt < 73/ |u|?” da dt
Qr

Qr

< c(v0, 9, @) T |[ull i o.r22(-1,1) HUHit(B,T;Hé(_M)) < +0o9,

from wich the conclusion follows. [ |

Corollary 3.2.2. Let T > 0,9 > 1,§, € L**7Y(—1,1), and let u € H(Qr). Let
f:(=1,1) x R = R be a function that satisfies assumptions (A.3). Then, we have

the following estimate

/Q |, ult, 2)) P dudt < c(y0, 9, )T [[ull. .
T
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for almost all ¢ € [0, 7] (see [2]). 2

For every a € L>=(—1,1)(3) and every ug € L?*(—1, 1), there exists a unique weak solu-
tion of (3.1.6), which is given by the following representation e'4ug+ fg et=)4g(s) ds, t €
[0,T] (see also [?]).

Now, using a mazximal regularity result in the Hilbert space L?(—1,1)? (see [4] and

[?]), we deduce the following result

Proposition 3.1.5. Given T > 0 and g € L*(0,T;L*(—1,1)).5 For every a €
L>*(=1,1) (°) and every ug € HL(—1,1), there exists a unique solution u € H(Qr) of
(3.1.6). Moreover, a positive constant Co(T) exists (nondecreasing in T'), such that

the following inequality holds

lullr) < Co(T) [lluollva + llgllrzen] -

3.2 Existence and uniqueness of the solution of
semilinear problems

Observe that problem (5.1.1) can be recast in the Hilbert space L?(—1,1) as

u'(t) = Au(t) + o(u) , t>0
(3.2.1)
u(0) = ug .

2A* denotes the adjoint of A.

3See also note (g9)- The same remark applies to the present context.

4By Mazimal reqularity we mean that v’ and Au have the same regularity of g.

5We observe that L?(0,T; L?(—1,1)) = L?(Qr).

6 By repeated applications of Proposition 8.1.5, one can obtain an existence and uniqueness result
when « is piecewise static (a(-,x) piecewise constant in t, and a(t,-) € L>*°(—1,1),Vt € (0,T)). The
same result holds for o € L= (Qr), but for the purposes of the present paper the piecewise static case

will suffice.
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Observe that Aj is a closed, self-adjoint, dissipative operator with dense domain in
L?*(—1,1). Therefore, Ag is the infinitesimal generator of a Cy — semigroup of con-

tractions in L?*(—1,1).

Next, given a € L*(—1, 1), let us introduce the operator

D(A) = D(A)
(3.1.5)
A= Ao +al .

For such an operator we have that

e D(A) is compactly embedded and dense in L?(—1,1) (see [?]).

e A: D(A) — L?(—1,1) is the infinitesimal generator of a strongly continuous

semigroup, e, of bounded linear operators on L?(—1,1).

We consider the following linear problem in the Hilbert space L?(—1,1)

u'(t) = Au(t) + g(t), t>0
(3.1.6)

u(0) = ugp ,

where A is the operator in (3.1.5), g € LY(0,T; L*(—1,1)), ug € L*(—1,1).

We recall that a weak solution of (3.1.6) is a function v € C°([0,T]; L*(—1,1))
such that for every v € D(A*) the function (u(t),v) is absolutely continuous on [0, 7]

and
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Corollary 3.1.4. Let T >0, p> 1. If &, € L*71(—1,1), then

H(Qr) C L2p(QT)
and
1
[ull L2r(@r) < cla,p) T2 ||ullr@r),

where ¢ = c¢(a,p) is a positive constant.

3.1.1 Existence and uniqueness of the solution of linear prob-

lems

In this section, we recall the existence and uniqueness result, obtained in [9] (see also

[1] and [?]), for the linear problem

¢

v — (a(x)vy), = alt,z)v  in Qr = (0,T) x (—1,1)

a(x)vy(t, 7)|p=21 =0 te(0,7) (3.1.3)

| v(0,2) = vo(z) re(—-1,1),

where vy € L?(—1,1), a(t, z) and the diffusion coefficient a(z) satisfy respectively the
assumption (A.2) and (A.4)*.
First, let us consider the operator (Agy, D(Ay)) defined by
D(Ag) = Hi(=1,1)

(3.1.4)
Agu = (auy)., Yu e D(A).

n this section, it is sufficient that a(-) satisfies assumption (A4.4) with &, € L'(—1,1), instead
of the condition (5.1.5).



and
1

1
lull 2v(@ry < la,p) T2 Null gy o p, 12 1,0y 1l oo, <11y

where ¢ = c¢(a,p) is a positive constant.

Proof. For every u € H*(0,T; L*(—1,1)) N L*(0,T; H}(—1,1)) we have

T 1
/ |u]2pd1:dt:/ / | |u|?*P~ d dt
Qr 0 -1
T
S/ (/ |u|2d1’> (/ || P~ de) dt .
0
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Recalling that v € H'(0,T; L?>(—1,1)), by the previous Lemma 3.1.1 and since £ €

L*~1(—~1,1), we obtain

T
/ \u’2p dx dt S HUHHl(O,T;Lz(—l,l))/ HU’HL4P 2(~1,1) dt
Qr 0

T
< el lalworazrny [Tl dt-

From the last inequality, it follows that

/ |u|*P dz dt

2p—1
<c(a,p)T HUHHl(O,T;LQ(—Ll)) ||u||LZZ>o(0,T;H(}(_1,1))'

By Lemma 3.1.3 one directly obtains the following.



Proof. For every u € L*(0,T; H}(—1,1)) we have

T 1
/ |u|2pdxdt:/ / |ul? |u|P dx dt
Qr 0o J-1
T 1 g I 3
§/ (/ |u|2dx) (/ |u|2=» dw) dt .
0 -1 -1

Recalling that u € L>=(0,T; L*(—1,1)), by Lemma 3.1.1 we obtain

T
| dede < s [Tl
Qr 0 L

2-p (—1,1)

T
< c(a, p) Hu’|11;°°(0,T;L2(171))/0 eelly 1, d2 -

Moreover, using Holder’s inequality , we have
T AN £
2
[ttty ([ ) ([ hbyen )
0 0 0
<
From the last two inequalities, it follows that

/ |u|? dx dt

_P
< c(a,p) T el Z2 0,3 (1,0 1l T 0 722 -1,1))
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1—-k
T2 lullz2 0,811 (<1,1))

_pP 2
< c(a,p) T2 ||ullFop)- )

Lemma 3.1.3. Let T >0, p > 1. If ¢, € L*71(—1,1), then

HY0,T; L*(—1,1)) N L>(0,T; H:(—1,1)) € L**(Qr)
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Moreover,
[ullL2p(-1,1) < cla, p) [Juflra;
where ¢ = c¢(a,p) is a positive constant.

Proof. Let u € H}(—1,1). First, for every x € (—1, 1), we have the following estimate

/Omu’(s)ds
g(/Oxa(s)\u'(snws)é(/;st) — Va @ ul.. (3.1.1)

Moreover, keeping in mind that &, € LP(—1,1), we have

/_11 |u(0)| dz < /_11 |u(z) —U(O)|dx+/_11 lu(x)| de

< |ulra / Ve @) dz + V2l

[u(z) —u(0)] =

Thus,
1
|u(0)] < cqlulia + ||ul, where ¢, = 5/ V& () dx. (3.1.2)
-1
Finally, by (3.1.1) and (3.1.2) we have

l[JM@VWMSC@{/ (u(z) — u(O)? + [u(0)) da

< c(p)lul, /Sp )+ c(a,p) (ula + [ul)* < e(a,p) |full i,

Lemma 3.1.2. Let T > 0. If ¢, € Lﬁ(—l, 1) for some p € [%, 2) , then
L2(0,T; Hy(=1,1)) N L%(0,T; L* (=1, 1)) € L*(Qr)

and
1 (q1_p
]l 20y < ela, ) T% )l s »

where ¢ = c¢(a,p) 1s a positive constant.
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where |ul1q == ||V auUz||12(-1,1)-

In [?] we proved that the imbedding H!(—1,1) — L?*(—1,1) is compact.

3.0.3 The function spaces B(Q7) and H(Q7)

Given T > 0, let us define the function spaces:
B(Qr) i= CO([0,T); L2(~1,1)) N L0, T HX(~1,1))

with the following norm

1

T
Julfsiar = sup e e +2 [ [ ale)uldeat,
te[0,7] 0o J-1

and
H(Qr) == L*(0,T; H3(=1,1)) N H'(0,T; L*(=1,1)) N C([0, TT; H,(—1,1))
with the following norm

T
Il ZtS[lépT}(IIUH” IVaus|?) +/0 (el + [[(a2a)o|1*) dt.
€0,

3.1 Some embedding theorems for weighted Sobolev
spaces

Let &(x) = [y ﬁ ds, then we have the following

Lemma 3.1.1. If &, € LP(—1,1), for some p > 1, then

HY(—=1,1) = L*(-1,1).



Chapter 3

Well-posedness for nonlinear
problems

Weighted Sobolev spaces

In order to deal with the well-posedness of problem (5.1.1), it is necessary to introduce
the following weighted Sobolev spaces H!(—1,1) and H?(—1,1).

We denote by H}(—1,1) the space of all functions u € L?(—1, 1) such that u is locally
absolutely continuous in (—1,1) and v/au, € L*(—1,1).

Moreover, we define
H?(—1,1) := {u € H}(-1,1)] au, € H'(-1,1)}
={u € L*(—1,1)|au € Hy(—1,1), au, € H*(—1,1) and (au,)(+1) =0}
H!(=1,1) and H?(—1,1) are Hilbert spaces with their natural scalar products and

the associated norms

lull¥ o = llullZz oy + luli,

and

lulla = llullie + l(ate)ellZ2 1,1y,

29
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doesn’t change sign in (—1,1).

STEP.2 Let us now prove that

ke =1, (2.3.15)

that is, Ay = 0. By a well-known variational characterization of the first eigenvalue,

we have

. f_ll (au? — a,u?) dx
A = inf T
u€HL(-1,1) [ u?dx

By Lemma 3.2.6, since \;, = 0, it is sufficient to prove that A\; > 0, or

1 1
/ o, u? dr §/ au? d, Vu€ HY(—1,1) (2.3.16)

1 1

Integrating by parts, we have

1 1 1 2
/ a*uzdm:—/ (avz)qudm:/ av, (u_) dr =
1 1 v -1 v ),
1 1 2
2
:/ v, 2 dz—/ av? (u_2> dr =
1 v 1 v

1 v 1 U2
2/ Va Zuvau, dx—/ av? (—2) dr <
-1 v v

-1

1 9 1 1
S/ a (Uzu) dx—i—/ auidx—/ av? (u
-1 (% 1 1 v

from which (2.3.16). O

Sl S
~
Q.
g
Il
|\_
)

IS
8] N
N
3
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Moreover, ”Z—” and —”Z—” are the only eigenfunctions of A with norm 1 that do not
change sign in (—1,1).
Remark 2.3.1. Problem (2.3.10) is equivalent to the following differential problem
(a(x)wz)s + u(T)w + Aw =0 in (—1,1)
(2.3.11)
a(x)we(x)|z=x1 = 0

Proof. (of Lemma 2.3.5) STEP.1 We denote by

{=Xk }ren and {wr }ren,

respectively, the eigenvalues and orthonormal eigenfunctions of the operator (2.3.10)

(see Lemma 3.2.6). Therefore,
1
(Why, Wh)r2(-1,1) = / wi(z)wp(z)dz = 0, ifh+#k. (2.3.12)
-1

We can see, by easy calculations, that an eigenfunction of the operator defined in

(2.3.10) is the function
v(@)

lvfl *
associated with the eigenvalue A = 0. Taking into account the above and considering

that v(z) > 0, Vo € (—1,1)

Jk. €N twg(z) = —>0 or wg,(z)=——- <0, Ve (-1,1). (2.3.13)
o]l o]l

v(z) v(x)
|
Writing (6) with & = k. we obtain
1
(Why s W) L2(-1,1) = /1 Wi, ()wp(z)dx = 0, Vh # k. . (2.3.14)
Therefore, considering (2.3.14) and keeping in mind that wy, > 0 or wg, < 0in (—1,1),

we observe that wy, is the only eigenfunction of the operator defined in (2.3.10) that
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In the space
B(QT) = CO([Oﬂ T]? L2<_17 1)) A L2(07 Tu H;<_17 1))
let us define the following norm

T ol
Hu”%(@ﬂ = tsEépT] ||u(t, ‘)”%2(7171) + 2/0 /1 a(r)uidr dt, Vu € B(Qr).  (2.3.9)
€lo, _

2.3.2 New results for singular Sturm-Liouville problems

Let A = Ay + al, where the operator Ay is defined in (3.1.4) and o € L®(—1,1).
Since A is self-adjoint and D(A) < L?(—1,1) is compact (see Proposition 2.2.2), we

have the following (see also [6]).

Lemma 2.3.4. There ezists an increasing sequence {\g }ren, with A\, — 400 as k —
o0, such that the eigenvalues of A are given by {—MNg}ren, and the corresponding

eigenfunctions {wy }ren form a complete orthonormal system in L?(—1,1).

In this note we obtain the following result
Lemma 2.3.5. Let v € C*°([—1,1]),v > 0 on [—1,1], let a.(z) = —%, T €
(—1,1). Let A be the operator defined in (3.1.5) with o = a,

D(A) = H(—1,1)
(2.3.10)
A = AO + Oé*I s

and let {\;}, {wi} be the eigenvalues and eigenfunctions of A, respectively, given by

Lemma 3.2.6. Then

v
A =0 and |wi| = m



25

Next, given a € L>(—1, 1), let us introduce the operator

D(A) = D(A)
(2.3.7)
A= Ao +al .

For such an operator we have the following proposition.

Proposition 2.3.2. o D(A) is compactly embedded and dense in L?(—1,1).

o A: D(A) — L*(—1,1) is the infinitesimal generator of a strongly continuous

semigroup, e, of bounded linear operators on L*(—1,1).

Observe that problem (1.2.1) can be recast in the Hilbert space L*(—1,1) as

u'(t) = Ault), t>0
(2.3.8)
u(0) =up .

where A is the operator in (3.1.5).

We recall that a weak solution of (3.1.6) is a function v € C°([0,T]; L*(—1,1))
such that for every v € D(A*) the function (u(t),v) is absolutely continuous on [0, 7]

and

for almost ¢ € [0, 7] (see [2]).

Theorem 2.3.3. For every a € L=((0,T) x (—1,1)) and every ug € L*(—1,1), there

exists a unique
ue CO[0,T]; L*(~1,1)) N L*(0, T3 Hy(—1, 1))

weak solution to (1.2.1), which coincides with e uq
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By integrating on [0, 1], we obtain
1 1
)] < [ Ju(o) do + fuha [ VA o <
0 0
1
< iz + i / VA dx < Cllula.
0

Then,

u(0)] < CR. (2.3.4)

Now, it follows that
lu(z)[* < 2[u(0)|* + 2A(x)|u|ia < CR*+2A(x)R*.
Finally, since A € L'(—1,1), by integrating on [1 — h, 1] we obtain
1 1
/ lu(z)|* dv < C hR? + 2R? / A(x)dx — 0, as h — 07,
1-h 1-h

Similarly, we can prove that

~1+h
sup / lu(z)]* dz — 0, as h — 07, (2.3.5)
lulli,a<RJ -1
By (2.3.2), (2.3.3) and (2.3.5) we obtain (2.3.1). O

We now recall the existence and uniqueness result for system (1.2.1) obtained in
[9] (see also [1]). Let us consider, first, the operator (Ag, D(Ap)) defined by
D(Ay) = HX(~1,1)

(2.3.6)
Agu = (auy)z, Yu e D(A).

Observe that Ag is a closed, self-adjoint, dissipative operator with dense domain
in L?(—1,1). Therefore, Ay is the infinitesimal generator of a Cy — semigroup of

contractions in L%(—1,1).
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:/__1 fu(z + h)|? da +/1_h|u(x+h)—u(x)|2dx +/1ih’“(w)|2d$:

1-h -1

_ /__Hh ()2 dz + /_Hl lu(z + h) — u(x)dz + /lih ()2 da

1 1

First, let us prove that

1-h
sup / lu(z + h) — u(z)|* dz — 0, as h — 0. (2.3.2)
lullio<RJ—
Recalling that A(z) = [ a‘fz we have

o) (@) < [ V) s <

< (/_11 a(s)|u'(s)]? ds>é (/IM % >% = |uli.a [A(z + h) — A(z)]

By integrating on [—1,1 — k], since A € L'(—1,1) (by assumption 3.b)), we obtain

(SIS

/_ a4 ) —u(@)P de < Juf?, / (A +h) — A(2)) de <

1 -1

—1+h

gRZ’[ 1 A(x)dw—/_ll_hA(x)dx]:

—1+h
=R? {/ A(z)dx — / A(z) da:] — 0, ash—0".
1-h -

1

Now, let us prove that

1
sup / lu(z)]* dz — 0, as h — 07, (2.3.3)

lullt,o<RJ1-h

We have

ds <

u(0)] < Ju(z)| + / " al)u(s)| J% <

< Ju(x)] + (/lla<s>ru’<s>r%z8)é (/%) < [u@)] + lula /AT
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and

H?*(—1,1) :={u€ HY(~1,1)|au, € H'(-1,1)} =
= {u € L*(—1,1)|u locally absolutely continuous in (—1, 1),
au € Hy(—1,1), au, € H'(—1,1) and (au,)(£1) =0}
respectively with the following norms
lullZry = lullZa oy + luli, and Jullfs = lullfy + (w721

where |ul1,, = ||v/aus| r2(-1,1) is a seminorm.

In this note we obtain the following result.

Lemma 2.3.1. Assume that &, € L*(—1,1).
HY—1,1) = L*(—1,1)  with compact embedding.
Proof. Given u € HY(—1,1), let

u if x € [—1,1]
u(z) =

0 elsewere .

It is sufficient to prove that, for every R > 0,

sup / |u(x + h) — u(x)|* de — 0, ash =0 (2.3.1)
lulli,e <R JR

Let h > 0(%) and let uw € Hl(—1,1) be such that ||ul|;, < R, we have the following
equality

/R U(x + h) — a(x)]? dr =

2In the case h < 0 we proceed similarly.
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Integrating by parts, keeping in mind that ;v # 0, we have

1 1 271 1 2
/ a,ude = —/ (ave)s u?dr = — {avzu—} +/ avy (u—) dz
-1 -1 v (2 1 v/,

~ (e i

1 1 2
2
+/ v, s dw—/ av? (u_2> dx
-1 v 1 v

_ 0, w(t,1) @v PN (ER))
BT R Ty

1 v 1 02
+ 2/ Va Zuv/au, dz —/ av? <—2> dx
1 v 1 v

<2 1y = Do

N b
1 9 1 1 2
+/ a (Umu) dx+/ auidx—/ av? (%) dx
-1 v -1 -1 v

1
= — [auz u]il +/ aui dx

1

+ a(_l) Uﬂc(_1>

from which (2.2.8) follows. In fact, (2.2.8) holds true even for 1y, = 0, as one can

show by similarly argument. O

2.3 Well-posedness in weighted Sobolev spaces:

strongly degenerate case

2.3.1 Weighted Sobolev spaces

In order to deal with the well-posedness of problem (1.2.1), it is necessary to introduce
the following weighted Sobolev spaces
H,(-1,1) :=

:={u € L*(—1,1) : u locally absolutely continuous in (-1, 1), vau, € L*(—1,1)}
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Therefore, considering (2.2.6) and (2.2.7), we observe that wy, is the only eigenfunc-

tion of the operator defined in (2.2.4) that doesn’t change sign in (—1,1).

STEP.2 Let us now prove that

that is, Ay = 0. Recall that

—(A
A = min —< u;u>7
ueD(AN\{0} ||ul|

where

1 1 1
(Au,u):/ ((auy)yu+ axu?) dx:[aumu]l_l—/ auidx+/ o, utdr .

1 -1 1

By Lemma 2.2.4, since A\, = 0, it is sufficient to prove that \; > 0, or

1 1
/ oz*uzdx—l—[aumu]l_lg/ au? dz, Vue€ HY}(—1,1). (2.2.8)

1 -1

If B1v1 # 0, using the Robin boundary conditions, we have

lau, u)" | = a(D)ug(t, 1) u(t, 1) — a(—1)uy(t, —1) u(t, —1)

_ _P)/O’LLQ(t, 1) + /BO

JE— 2 J—
ga! A it =)
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L>(—1,1). Then
A =0 and |w| = v
o]
Moreover, ﬁ and —”Z—” are the only eigenfunctions of A with norm 1 that do not

change sign in (—1,1).
Remark 2.2.1. Problem (2.2.4) is equivalent to the following Sturm-Liouville system

(

(a()wy)y + au(T)w + Aw =0 in (—1,1)

Bow(—1) + fra(—1)w,(=1) =0

L | ow(l) + ma(l)w.(1) =0
Proof. (of Lemma 2.2.5)
STEP.1 We denote by

{=Me}ren and {wrk }ren,

respectively, the eigenvalues and orthonormal eigenfunctions of the operator (2.2.4)

(see Lemma 2.2.4). Therefore,

(wk,wh> = O, if h 7& k. (225)

One can check, by easy calculations, that ﬁ is an eigenfunction of A associated

with the eigenvalue A = 0. Since 7 has norm 1 and v(z) > 0 on (—1,1), we have

that

Jk, €N wy, (z) = % >0 or w,(x) =

v(x)

Writing (2.2.5) with k£ = k. we obtain

(Wk,, wh) = /_ Wi, (T)wp(x)dx = 0, Vh # k. (2.2.7)

1
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for almost t € [0, 7] (see [2]).

Theorem 2.2.3. For every a € L®(—1,1)(*) and every uy € L?*(—1,1), there exists

a unique weak solution u € B(Qr) to (77), which coincides with e uq

2.2.2 Sturm-Liouville systems.

Let A = Ay + al, where the operator Ay is defined in (2.2.1) and o € L*(—1,1).
Since A is self-adjoint and D(A) < L?(—1,1) is compact (see Proposition 2.2.2), we

have the following (see also [6]).

Lemma 2.2.4. There exists an increasing sequence with {\; }xen, A\x —> +00 as k —
o0, such that the eigenvalues of A are given by {—M\g}ren, and the corresponding

eigenfunctions {wy, fren form a complete orthonormal system in L*(—1,1).

In this thesis we obtain the following result (see also [12]).

Lemma 2.2.5. Let A be the operator defined in (2.2.2) with o = cv,

D(A) = D(Ao)
(2.2.4)
A = AO + O[*[ y

and let {\}, {wk} be the eigenvalues and eigenfunctions of A, respectively, given by

Lemma 2.2.4. Letv € D(A) be such thatv > 0 on (—1,1), and a.(z) = —W €

1By repeated applications of Theorem 2.2.8, one can obtain an existence and uniqueness result
when « is piecewise static (a(-,x) piecewise constant in t, and a(t,-) € L>*°(-1,1),Vt € (0,T)). The
same result holds for a € L™(Qr), but for the purposes of the present thesis the piecewise static
case will suffice.
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where By, B1,7%, 71 € R, 82+ 8 > 0, 72+~ > 0, satisfy the sign condition

BoB1 < 0 and yyy1 > 0.

Observe that Ag is a closed, self-adjoint, dissipative operator with dense domain
in L?(—1,1). Therefore, Ay is the infinitesimal generator of a Cy — semigroup of
contractions in L%(—1,1).

Next, given aw € L>°(—1, 1), let us introduce the operator
D(A) = D(Ay)

(2.2.2)
A= AO + al .

For such an operator we have the following proposition.

Proposition 2.2.2. D(A) is compactly embedded and dense in L*(—1,1).

A: D(A) — L*(—1,1) is the infinitesimal generator of a strongly continuous semi-

group, e, of bounded linear operators on L*(—1,1).

Observe that problem (?7?) can be recast in the Hilbert space L*(—1,1) as

u'(t) = Au(t), t>0
(2.2.3)
u(0) = ug .

where A is the operator in (2.2.2).

We recall that a weak solution of (2.2.3) is a function v € C°([0,T]; L*(—1,1))
such that for every v € D(A*) the function (u(t),v) is absolutely continuous on [0, 7]

and
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and

H*(—1,1) :={u € H(~1,1)] au, € H'(-1,1)},
respectively with the following norms
lullf o = llullza 1) + Julfe and Jullz, = llullf, + [(aue)ollz21,

where |uyq == [|y/aug | r2(—1,1) is a seminorm.

In this paper we consider the following space
B(Qr) = C°([0, T); L*(=1,1)) N L*(0, T Hy(~1,1)),
where let us define the following norm

T M
Julfiiqry = sup lu(t, 3o +2 [ [ aleyiddt, vue B@Qr).
te[0,7 0 -1
In [1] the following result is obtained.
Lemma 2.2.1. H!(—1,1) < L*(—1,1) with compact embedding.

A similar result is obtained in [11], in cooperation with P. Cannarsa, in the strongly

degenerate case (see also Section 2.3).

We now recall the existence and uniqueness result for system (?7) obtained in [9]
(see also [1]). Let us consider, first, the operator (Ay, D(Ap)) defined by

u(—1) + fra(—1)u,(—1) =0

bt = d e sy g [B0 D+ Bt

You(l) + a(l)us(1) =0 (2.2.1)

Apu = (aug),, Yu € D(Ay),
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where ¢(t) and V¥ (t) are nonnegative, summable functions on [0,T].

Then
t
n(t) < elo o) [77(0) + / w(S)dS}
0
forall0 <t <T.
In particular, if ¥(t) =0 in (2.1.1), i.e. 0 < ¢n for a.e. t € [0,T], and n(0) = 0,
then

n=0 in [0, T7.

2.2 Well-posedness in weighted Sobolev spaces: weakly
degenerate case

In order to deal with the well-posedness of problem (??), it is necessary to introduce

the weighted Sobolev spaces H!(—1,1) and H2(—1,1).

2.2.1 Weighted Sobolev spaces

Let us consider the function a € C%([—1,1]) N C*(—1,1) such that a(-) fulfills the

following properties
a(x) >0Vz e (—-1,1), a(-1)=a(l)=0,
e LY(-1,1).
Let us define the following weighted Sobolev spaces

HY(—1,1) := {u € L*(—1,1) : u absolutely continuous in [—1, 1],

Vau, € L*(—1,1)}
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and the negative-part function
v™(z) = max (0, —v(x)), Vr e Q.
Then we have the following equality
v=ovT —0v~ in €.

For the functions v+ and v~ the following result of regularity in Sobolev’s spaces will

be useful (see [33], Appendix A ).
Theorem 2.1.1. Let QCR", u: Q — R, ue H*¥(Q), 1 <s<oo. Then
ut, u” € HY(Q)

and for 1 <i1<n

Uy, in{x € Q:ulx) >0}
(uh)e, =
0 in{r € Q:u(x) <0},
and
— Uy, in{r e Q:u(x) <0}
(u7)a; =
0 in{reQ:u(x)>0}.

2.1.2 Gronwall’s inequalities
We look at the differential form of Gronwall’s inequality (see [21]).

Lemma 2.1.2. (Gronwall’s inequality: differential form). Let n(t) be a nonnega-
tive, absolutely continuous function on [0,T], which satisfies for a.e. t € [0,T] the

differential inequality
n'(t) < o(t)n(t) +¥(t), (2.1.1)



Chapter 2

Well-posedness for linear problems

In this chapter we start by defining the weighted Sobolev spaces H!(—1,1) and
H?(—1,1), then we give the proof of some results, obtained in collaboration with
P. Cannarsa, that will be useful in the following chapters. In particular, we ob-
tain several results for regular and singular Sturm-Liouville systems (see also [12]
and [11]). The main results of this chapter is to study the well-posedness for linear

systems weakly degenerate (Section 2.2) and strongly degenerate (Section 2.3).

2.1 Preliminaries

We start by introducing the positive and negative part and by recalling a result which

deals with their regularity.

2.1.1 Positive and negative part

Given 2 C R", v : 2 — R we consider the positive-part function

vt () = max (v(2),0), Ve e,

13
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Once well-posedness is established in Chapter 4, we turn to the analysis of the ap-
proximate controllability of (1.0.1) via bilinear controls. We show that any initial
state ug € H!(—1,1), can be steered in a sufficiently large time into any nonnegative

neighborhood of any nonnegative target state uy € H}(—1,1) satisfying the following
<U0, Ud>1,a > 0.

The main technical difficulty to overcome with respect to the uniformly parabolic
case treated in [29], is the fact that functions in H!(—1,1) need not be necessarily
bounded when the operator is strongly degenerate.

Moreover, unlike [29] where specific growth bounds were assumed for f, here we
are interested in studying general polynomial nonlinearities (see (1.0.2) and (1.0.3)),
under the sign condition (1.0.4), in order to be able to cover not only Budyko’s model
but also Sellers’s. The way we propose in the thesis to make the above program work
consists in taking initial and target states little more regular than in [29], that is, in
H!(—1,1). Although in this thesis we propose a complete solution of the approximate
controllability problem for (1.0.1), we believe that our methodology could be extended
other interesting related questions. For instance as mentioned above, we would to
derive similar results for semilinear weakly degenerate control systems. Moreover, in
the future we intend to investigate problems in higher space dimensions on domains
with specific geometries.

Finally, once the above two issues have been addressed, we would like to extend our
approach to other nonlinear systems of parabolic type, such as the equations of fluid

dynamics.
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can be steered, in the space of square-summable functions, from any nonzero, non-
negative initial state into any neighborhood of any desirable nonnegative target-state
by bilinear static controls. Moreover, we extend the above result relaxing the sign

constraint on the initial-state.

On the other hand, in the SD case (Section 2.3 and Section 4.2) one is forced to

restrict to the Neumann type boundary conditions (as in the Budyko-Sellers model)

(

vy — (a(x)vg), = a(t,x)v in Qr = (0,T) x (—1,1)

a(2)vg(t, @) |z=41 = 0 te(0,7) (1.2.1)

\ v(0,z) = vo(x) re(—-1,1).
Even in this case, we establish the global approximate multiplicative controllabil-
ity in L2(—1,1) (Section 4.2), after proving the compact embedding in L?(—1,1) of
the weighted Sobolev space H!(—1,1) under the assumption &, € L'(—1,1), where
&l@) = f5 35

The nonlinear problem (1.0.1) is treated in Chapter 3 (Well-posedness) and Chap-
ter 5 (Controllability) of this thesis.
For brevity, we focus just on strongly degenerate problems, thus including the Budyko-
Sellers model, but we are confident that this approach also applies to semilinear
weakly degenerate equations with general Robin type boundary conditions. We will
consider such generalizations in future works.
We begin by establishing the existence and uniqueness of solutions to (1.0.1). We
follow the classical method which consists in obtaining a local result by fixed point
arguments, and then show that the solution in global in time by proving an a priori

estimate.
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1.2 Structure and contents

In the first part of this thesis we study the approximate controllability of (1.0.1) by
bilinear controls.
First, we consider the linear problem (i.e., when f = 0) in two distinct kinds of set-up

(In Chapter 2 the Well-posedness and in Chapter 4 the Controllability), namely

Q=

e weakly degenerate problems (WD), that is, when + € L'(—1,1), (Section 2.2

and Section 4.1)

e strongly degenerate problems (SD), that is, when + & L'(—1,1). (Section 2.3

and Section 4.2)

Observe that the Budyko-Sellers model is an example of SD operator.

The WD case is somewhat similar to the uniformly parabolic case. Indeed, it turns
out that all functions in the domain of the corresponding differential operator possess
a trace on the boundary, in spite of the fact that the operator degenerates at such

points. Indeed, in the W D case we are able to study the equation
Ut — (a(x)vl’)x - Oé(t, I)U n QT = (07T) X (_17 1) )

with general Robin boundary conditions

Bov(t, —1) + fra(—1)v.(t,—1) =0 te(0,7)
You(t,1) + v a(l)v(¢,1) =0 te(0,7T).
For this Cauchy-Robin problem we obtain an result of global approximate multiplica-

tive controllability in L?(—1,1) (Section 4.1). Indeed we show that the above system



Additive control problems for the Budyko-Sellers model have been studied by J.I.Diaz,
in the work [18]. Even in Budyko-Sellers model, modeling the control action by an
additive term would require huge amounts of energy, which may not always be real-
istic to afford. On the other hand, one could imagine to influence the so-called albedo

by some kind of device as predicted by J. Von Neumann

“Microscopic layers of colored matter spread on an icy surface, or in the atmo-
sphere above one, could inhibit the reflection-radiation process, melt the ice and change

the local climate.” (J. von Neumann, Nature, 1955)

and

“Probably intervention in atmospheric and climate matters will come in a few
decades, and will unfold on a scale difficult to imagine at present” (J. von Neumann,

Nature, 1955) .

From the mathematical view point such a control action would take the form of
a bilinear control, that is, a control given by a multiplicative coefficient.
This explains the growing interest in multiplicative controllability. General references
for multiplicative controllability are, e.g., [27], [28], [30], [31], [32], [3].
Our approach is inspired by [29] and [13]. In [29] A.Y. Khapalov studied the global
nonnegative approximate controllability of the one dimensional non-degenerate semi-
linear convection-diffusion-reaction equation governed in a bounded domain via the
bilinear control o € L*®(Qr). In [13] P. Cannarsa and A.Y. Khapalov derived the
same approximate controllability property in suitable classes of functions that change

sign.
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Figure 1.3: www.globalwarmingart.com (copyrighted by Global Warming Art)

In the one-dimensional Budyko-Sellers we take the average of the temperature at
x = cos ¢. In such a model, the sea level mean zonally averaged temperature u(t, z) on
the Earth, where t denotes time satisfies the following degenerate Cauchy-Neumann

problem (1.1.1) in the bounded domain (—1,1)

w — (1= 2*)uy) = g(t, x) h(z,u) + f(t,z), re(—1,1)
(1.1.1)
(1-— ar:Q)um:il =0.

Observe that the leading part of the differential operator in (1.1.1) satisfies as-

sumptions (A.4).
1.1.2 Mathematical motivations

In Control theory, boundary and interior locally distributed controls are usually em-
ployed (see, e.g., [14], [15], [16], [22], [23], [25]), [4] and [5]. These controls are additive
terms in the equation and have localized support.

However, such models are unfit to study several interesting applied problems such as
chemical reactions controlled by catalysts, and also smart materials, which are able

to change their principal parameters under certain conditions.



e Budyko

ﬁo u < —10

Blu) = [Bo, B1] uw=—10

\ o3t u>—10,
e Sellers
Bo U< u_
fu) =< line u_ <u<uy
B U > Uy,

\

where uy = —10 49,6 > 0.

Moreover, in Budyko we have
R.(t, X, u) = A(t, X) + B(t, X)u,

while in Sellers

Ro(t, X, u) ~ Cu*.

On M = X2 the Laplace-Beltrami operator is

2
M= SiIll¢{aa_¢<Sin¢g_Z> * sirllgb %}

where ¢ is the colatitude and \ is the longitude.



1-albedo function).

Albedo is the reflecting power of a surface. It is defined as the ratio of reflected ra-
diation from the surface to incident radiation upon it. It may also be expressed as a
percentage, and is measured on a scale from zero for no reflecting power of a perfectly

black surface, to 1 for perfect reflection of a white surface.

Sunlight

“‘Albedo’

Ice/snow reflects

Figure 1.2: www.esr.org (copyrighted by ESR)

The main difference between Budyko’s model and the one by Sellers, is that in the
former the coalbedo function is discontinuous, while in the latter it is a continuous

function. In fact we have



The effect of solar radiation on climate can be summarized in the following figure

O0=—— FEnergyBalance —————— 0@

€ Net Energy
Balance
€ Spacebound
Energy

S Earth's Surface .“

I Temperature
. |

Figure 1.1: www.edu-design-principles.org (copyrighted by DPD)

Heat variation = R, — R, + D

We have the following energy balance : e R, = absorbed energy
e R. = emitted energy

e D = diffusion

The general formulation of the Budyko-Sellers model on a compact surface M

without boundary is as follows

uy — Apu = Ry(t, X,u) — Re(t, X, u)

where wu(t, X) is the distribution of temperature and A, is the classical Laplace-

Beltrami operator. Moreover,
R.(t, X, u) = Q(t, X)B(X, u).

In the above, @ is the insolation function, and [ is the coalbedo function (that is,



1.1 Motivations

1.1.1 Physical motivations: Climate models and degenerate
parabolic equations

Climate depends on various parameters such as temperature, humidity, wind intensity,

the effect of greenhouse gases, and so on. It is also affected by a complex set of

interactions in the atmosphere, oceans and continents, that involve physical, chemical,

geological and biological processes.

One of the first attempts to model the effects of interaction between large ice
masses and solar radiation on climate is the one due, independently, by Budyko [7, §]
and Sellers [37] (see also [17, 18, 19], [20], [26] and the references therein). Such
a model studies how extensive the climate response is to an event such as a sharp
increase in greenhouse gases; in this case we talk about climate sensitivity. A process
that changes climate sensitivity is called feedback. If the process increases the intensity
of response we say that it has positive feedback, whereas it has negative feedback if it
reduces the intensity of response.

The Budyko-Sellers model studies the role played by continental and oceanic areas

of ice on climate change.



(A3) f:(—1,1) x R — R is a Carathéodory function such that

there exist ¥ > 1, 79 > 0, and 7; > 0 such that
|f(z,u)|] < v lul|?, for ae. € (—=1,1),Vu €R, (1.0.2)

and

|f(x,u) - f(x7v)’

<y (T4 [u)" "+ [o]"Y) Ju— o], for ae. x € (—1,1), Yu,v € R; (1.0.3)
there exists a nonnegative constant v such that

flz,u)u < vu? for a.e. z € (—1,1), YueR; (1.0.4)

(A.4) a € C*([—1,1]) is such that
a(x) >0Vz e (—1,1), a(-1)=a(l) =0,

and, the function &,(z) = fox % satisfies the following

£, € L2771 (—=1,1).

The equation in the Cauchy-Neumann problem (1.0.1) is a degenerate parabolic
equation because the diffusion coefficient, positive on (—1, 1), is allowed to vanish at
the extreme points of [—1,1].

Interest in degenerate parabolic equation dates back by almost a century. Significant
contributions are due to G. Fichera (see e.g. [24]) and Oleinik (see e.g. [35]).

The main physical motivations for studying degenerate parabolic problems with the
structure described above come from mathematical model in climate science as we

explain below.



Chapter 1

Introduction to PART 1:
Approximate multiplicative
controllability for degenerate
parabolic problems

This thesis is concerned with the analysis of linear and semilinear parabolic control
systems in one space dimension, governed in the bounded domain (—1,1) by means

of the bilinear control a(t,z), of the form

(

u — (a(2)ug), = alt,x)u+ f(z,u)  in Qr = (0,7) x (—1,1)

a(z)ug(t, T)|p=g1 =0 te(0,7) (1.0.1)

| u(0, ) = up(x) re(=1,1).

under the following assumptions:

(A1) up € HY(—1,1) := {u € L*(—1,1) : u locally absolutely continuous in (—1,1),
Vau, € L*(—1,1)};

(A.2) a € L*(Qr);
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Preface

This thesis consists of two parts, both related to the theory of parabolic equations
and systems. The first part is devoted to control theory which studies the possibility
of influencing the evolution of a given system by an external action called control.
Here we address approximate controllability problems via multiplicative controls, mo-
tivated by our interest in some differential models for the study of climatology.

In the second part of the thesis we address regularity issues on the local differentiabil-
ity and Holder regularity for weak solutions of nonlinear systems in divergence form.
In order to improve readability, the two parts have been organized as completely in-
dependent chapters, with two separate introductions and bibliographies.

All the new results of this thesis have been presented at conferences and workshops,
and most of them appeared or are to appear as research articles in international

journals. Related directions for future research are also outlined in body of the work.

Rome, Italy Giuseppe Floridia
December 8, 2011
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