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Introduction

The present thesis deals with the regularity of solutions to nonlinear partial differential
equations of elliptic and parabolic type, and it collects some results obtained during the
last three years under the supervision of Prof. Ugo Gianazza.

The first part concerns the study of singular porous medium type equations: we start
proving Holder regularity for solutions of variable sign, then we continue with an Harnack
type inequality for positive solutions.

The second part treats existence and regularity results for a class of non-coercive ellip-

tic equations with discontinuous coefficients, extending a paper by Prof. Lucio Boccardo.

Elliptic equations

The study of the regularity of elliptic partial differential equations essentially began with
the pioneering works by De Giorgi [21] and Moser [50, 51] around 1950-1960. They
consider the following linear problem

ue HL(Q): (aj(z)uy), =0 weakly in €, (0.1)

J

where Q is a domain in RY and {a;;} is a bounded, measurable matrix, satisfying the

ellipticity condition
aij(x) & - & > MEP.
The celebrated De Giorgi’s Theorem states that the local solutions of equation (0.1)
are Holder continuous, while the Moser’s iteration technique allows to obtain Harnack
inequality for non-negative solutions, which in turn implies Holder regularity:.
Later on, Stampacchia [62, 63| considered the non-coercive Dirichlet problem

uw€ Hy(Q): — (aij(r) uy, + dj(x)u)

T

;T bi(z) Uy, + cu = f(x) weakly in €,



where b;,d;, ¢ and f satisfy some suitable summability properties, proving existence of
weak solutions and showing regularity results for these solutions depending on the summa-
bility of the data f.

De Giorgi’s and Moser’s approaches can be extended to quasi-linear elliptic equations

of p-laplacian type, namely
divA(z,u, Du) = B(x,u, Du) weakly in €2, (0.2)
with A and B satisfying the structural conditions

{ A(z,2,) - € > ColelP — ()
Az, 2,8)| + |B(x, 2,8)| < Cile[P~ + o(a),

being 0 < Cy < Cy, p € L2 (), ¢ > 0 and p > 1.

Notice that, as soon as p # 2, the principal part A(z, u, Du) has a nonlinear dependence

(0.3)

with respect to Du and a nonlinear growth with respect to |Dul.
These extensions have been proved by Ladyzenskaja and Ural’tzeva [47] following the

method by De Giorgi, and by Serrin [61] and Trudinger [64] following the one by Moser.

Parabolic equations

In 1954 Hadamard [41] and Pini [55] proved Harnack inequality for solutions to the heat
equation

up — Au = 0. (0.4)
Ten years later, this result was generalized by Moser [52] to the linear problem
u e L>(0,T; L*(Q)) N L*0,T; HY())
uy — (ag(2, ) ug, )z, = 0 in Qp,

where, for T > 0, we denote by Qr = Q x (0,7] a cylindrical domain.
Concerning nonlinear parabolic equations, the most famous examples are the p-

laplacian
u; — div (| Du|P"*Du) = 0, (0.5)

where p > 1, and the porous medium equation
u— A (u™) =0, (0.6)

in which m > 0.

Both the p-laplacian and the porous medium equation reduce to the heat equation (0.4)
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when p = 2 and m = 1 respectively.
Equation (0.5) (resp. (0.6)) shows a different behaviour for p > 2 and 1 < p < 2 (resp.
for m > 1 and 0 < m < 1). In particular, the first case is referred to as DEGENERATE
and the second one as SINGULAR. For the porous medium equation one also speaks about
SLOW (if m > 1) and FAST DIFFUSION (if 0 < m < 1).
Sometimes people refer to porous medium equation only for the case m > 1.

In many physical settings the restriction v > 0 naturally appears; it is mathematically
convenient and thus often followed. In the general case when wu is not imposed to be non-

negative, (0.6) becomes the so-called SIGNED porous medium equation, i.e.

u — A (Ju]"'u) = 0. (0.7)

Parabolic equations of p-laplacian type

Since in the elliptic case it was possible to pass from the linear framework (0.1) to the
quasi-linear one of p-laplacian type (0.2)-(0.3), one could expect that the De Giorgi’s and

Moser’s techniques allow to treat nonlinear parabolic equations of the form
w — divA(zx, t,u, Du) = B(x,t,u, Du) weakly in Qr, (0.8)
under the p-growth assumptions

A(l‘,t, 275) 5 > CO’ﬂp - QOO(J:)
A2, 1, 2,8)] < C1l¢P~! + @1 () (0.9)
’B($’t> 2, f)‘ < C2|€’p + g02($)7

where C; are positive constants and ; are non-negative functions satisfying suitable
summability properties.
Unfortunately, De Giorgi’s argument cannot be applied to equation (0.8), while Moser’s
method can only reach the quadratic case p = 2, as shown by Aronson and Serrin [3], and
by Trudinger [65].

Analogous results were obtained by Nash [54] and by Kruzkov [43, 44, 45] by means
of different approaches.

Notice that the prototype of the class of parabolic equations (0.8)-(0.9) is the p-
laplacian (0.5).

Many developments were made in the 1980’s starting from the innovative paper by
DiBenedetto [23], where it has been proved the Hélder regularity of local, weak solutions

to p-laplacian type equations (0.8)-(0.9), in the degenerate case p > 2.



Another crucial step forward consisted in the proof of Holder continuity also for the
singular case 1 < p < 2 obtained by Chen and DiBenedetto [17] (see also [26]) at the
beginning of the 1990’s.

Parabolic equations of porous medium type

The porous medium equation (0.6) is one of the simplest nonlinear evolution equations.
It appears in the description of different natural phenomena, and its theory and property
depart strongly from those of the heat equation (0.4).
There are a number of physical applications in which this simple model appears in
a natural way. Some of the best known are the description of the flow of an isentropic
gas through a porous medium, modeled independently by Leibenzon [48] and Muskat [53]
around 1930, or the heat radiation in plasmas, developed by Zeldovich and Raizer [70]
around 1950. Other applications have been proposed in mathematical biology, spread of
viscous fluids, boundary layer theory, and other fields.
In 1952, Barenblatt [4] found a similarity solution for the porous medium equation,
which resembles the fundamental solution of the heat equation.
In the 1980’s Caffarelli and Friedman [16] proved that non-negative solutions to the
Cauchy problem in RY x (0, +00) associated with the porous medium equation, for m > 1
and positive initial data, are Holder continuous. In the same period, well-posedness in
classes of general data was established by Aronson and Caffarelli in [2] and by Bénilan,
Crandall and Pierre [6], while the study of solutions with measure data was started by
Brezis and Friedman [14], and continued by Dahlberg and Kenig [20].
Few years later, Herrero and Pierre [42] showed existence of solutions to the Cauchy
problem associated to signed porous medium equation with 0 < m < 1 and with locally
integrable initial data. While these results are non-local, a more local point of view was
adopted in [15, 22].
For a complete survey on the porous medium equation we refer to the book by Vazquez
[67].
The porous medium equation admits a more general formulation too. More precisely the
quasi-linear parabolic equation (0.8) is said of POROUS MEDIUM TYPE if the following
conditions hold
Az, t,2,€) - € > Colz|™HE? = po()
[A(2,t,2,6)| < Culz["HE] + g1 (@) (0.10)
B(x,t,2,6)| < Co( |2 1€])” + gala).
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On the relation between the two model equations

Let us notice a further link between p-laplacian and porous medium type equations.
Let u be a local solution to (0.5), for p > 2. Then the function v = |Du|? formally satisfies
(see [66, 36])

v — <a£k v%_lvxk> <0,

Ty
where
Uz, U,

| Dul*’

ark = 0ok + (p — 2)

and 0y, is the Kronecker’s delta.
This is a quasi-linear version of the porous medium equation (0.6) with m = g Therefore,
the study of the local behaviour of solutions to porous medium type equations is useful

to understand also the p-laplacian.

Intrinsic rescaling and Harnack inequality

Let (xo,t0) € Qr, p > 0, and B,(xg) be the ball of radius p centered at x.
The cylinders associated to the heat equation (0.4) and to the porous medium equation
are of the type

By(x0) % (to — p*,to + p?),

since the structure of these equations is invariant under those space-time variable trans-
2

. X .
formations such that —— remains constant.
Instead, in the case of the p-laplacian, the space-time variable transformations for which

jz]”

the structure remains unchanged are those that keep constant the ratio ——; therefore

the cylinders associated to this class of parabolic equations are

B,(z0) x (to — p¥,to + pF).

The evolution of the diffusion process scales differently in space and time, and the different
scaling depends on the pointwise value of u itself. This observation lead DiBenedetto and
Friedman ([27, 28]) to introduce the INTRINSIC RESCALING, that is, a rescaling determined
by the function itself.

To explain this concept, let us think about the prototype equations (0.4), (0.5), (0.6).
Given a non-negative solution u, for any constant o > 0 let us consider v = au.

In the case of the heat equation we have

u — Au =0 <— vy — Av =0,



while for the p-laplacian or the porous medium equation, we find respectively

v — div (| Dv[P~*Dv) =
vy — A (™)

0 = u; — o 2div (| Du|P~*Du) = 0,
0 = ug — ™A (u™) = 0.

As a consequence, while for the heat equation v is again a solution for any choice of
the constant «, in the other cases this is no more true, except trivially for « = 1. The
homogeneity is restored once we further stretch the time variable by a factor and we work
with suitable intrinsic cylinders (see (0.12) and (0.14) below).

This has been a main tool to prove local Holder regularity (see [23, 17, 18]) and Harnack
inequalities (see [24, 25, 35, 19] and [30, 31, 32, 33]) for solutions to (0.8) with conditions
(0.9) or (0.10) and some assumptions on p or m.

Let us describe more in detail the results concerning Harnack type inequalities starting
from the p-laplacian case, letting u be a non-negative, local weak solutions to (0.8)-(0.9).
If p > 2, then u satisfies the parabolic Harnack inequality in some intrinsic form. Precisely,
there exist positive constants v and ¢ depending only upon data such that

v osup u(x,to — 0p°) < ulwo,ty) <y inf )u(x,to +0p7), (0.11)

.’ZGBP(:L'Q) mGBp(;ro

whenever the intrinsic parabolic cylinder

where

Bay(x0) x (to — 0(2p)", to + 0(2p)?) (0.12)

is contained within the domain of definition of the solution.

Consider now the singular case 1 < p < 2: here there is a critical value of p, namely

2N

p*:N—H’

to be taken into account. If p is supercritical, i.e. p, < p < 2, then (see [32]) u satisfies
forward, backward and elliptic Harnack inequalities. More precisely, there exist positive

constants 7 and 0 depending only upon the data, such that

771 sup u(z,7) < ulzo, to) <7 inf  wu(x,7), (0.13)

2€B,(z0) x€B,(x0)

for all
to — 5 [U(xo, to)]27ppp S T S to + (5 [U(l’o, to)]27p pp,
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for each cylinder (0.12) contained in the domain of u.

The first Harnack type inequality in the subcritical range 1 < p < p, was given by
Bonforte, lagar and Vazquez (see [11]) who proved forward, backward and elliptic Harnack
inequalities only for the prototype equation (0.5), by letting the constant 4 depend on
the solution itself through the ratio of suitable integral norms of u and slightly changing
the intrinsic geometry.

Finally, a recent paper by Fornaro and Vespri [37] extends the above result [11] to the
quasi-linear p-laplacian case, using a comparison principle.

We conclude this section by briefly addressing to the case of the porous medium type
equations. Some of the techniques just described for the p-laplacian type equations (for
instance, those in [23, 17, 30, 33]) can be adapted; however, the porous medium case
shows some peculiarities which need to be treated in different ways.

In particular, in the degenerate case m > 1 one can show the same inequality of Harnack
type (0.11) corresponding to p > 2. In the singular case m < 1, there exists again a
critical exponent
N —2
S
and the inequality (0.13) holds in the subcritical range m, < m < 1. In these results, the

and, as one can expect, the intrinsic cylinders take the form

constant 6 becomes

Bp<.’ll'0) X (to — 9[)2, to + epZ) <014>

Results of the thesis

The results of this Ph.D. thesis follow basically three directions. In the first part, which
regards the study of quasi-linear porous medium type equations, we show local Holder
continuity for signed solutions, and Harnack inequality for positive solutions; in the second
part, we obtain existence and regularity results for a certain class of non-coercive elliptic
equations. We now describe these results more in detail.

e HOLDER CONTINUITY. As we already mentioned above, in some physical applica-
tions it is natural to consider positive solutions to quasi-linear parabolic equations of the
form (0.8), and it is also a very useful simplification from the mathematical point of view.

Therefore, most of the papers directly deal with positive solutions.



A first Holder regularity result for signed solutions were obtained in 1988 by Chen and
DiBenedetto [17], who treated the case of singular p-laplacian type equations. Later on,
in 1993 Porzio and Vespri [57] considered the case of a degenerate doubly non-linear

equation, whose prototype is
u; — div(|u|™!|DulP~*Du) = 0,

for p > 2 and m > 1. Notice that this kind of equations admits as a particular case
both the degenerate p-laplacian type equations (for m = 1 and p > 2) and the degenerate
porous medium type equations (for p = 2 and m > 1). As a consequence, it only remained
open the case of the singular porous medium type equations. This is precisely our first
result, Theorem 2.1. Our proof essentially follows the lines of [17]; an important point of
our strategy is to work with a different equation, apparently more complicate but instead
easier to handle with, to which we can reduce thanks to a change of variable introduced
by Vespri in [68]. This result is contained in the forthcoming paper [59].

e HARNACK INEQUALITY. Let us now pass to the results about the Harnack inequal-
ity. We briefly recall the different steps of the history, that we have already outlined
above.

In the case of p-laplacian type equations, a parabolic Harnack type inequality has been
proved for the degenerate case p > 2 by DiBenedetto in [24] (see also [26]). For the
singular case p < 2, a backward, forward and elliptic type Harnack inequality has been
proved for the supercritical case p, < p < 2 by DiBenedetto, Gianazza and Vespri in
[31], and for the subcritical case 1 < p < p, first by Bonforte, lagar and Vazquez in [11]
only for the prototype equation, and then by Fornaro and Vespri in [37] for the general
case. In particular, in [37] the authors make use of a comparison principle and of a higher
integrability result given in [38].

In the case of porous medium type equations, instead, the results for the degenerate case
m > 1 and for the singular supercritical case m, < m < 1 have been obtained together
with their p-laplacian counterpart, while for the subcritical case 0 < m < m, the only
available result is for the prototype equation, and it has been obtained by Bonforte and
Vazquez in [12].

Our second result, Theorem 3.1 provides a Harnack type inequality for the general porous
medium type equation in the whole range 0 < m < 1, thus in particular completing
the analysis for the subcritical case. Our construction resembles that of [37], again us-
ing a comparison principle (see Section 3.2) and a higher integrability result obtained by

Fugazzola in [39]. Our result is the object of the paper [60].
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e RESULTS FOR THE ELLIPTIC PROBLEM. The work of the second part of this thesis
(whose results are contained in the recent paper [58]) started after a fruitful discussion

with Lucio Boccardo. He has recently dealt in [7] with the elliptic non-coercive problem

{ —div(M(z) Du) = —div(u E(x)) + f  in© (0.15)

u=>0 on 0f),

where M is a bounded, elliptic, measurable matrix, and E and f are measurable functions
satisfying suitable summability properties. He has established existence and regularity
results, which depend on the summability of |E| and f.

We are able to prove the analogous of the results of [7] for the equation

—div (M(z) Du) = —div (Ju|* ' u E(z)) + f in
u=>0 on 0f),

with 0 < # < 1. Notice that our problem is a sort of interpolation between the linear
case, corresponding to § = 0, and (0.15), corresponding to 6 = 1.
In fact, also all our results need assumptions on |E| and on f which are weaker than those

in [7], and reduce exactly to those of [7] when 6 — 1.



Chapter 1
Notations and functional spaces

Throughout this chapter we consider 2 to be a bounded domain in R¥.
For p > 0 and y € RY, denote by B,(y) the ball of radius p centered at y and by
K,(y) the cube centered at y with edge 2p, i.e.
K,(y) = {x € RY . max |z; —yi| < p}.

1<i<N

If y coincides with the origin, we let B,(0) = B, and K,(0) = K,,.
As usual, given A C Q, we will denote by |A| the Lebesgue measure of the set A, by 0A
its boundary, and by A its closure.

If f e Li(Q), for some 1 < g < oo, we denote by ||f|l,o the L? norm of f over €;
we also write || f||, whenever the specification of the domain 2 is unambiguous from the
context.

Let us recall some basic facts we will need in the sequel, for the proofs related to this part
we will refer to [13] and [1].

Given 1 < p < oo and f € LP(2), we say that f € WLP(Q) if there exist g; € LP(9),

fori=1,..., N such that

0
/f sOclozrz—/gz«pdac Ve € C(Q).
o O Q
of of of of
Fi Lr(Q) 1 =g Df=(—,—,...,— |.
or any f € WHP(Q), we let . g; and D f (3:)&1’8:162’ Y.
Let us remind that W1?(Q) is a Banach space with norm
TPy
[ Fllwre = 1 llze + 15 vf e W (Q).
i=1 tiLe

Recall also that the space W, () is defined as the closure of C}(€Q) in W?(Q).

10



CHAPTER 1. NOTATIONS AND FUNCTIONAL SPACES

Theorem 1.1. (SOBOLEV)
1
For1<p< N, W'(Q) — LP*(Q), with p* given by — =
P

continuous injection.

where — denotes a

1
N’

SR

In particular, there exists a positive constant S depending only upon p, N and €2, such
that

1flles < SIDfllze Vf e WyP(Q).

Theorem 1.2. (POINCARE)
If 1 < p < 00, then there exists a constant P, depending upon p and §2, such that

I fllee < P|IDf|| e Ve W, P(Q).

In particular, this implies that ||Df||z» is a norm in W, (2), which is equivalent to

[ F -

If k€ R and v € WH(E), introduce the truncated functions
(v —k)x = max{£(v — k),0}.
We have the following result, due to Stampacchia [63].

Lemma 1.1. Let v € W'(Q). Then (v —k)x € W'P(Q), for all k € R; if we assume

also that the trace of v on OS2 is essentially bounded and
|V|lco.00 < M for some M > 0,
then, for all k> M, (v —k)y € Wy (Q).

One can find a simple proof of the previous lemma in [40].

1.1 Some technical lemmas
Let us recall the general Young inequality.

1 1
Lemma 1.2. For p,q > 1 conjugate exponents (i.e. -4+ -= 1) and € > 0, one has
P q

eP 1
ab < —a? + —b? Ya,b > 0.
p elq

The following lemma, proved in [21] by De Giorgi, will be very useful in the sequel.

11



Lemma 1.3. Let v € WH (K, (y)) and let k,l € R, with k < I. There exists a positive
constant ¢, depending only upon N and p, such that

pN+1
e A R L R ——— Dol dx. 1.1
=Rl > S el [ 1 (1)

The previous inequality (1.1) is a particular case of a more general Poincaré type
inequality (see [26]).
Let us state now a lemma on fast geometric convergence one can find in [21]; for a

simpler proof see again [26] and also [46].
Lemma 1.4. Let {Y, },en be a sequence of positive numbers satisfying
Yoir < OBV

being C;b > 1 and o > 0. If
Yo < CmebTe?,

then Y, converges to 0, as n tends to +oo.

Here we state a measure-theoretical lemma, recently obtained in [29], see also [34].

Lemma 1.5. Let v € WHY(K,) satisfy
lllwrage,y < ap™ {v > 1} = BIK,| (1.2)

for some o > 0 and 5 € (0,1). Then for every 6, \ € (0,1), there exist o € K, and
€ (0,1) depending upon «, 3,5, \, N such that

[{v > A} N K. ,(x0)| > (1= 6) |Kep(z0)]-

Roughly speaking, the previous lemma asserts that if the set where v is bounded away
from zero occupies a sizeable portion of K,, then there exists at least one point z, and a
neighborhood K.,(x¢) such that v remains large in a large portion of K.,(x¢). Thus the

set where v is positive clusters about at least one point of K.

1.2 Parabolic spaces
For T' > 0 denote the cylindrical domain

QT = x (O,T],

12
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and let T' = 9907 \ Q x {T'} be the parabolic boundary of Q.

Let us introduce the space
Lo (Qp) := L" (0,75 L))

with ¢,r > 1, that is the space of the functions f defined and measurable in {21 such that

T - ;
[ llgri0r = (/ </ ’f’qdl) dt)
0 Q
is finite.

Also f € L (Qr) if, for every compact set I C © and every subinterval [t,%s] C (0,77,

to g
/ ( / ] f]%l:v) dt
11 K
is finite.

Ifg=r, L% (Qr) = LYQr) and L (Qr) = L]

loc loc

the following integral

(Qr). These definitions are extended in
the obvious way when either ¢ or r are infinity.
Here we introduce spaces of functions in which typically solutions to parabolic equations
in divergence form are found (see [46]).
Let m,p > 1 and consider the Banach spaces

V7P(Qr) = L>(0,T; L™(Q)) N LP(0,T; W(Q))

Vo P (Qp) i= L(0, T5 L™ () N LP (0, T; Wy P(2))

both equipped with the norm
[0llvmr@r) = esssup [[o(-, 1) lma + |1 Dvllp.0r;
0<t<T
when m = p, set VPP(Qr) = VP(Qr) and V3" (Qr) = V5 (Qr).
These spaces are embedded in L(2r), for some ¢ > p, in the following way.

Proposition 1.1. If v € V""" (Qr), then there exists a positive constant ¢ = ¢(N,p, m)
such that

%
// lv|%dxdt < <// |Dv|”dxdt) (ess sup/ |v|mdx> (1.3)
Qr Qr 0<t<T

. In particular

with ¢ =

[0llg0r < cllvllvmp@r)-

13



Proposition 1.2. If 09 is piecewise smooth, and v € V™P(Qq), then there exists a
positive constant ¢ = ¢(N,p, m, ) such that

1

T q

[v]lg.0r < ¢ (1 + —|Q|N<pm>+mp) [vllvmo @),
Nm

with q as in Proposition 1.1.

For a proof of the previous propositions one can see [26].
Notice that, taking m = p in Proposition 1.1 and 1.2, and applying Holder inequality, one

obtains

Corollary 1.1. Letp > 1. Ifv € V(Qr), then there exists a positive constant ¢ depending
only upon N and p such that

1017 0, < € {Iv] > O} [[0][}, -

Corollary 1.2. Letp > 1. Ifv € VP(Qr), then there exists a positive constant ¢ depending
only upon N, p and OS2 such that

T \¥7
oty < (14 g ) Hisl > 075 ol

We can give now a sort of parabolic version of Lemma 1.1.

Lemma 1.6. Let v € V™P(Qp). Then (v — k)L € V™P(Qyr) for all k € R. If in addition

08 is piecewise smooth, the trace of v(-,t) on 0N is essentially bounded and

esssup||v(-, t)]|oc.o0 < M for some M > 0,
0<t<T

then (v — k)L € Vi""(Qr) for all k > M.

14



Part 1

Singular porous medium type

equation
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Let Q be an open set in RY, for 7' > 0 denote the cylindrical domain
QT =0 x (O, T],

and let T' = 9907 \ Q x {T'} be the parabolic boundary of .
We consider quasi-linear homogeneous parabolic partial differential equations of the
form
up — divA(z, t,u, Du) =0  weakly in Qr, (1.4)

where A : Qp x RV*! = RY is measurable and subject to the structure conditions

{ A(x,t,z,f) ’ § = Com]z|m_1’§‘2 (15>

|A(,1, 2, )| < Crm|z[" ¢

for a.e. (x,t) € Qr, for every z € R, £ € RN, where C, C| are given positive constants
and m > 0.

The prototype of this class of parabolic equations is the porous medium equation
u; — div (m|u|"'Du) =0  weakly in Q. (1.6)

The modulus of ellipticity of this class of parabolic equations is |u|™"!. Whenever m > 1,
such a modulus vanishes when u vanishes and for this reason we say that the equation
(1.4) is DEGENERATE. Whenever 0 < m < 1, such a modulus goes to infinity when v — 0
and for this reason we say that the equation (1.4) is SINGULAR.

We are interested only in local solutions to singular porous medium type equation.
Let us give the notion of weak solution for this kind of equations as follows.
A function u € C,.(0,T; L2 (Q)) with |[u|™ € L2 _(0,T;H..(Q)) is a local weak sub
(super)-solution to (1.4) if for every compact set K C €2 and every subinterval [ty, 5] C
(0, 1]

to
/ugoda: 2 —|—/ /[—ugpt + A(z,t,u, Du) - Dp|dxdt < (>)0, (1.7)
K t1 K

for all non-negative test functions ¢ € W,o*(0,T; L*(K)) N L3,.(0, T; W, *(K)).

The parameters {N,m,Cy, C1} are the data of our problem. In this first part, the
letter ¢ will be used to denote a constant depending upon the data, which can be quan-
titavely determined a priori only in terms of the indicated parameters. As usual, the

constant ¢ may change from line to line.
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Chapter 2

Holder continuity of solutions of
variable sign to singular porous

medium type equation

The aim of this chapter is to show that local solutions of variable sign to our problem
(1.4)-(1.5), with 0 < m < 1, are locally Holder continuous.

Let us introduce the parabolic m-distance from a compact set K C r to the
parabolic boundary I" in the following way

1-m 1
m-dist(]C,T) = inf (y|u||oonT & —y| + |t — s|§> .

(z,t)el, (y,s)el’

Now, we can state the main result of this chapter.

Theorem 2.1. Let u be a locally bounded, local, weak solution to (1.4) — (1.5). Then u is
locally Holder continuous in Qp and there exist constants v > 1 and o € (0,1) such that
for every compact set K C Qr

1-m 1 «
[ull ol qp 21 — @2 + [t1 — t2|2

m -dist(IC,I") ’

lu(z1,t1) — w(wa, t2)] < v lJulls, or

for every pair of points (x1,t1), (x2,t2) € K.

The constant v depends only upon the data, the norm ||u||ox and m-dist(IC, '), while
the constant o depends only upon the data and the norm ||u|| k-
We will prove this result by applying a technique due to DiBenedetto [26] via an

alternative argument. We introduce a suitable change of variable, so that (1.4) is rewritten

17



s (2.2) below. The Hélder continuity of a solution u to (2.2) will be heuristically a
consequence of the following fact: for every (zg,ty) € Qr there exists a family of nested
and shrinking cylinders in which the essential oscillation of u goes to zero in a way that
can be quantitavely determined in terms of the data.

Since this result is well known for non-negative solutions (see [34]), it will suffice to
consider the case in which the infimum of our solution is negative and the supremum is

positive.

2.1 Change of variables

In order to justify some of the following calculations, we assume u to be smooth. In no
way this is a restrictive assumption: indeed the modulus of continuity of v will play no
role in the forthcoming calculations.

Let us consider n € N such that

and define
which is equivalent to

Observe that

1, 1
Du=n|v[" 'Dv,  Dv=—ul""'Du.
n
With this substitution equation (1.4) becomes
(|U|n_1v)t - diV«Zt(ZU, t,v,Dv) =0  weakly in Qr,

where

A(z,t,v, Dv) = Az, t,u, Du)‘

u=|v|*~ 1o’
Now, let us see what the structure conditions become

1
A(x,t,v, Dv) - Dv = —|u|%_1.,4(x,t, u, Du) - Du > mn C’0|u|%+m_2|Du|2
n n
— nmCO‘U|1+nm72n’U|2(nfl)‘DU‘Q — nmCo|v|"m*1]Dv|2;

since the exponent is nm — 1 > 0, the equation is now “degenerate”.

In the same way
\/l(x,t,v,Dvﬂ = |A(z, t,u, Du)| < mC’1|u|m_1|Du|

= mCy|o|" ™ Yn|o|" " Do| = nmCy|v|"™ | Du.

18



CHAPTER 2. HOLDER CONTINUITY OF SOLUTIONS OF VARIABLE SIGN

If we denote our variable with u again, then we consider equations of the type
(|u|"_1u)t — divA(z, t,u, Du) = 0,

with structure conditions

{ |;1(x’t’z’§) € > nmColz| "¢ 21)

(., 2,8)| < nmCyl2|"™ ],

for a.e. (x,t) € Qp and for every z € R, ¢ € RY. Without loss of generality, we can

assume n to be odd; in this case

u|"tu = u"
[l :

and we can rewrite the equation in the following way
(u"), — divA(z, t,u, Du) = 0. (2.2)

Hence we have reduced problem (1.4)-(1.5) to (2.2) with structure conditions (2.1).
Let us see now how the notion of weak solution becomes in this new setting.
A function u such that u” € C,e(0, T; L?,(Q)) with |u[™ € L2 (0, T; W,5*(Q)) is a local

loc loc

weak sub(super)-solution to (2.2) if for every compact set K C ) and every subinterval
[t1,t2] C (0,7

to B
/ u"pdz ‘2 +/ /[—u”npt + A(z,t,u, Du) - Dpldzdt < (>)0
K t1 K

for all non-negative test functions ¢ € W,o*(0,T; L*(K)) N L}.(0, T; W, *(K)).

oc loc

2.2 Preliminary estimates
Given (y, s) € Qr and A\, R > 0, we denote the generic cylinder as
(y,8) + Qr(A) :== KRr(y) x (s — A, s].

Let us prove energy estimates we will need later. We start with estimates for super-

solutions, then we will state the analogous ones for sub-solutions.

Proposition 2.1. (ENERGY ESTIMATES FOR SUPER-SOLUTIONS)

Let u be a local, weak super-solution to (2.2) in Qp. There exists a positive constant c,
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depending only upon data, such that for every cylinder (y,s) + Qr(\) C Qr, every level

k € R and every non-negative, piecewise smooth cutoff function ¢ vanishing on 0Kg(y),

k
ess sup/ (/ (k — s)+s”_1ds) C(x,t)do
S—A<t<s Kr(y) m
[ Dl - k)-QPdadr
(y,8)+QRr(N)
k
<c { / (/ (k — s)+sn_1ds) C(z, s — \)dw (2.3)
Kr(y) \Ju
k
—i—// (/ (k — s)+3”1ds) C|¢ | dxdr
(,5)+Qr(N) \Ju
+ // P (1 — k)Z\DCFdxdT}.
(¥:5)+Qr(N)

Proof. After a translation we may assume that (y,s) coincides with the origin and it
suffices to prove (2.3) for the cylinder Qr(\). In the weak formulation of (2.2), take the

test function

p=—(u—k)-¢

over Q; = Kp x (=X, t], where —\ <t < 0.

Taking into account that

) k
P (/ (k — 3)+s”_1d8) = —u""Yu—k)_u,,
T u

and estimating the various terms separately, we have first

e s ()
Zn/KR (/ (k= s)ys™ 1ds)<<x,t>dw
“n / ( / "k s)as d) (o, —N) do
] ([
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CHAPTER 2. HOLDER CONTINUITY OF SOLUTIONS OF VARIABLE SIGN

From the structure conditions (2.1) and Young’s inequality it follows that
- / A(x,7,u, Du) D[(u — k)_¢?] dadr
Q¢
= — / A(z, 7, u, Du) D(u — k)_C? dzdr — 2/ A(x, 7, u, Du) (u — k)_ ¢ D¢ dadr
Q1 o
>nmCy // Ju|"™ D (u — k:)_‘2 ¢ dxdr
Qt
— 2nmC, / "™ D(u— k)| (u—k)_ ¢ |D¢| dadr
Q1
Co nm—1 2 012 nm—1 2 2
>nm— [ul |D[(u— k)_¢]|” dedr — 2nm—- ul (u— k)= | DC|* dzdr.
2 Q1 Co Qt

Combining these estimates and taking the supremum over ¢ € (—\,0], proves the propo-

sition. 0

Proposition 2.2. (ENERGY ESTIMATES FOR SUB-SOLUTIONS)
Let u be a local, weak sub-solution to (2.2) in Qp. There exists a positive constant c,
depending only upon data, such that for every cylinder (y,s) + Qr(\) C Qr, every level

k € R and every non-negative, piecewise smooth cutoff function ¢ vanishing on OKg(y),

ess sup/ </ (s — k)+s"1d5> C(x,t) dz
s—A<t<s Kr(y) k
s upmDi - KgPdadr
(1,8)+Qr(N)
<c { / </ (s — k)+s"_1ds> C(x,8 — \)dx (2.4)
Kr(y) k
+// (/ (s — k)+s"1ds) |Cr| dadT
(,5)+Qr(N) \Jk

+// lu["™ N (u — k)2 D¢PdxdT 3.
(¥,8)+Qr(N)

Proof. The proof is analogous to the previous one, just take the test function

o= (u— k’)+C2,

and observe that
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Let us introduce the logarithmic function

H’I’L
H™ no__ Ln ny — | +
SO (0 = 1) ") = T8 ( e )
where
H" = ‘esssup (u" —Fk"),, 0<v"<min{l, H"},
(z0,t0)+Qr(N)
and for s > 0

log® s = max{log s, 0}.

Proposition 2.3. (LOGARITHMIC ESTIMATES)
Let u be a local, weak solution to (2.2) in Qp. There exists a positive constant c, depending
only upon data, such that for every cylinder (y,s) + Qr(\) C Qr, every level k € R and

every non-negative, piecewise smooth cutoff function ¢ = ((x)

esssup [ G (0 < k)0 (0 ) da
Kr(y)

s—A<Lt<s

<[ = ) (s = V) e da (2.5)
Kr(y)

e / / "D g (T (a" — k"), o) |DCJ? dudr,
(y,5)+QRr(N)

Proof. Again we assume that (y,s) coincides with the origin. Put v = «" and, in the

weak formulation of (2.2), take the test function

o,

2
S O =200/

over Q; = Kg x (=X, t], where —\ <t < 0.

By direct calculation
(¥°)" =201 +9)(¥')* € Li5.(20), (2.6)

which implies that such a ¢ is an admissible testing function.

Estimating the various terms separately, we have

/ﬁ gdm_/@8¢<mm

= w2<x7t)< (SC) dx — « w (xv—A) <2($) dr,

Kpg
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CHAPTER 2. HOLDER CONTINUITY OF SOLUTIONS OF VARIABLE SIGN

using (2.6) and the structure conditions (2.1)

2
/ A(x,7,u, Du) D (ai CQ) dxdr
Q+ 321

:/ A(z, 7, u, Du) Dv(¢?)" Cdxdr + 2 // (?) ¢ A(x, 7, u, Du) D¢ drdr
Qt

t

=2n / / u" LAz, 7, u, Du) Du (1 +¢)(@')? Cdadr
+ 4/ ; V' ¢ Az, 7, u, Du) DC dedr
> 2ntmCo [ [ ul™™ D= )41+ )0
—anmCy [l D~ k)] € 1DC v
Applying Young’s inequaiity, we get
/ Qtfl(x,T,u, Du) D <8a—f §2> dzdr

zwmmw4m%/ ™™l Dl — k) [P () Cdudr
Qt

—2nm%// "D | D)2 dadr.
Q1

Combining these estimates, discarding the term with the gradient on the left-hand side,

and taking the supremum over ¢t € (—\,0], proves the proposition. O

2.3 Reduction of the oscillation

To obtain the Holder regularity, we argue as usual by a reduction of oscillation procedure.

Let us state the basic result.

Theorem 2.2. Let (y,s) € Qr, and p, w > 0 such that

2 2
(y,8) + Qa0 (i> C Qr, €SS 0SC u<w,

nm—1 2
w (y75)+Q20p<w(7’,,2n’iL)71 )

where

0=wz2 .
Then, there ezist 1., co € (0,1), depending only upon data, such that

essgoscu < N,
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being
Q" = (y,s) + Qup (6-0%) , 0, = 2l

Our proof of this theorem splits into two alternatives.
Let us define

Py 2 ess sup u, p_ < ess inf u,

(,5)+Qa0, 22857 ) (5,5)+Qa0p (2857 )

such that w = py — p_.

Let us recall that, without loss of generality, we can assume gy > 0, p— < 0 and

fy = ||

Indeed, otherwise just change the sign of v and work with the new function.

2.3.1 The first alternative

We distinguish two alternatives, the first of them consists in assuming

{u < -+ g} N {(y,s) + Q20 (C‘Ez—z)_zl)}‘ < ¢o |Q20p (%)

being ¢y € (0,1) a constant to be specified later.

, 27

Let us prove now the following De Giorgi type lemma.

Lemma 2.1. There exists a number ¢y € (0,1), depending only upon data, such that if
(2.7) is true, then

2

u > p- + 2 a.e. i (y,s)+ Qo (wp—> . (2.8)

4 nm—1

Proof. Without loss of generality we may assume (y,s) = (0,0) and for £ = 0,1, ..., set

p - 5 P
PE=P+ o5 Ki = Kop,, Qr = Kj, X <_W’O]’
Let ¢, be a piecewise smooth cutoff function in @}, vanishing on the parabolic boundary
of Qx such that 0 < ¢, <1, ¢, =1 in Qry1 and

k+2 n—1 2k

2
|DCi| < TwT, 0<(p: < Ewnmfl-
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CHAPTER 2. HOLDER CONTINUITY OF SOLUTIONS OF VARIABLE SIGN

Consider the following levels

h +2 Y ity >

= _ —_ _— 1 _ _—

k H 4 2k+2 H— = 87 (29>
h w w f w :
k:M—+$+2k+5 1 M_<—§.

We treat first the least favourable case in which v might be close to zero, i.e. we assume
first

uo > —%. (2.10)

Write down the energy estimates (2.3) for (u — hy)_ over the cylinder Qy, to get

hy,
ess sup / (/ (hy — 5)+s”1ds> (G t)dx
3 K u

<t<0

wnm—1

+/ ~ lu|"™ Y D[(u — hi)_C]|Pdwdr
Q

<c { //; (/uhk(hk — 3)+s”_1d3) |Chr| dzdT + //Qk || (u — hk)2_|D§k|2dxdT}.

Let us introduce the truncation

w
v = max (u, §>

in order to estimate the terms with the integral over [u, hy|; we have

hy, hy, s 9 - Ly )
/ (hk — 5>+8n71d8 Z / (hk _ S)+5n71d8 Z ,Unfl (U k)— > (%) (U k)_.

2 - 2
(2.11)
As (u— hy)- <w and pu_ < 0, we have
hp _ h 2 n+1
/ (hy — s)4 8" tds < byt (u 5 b < w2 (2.12)
By the definition of v, we obtain
// V"™ N D[(v — hi) G [PdadT
Qx
= [ Dl - he) -G dads
QrNiu>%
it (2.13)

i //Q{} (51" (5~ ) 1D dwds

92(k+1)
< / "™ Dl — i) Gl Pidr + S D A
&0 p
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where

Ak = {u < hk}ka

Let us prove
Ap = Ay = {v < he} N Qy. (2.14)

The inclusion Ay D Ay, follows by the definition of v. Prove the other one: if v = u there

is nothing to prove; if v = %, by (2.10) we have

W W w W

o.) >
hk:[L_+—‘|' +W_?'

4 " 9k+2 = ]
Taking into account that |u| < w, (2.11)—(2.14) yield

n—1
(%) ess sup / (v —h)? Gz, t) da
i cr<o” K

22k 5
+ // V"™ HD[(v — hi)_G][PdadT < CF WMD) | 4, .
Qk

and again, thanks to the definition of v, it follows

n(m—1)

ess sup / (v — he)? Gz, t) do + (%) // |D[(v — hy)_C]|Pdadr

b <t<o ‘ (2.15)
2%

2 ~
< e— W Ayl
p

The change of variables
T=x0"" t=w"""1r

maps the cube K, into K,, and the cylinder Qp into Qy = K, x (—pi,0].
With (z,t) — u(z,t) denoting again the transformed function, the assumption (2.7) of

the lemma becomes
w
){’U</~L7+§}QQO gCO‘Q()’ (216)

Performing such a change of variables in (2.15), we have

ess SUp /K (v — h)2 C2(, £) dF + / /Q D[(v — he)_C] PdzdE

—pi<t<0J Ky,
22k B
< e W?| A
- p2 9

where

Ak = {U < hk}ﬂQk

26



CHAPTER 2. HOLDER CONTINUITY OF SOLUTIONS OF VARIABLE SIGN

This implies
9 22k -
H('U — hk)_CkHVZ(Qk) S CFW |Ak| (2.17)

Then from Corollary 1.1 with p = 2 and (2.17), one gets

/ / (0 — he)2 didf < / / (v — he)2.C2 dTdE
Qry1 Qk
2k

2 2o
<cl{v < hk}ﬂQk|N+2 H v — hy) CkHv?(Q < CFC‘)2|AI¢|1+N+2§

the left-hand side is estimated by

/ / (v — hy)2 dzdl = / / (hy, — v)2dzdE
QkJrl Qk+1ﬂ{v<hk}
> / / (e — 0)?dadi > (b — hoss 2| A | = Al
Qr10{v<hpi1} (2k+3>

Combining the previous estimates yields

_ 24k _ 5
A < oo A2,

and setting

it follows
Yk+1 < 024k Y JrN+2

Thanks to Lemma 1.4, we deduce that Y, tends to zero as k — oo, provided

[{v <ho} NQo| HU<M—+§}QQ0‘ o
Qo a Qo - 7

%:

+2

that is (2.16) with cq := ¢~ "2~ 2-(V+2)?,

Therefore
w , )
UZM7+Z a.e. in K, x (—p*,0].

Returning to the variables z, ¢, one has

w .
v > e+ 1 a.e. in @y, (wp—> ; (2.18)
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this implies that © = v in Qy, (WPT:) and, consequently, (2. 8) In fact, by contradiction,

if there were a point (z,t) € Qy, <w—n%> such that v(x,t) = by (2.18) and (2.10), w

would obtain

24’

W . W W
ot =l =y
Assume now that (2.10) is violated, that is pu_ < %; choosing the levels hj according to
(2.9), we have
b w o w w
L= he s g < g s g S g

which is false.
Therefore on the set {u < hg}
i w nm—1
[Pt > (25) .

It follows that |u|™™~! can be estimated above and below by w"™!

up to a constant
depending only upon the data; the proof can be repeated as before, but in this case there

is no need to introduce the truncated function v. ]
Therefore, under assumption (2.7)

— essinf ug—,u,—z;

Qeﬁ(winz—l)
adding
esssup  u,
QOP(MPTQ—I)
gives
- w . 3
essosc u < —p_ — — esssup u < —
QGP(wnfnz—l) 4 Q9P<wnp7271) 4
2.3.2 The second alternative
Let us recall the two fundamental hypotheses, namely
py >0, p— <0, g > |p—].

Throughout this new section, let us assume that (2.7) does not hold, i.e.

{uzu+°§”}m{( )+Q29p<(2p)1)}‘ (1— co) Q29p<(2p)1)‘. (2.19)

For simplicity in the following we assume (y, s) = (0,0).
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CHAPTER 2. HOLDER CONTINUITY OF SOLUTIONS OF VARIABLE SIGN

(29 @ (2p)2) such

Lemma 2.2. There exists a time level t* in the interval ,
wnm—l 92 wnm—l

that

Hu(-,t*) < -+ g} N Kap,

C
> 50 | K2, (2.20)

This in turn implies
w
Hu(wf*) > g — Z} N Kagp

Proof. By contradiction, suppose that (2.20) does not hold for every t* in the indicated

C
< (1-5) 1Kl (221)

range, then

(2p)°

wnmfl

{lu<n+ %} N Qu, ( ) ‘ N / S Q) < e+ w0 | dt?

Co 0\ (2p)° co (2p)° (2p)°
< 5 |K2‘9P| (1 - 5) nm—1 + |K20p|5wnm—1 < Co QZGP nm—1 :

This proves (2.20); (2.21) follows by the fact that (2.20) is equivalent to

Co
< (1-3) 1y

Hu(-,t*) > -+ g} N Kapp

W w
dpu_+—=<pu, —-—. O

The next lemma asserts that a property similar to (2.21) continues to hold for all time

levels from t* up to zero.

Lemma 2.3. There exists a positive integer 7%, depending upon the data and cy, such that

&
< (1 - Z) | Kag,| (2.22)

w
‘{U(,t) >y — F} N K20p

for all times t* < t < 0.

Proof. Consider the logarithmic estimates (2.5) written over the cylinder Ky, x (t*,0)

for the function (u™ — k™) and for the level k = (,u’}r - (%) );. Notice that, thanks to

) w
our assumptions, 4 > T so k> 0.

The number v in the definition of the logarithmic function is taken as v = where j

is a positive integer to be chosen. Thus we have

O (H", (0" = k"), ") = log"
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where
w n
H" = esssup [u” — (/ﬁ — (—) )} :
Kagpx(1*,0) 4 +
The cutoff function z — ((x) is taken such that

With these choices, inequality (2.5) yields

0
/ V(x,t) de < 1p2(a:,t*)d$+c/ / ju[""=V o | DCPdzdr (2.23)
K(1-0)20p K, t* J Kag,

for all t* <t < 0. Let us observe that

922n
wn
2(j+2)n

¥ < log = jnlog?2.

To estimate the first integral on the right-hand side of (2.23), notice that ¢ vanishes on
the set {u™ < k"} and that p’} — C;) > (,u+ - %) therefore by (2.21)

V2 (z,t*) dor < §°n? log? 2 (1 — —) | Ko,
K29p

The remaining integral is estimated in the following way

n(m—1) 2 (2p>2 n(m—1) c .
/ / |ul Y |DC|Fdrdr < —— jn10g2 —w | Ka0,p| = —5 jn [ Kagy|-
K26p ( ) g

Combining the previous estimates
/K VY (x,t) dr < {j2n2 log® 2 (1 — %) + éjn} | Ko, (2.24)
(1—0o)20p

for all t* <t < 0. The left-hand side of (2.24) is estimated below by integrating over the

smaller set
w

n
n n .
{u = My 2(j+2)n} ’
on such a set, since v is a decreasing function of H", we have

wn

¢ >log? | L0 | = (- 1) log2;

2(j+1)n
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hence, for all t* <t < 0, we obtain

. 2

J < Co) c
<L) (1=29)+ L Vg,
—{(j—l) 2 +a2j}' )

n n w"
‘{U (7t) > My — 2(j+2)n} N K(170)29p

On the other hand

n

n n w
‘{’U, (ﬂf) >,u+—2(jT)n}ﬂK29p

n

n n w
< H“ (1) >l — m} N K1—o)200| + K205 \ K(1-0)205]

n

n n w
< {u (1) > ply — W} N K-o)20p

+ NO'|K29p|.

Then

n

n n w
‘{U (71;) >p+—2(jT)n}ﬂK29p

. 2
J < Co) c
< — 1—— — + N Ko,

for all t* <t <0.

Now choose o so small and then j so large as to obtain

n w" %
'{U(’t)> (M_‘_—m) }nggp

w
Notice that our hypotheses imply g, > 50 P+ < w, therefore

1 1 1
AR no__ME O\ Ly
<“+—m) <(“+—2@T>n) —u+(1—m>

1 w
§u+<1—m)§ﬁ‘+_m-

The proof is finished once we choose j* as the smallest integer such that

4

2
< (1 - @) | K| Vit <t <0.

w - w
M+—m_ﬂ+—27-

[
2 2
Corollary 2.1. For all j > j* and for all times _%j]nf@)—l <t<0,
w 2
) > e = o b By | < (1= 2 [Kag (2.25)
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Motivated by Corollary 2.1, introduce the cylinder
Q. = Kagy x (—0.(2p)2,0], with 6, = %wl—“m.

Lemma 2.4. For every v, € (0,1), there exists a positive integer q. = q.(data,v,) such

that
w

Hu Z f — Qjwta } nQ.
Proof. Write down the energy estimates (2.4) for the truncated functions (u — k;)4, with

w
kj::u+_§7

< V| Qul-

for j = ju, ..., J« + g« over the cylinder

- 20)2
Q:K40px _COL)_laO DQ*a
wnm

the cutoff function  is taken to be one on Q,, vanishing on the parabolic boundary of Q
and such that

1 nm—1
D¢ < 0<¢ <2
0p Cop

Thanks to these choices, the energy estimates (2.4) take the form

/éWW”WDw—@MWﬂmm

nm—1 u n—1
<l (s — k)8 tds | dadr + “ lu|" (u — k)% dadr }.
B cop? ) , . p? ) o
Q k; Q

Estimating
u — k. 2 — k. 2
/ (s — kj)+s”_1ds < u”_lu < w”_lu, (2.26)
" 2 )
and taking into account (u — k;)4 < ;}—J , yields

nm—1 2,2 w2 n—1 wnm—l
[éw Dl k) Pdadr < ¢ (7)o 2 o

w
Notice that u > k; > Z: indeed the second inequality is equivalent to

1+1

J

N+Z‘N—|% 21
4 ¥
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CHAPTER 2. HOLDER CONTINUITY OF SOLUTIONS OF VARIABLE SIGN

and this is implied by our assumptions.

So we can estimate

[ D k) pdadr = [ Dt - k), Pdsds
Q Q«

w\ nm—1
> (= — k)P :
> (¥) //Q*|D(u k). [Pdadr:

1
J[ =k et <o (5) o 10 (2.27)

Next, apply the isoperimetric inequality of Lemma 1.3 to the function (-, ), for ¢ in the

it follows

range (—0.(2p)?,0], over the cube Ky, and for the levels

]{?:k?j<l:kj+1;

W

in this way (I — k) = EEE

Taking into account (2.25), this gives

(20p)N+1
|{U(, t) < kj} N K260| {kj<u(~,t)<kj+1}ﬁK29p
80

w
—1 [{ul 1) > Kjia} N K| <

5 | Dul| dx

| Du| dx,

2
€0 J{kj<u(-t)<kj11}NK20,

integrating in dt over the indicated interval and applying the Holder inequality, one gets

VI

w 80p 2
s 15l < 52 ([ 1000 = b)) (4] = 14D
0 *
where
Aj = {U > k/’]} N Q.

Square both sides of this inequality and estimate above the term containing |D(u — k)|

by inequality (2.27), to obtain
c
[Aj]* < =5 1Qx] (145] = [Aj]).
0

Add these recursive inequalities for j = j, + 1,...,j« + ¢« — 1, where g, is to be chosen.
Majorizing the right-hand side with the corresponding telescopic series, gives
]*"I‘Q*_l

C
<Y 4P < §|Q*|Q'
0

J=j»+1

(¢« = 2) |4, +q,
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From this
1 c

< — /=10,
ST CSIQ\

The number v, being fixed, choose ¢, from

‘Aj*Jrq*

1 c
Vs — 2 0_8—

V.

1
Now let 3 € (O, 5) , a € (0,1) be fixed numbers.

Lemma 2.5. There exists a number ¢, € (0,1), depending upon the data, 5, and a, such

that if
(o> oy — B} N QL < Q..
then
u <y —abw a.e. in Qg (G*pz) .

Proof. For k=0,1,..., set

p=p+L Ky, = Kopy., Qr = K x (—0.p3,0] .

2k’
Let ((x,t) = (1(x)(2(t) be a piecewise smooth cutoff function in @y such that

1 in Ky 2k+2
(= . DG | <=—,
0 in RY\ Ky Gp
2
1> - oh
G2 = wp2 0§<2,t§0 5
0 ift<——1k P
wnm—l
Choose the sequence of truncating levels
1—a
b= iy — frs, where f = af + —" 3

and write down the energy estimates (2.4) for (u — hy)4 over the cylinder Qg

<t<0

wnm—1

(2.28)

(2.29)

ess sup / (/u(s - hk)+s”_1ds> C(x,t) dz + // lu|"™ Y D[(u — hy)+C]|Pdxdr
3 Ky hi k

<c { //Qk (/h:(s — hk)+s”_1ds) || dzdT + //Qk || (u — hk)2+|Dg|2dxdr}.
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CHAPTER 2. HOLDER CONTINUITY OF SOLUTIONS OF VARIABLE SIGN

Let us estimate
u u—h 2
/ (5 — hi)ys" tds > hZ‘lQ,
I 2

’ — h)? )2
/ (S — hk:)J,-Sn_ldS < un—lu < wn—lu.

(2.30)

Taking into account that (u — hg)+ < Sw and the definitions of 6 and 6., we have

— h)?
ess sup hZ_l/ %CQ(LIS) dx—l—//Q lu|"™ " D[(u — hi,) )| dxdr
Ky k

) . 2k L 22k
S c(ﬂw) W rpQ +w"m* W |Ak|

_ 2_% 2, n—1,6 nm—1 A
=c— (Bw) W w | Ak,

where

Ak = {U < hk}ﬂQk

1
Now, notice that u > hy > (5 — 5) w: indeed the last inequality is equivalent to

1 1 -
iy > [p| <§—5+5k> (§+5—5k>

and this follows by our hypotheses.

So, we obtain

2%k 1-n
s [ <u—hk>i<2<x,t>dmc2—2(§—ﬁ) (Buo) ™ | Ay,
Ky,

_wn‘:%<t§0 p (231>
2 2%F (1 L 2 n—1
[ D[(w = hp) L] dadr <c—{ 5 =8 (Bw) w" ™" | Agl.
Qk P 2
1
By (u — hg)y > Qk—Han, applying the Hélder inequality, and Proposition 1.1, (2.31)
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yields

1—a)?
<22(T1>) (Bw)?|Apsa| < //Q (u — hy)tdzdr < // (u — hy)2Pdadr
k41 k

2(N+2) V2 2
s( [N dxdT) A2
Qk

N N¥2
N2
gc( /] |D[<u—hk>+<]|2d:cd7> sssup [ (o) CPdr | L4
k LY R
wnm—1 —
22k oy 2mm-14N@-1) (1 B 142
SC?(ﬁw) woNE 5P | Ap| TN
Therefore
24k 2(nm-1)+Nm-1) [ 1 R 12
|Ak+1| < me Nt2 (§ — ﬁ) |Ak| Nt2,
Setting
A
Yk | k|7
Qx|
we obtain
24k 2(nm-1)+Nm-1) [ 1 e 2 (gNp \ 72z vAtas
Y1 SCWW N+2 3 -8 p (Q 9*) Nz oy, TN

24]{,‘ 1 N(l—n;’vni_-EZ(l—n) . )
=c— = — Yy, V2.
crea (377) :
By Lemma 1.4, Y}, tends to zero as k — oo, provided

y, ~{u > ho} N Qo _ [{u>py — fu} N Qo

|Qol N | Qo
_ N+2 1 N(nm—l%+2(n—l)
C 2 2
I (e —(N+2)
<g=aom (3-7) P
_ N+2 1 N(?’LTVL71%+2(7L71)
C 2 2
: . N R —(N+2)
that is (2.28) with ¢, := (1= a) 0D (2 5) 2 :
This concludes the proof. O
1
Thanks to Lemma 2.4, we can apply Lemma 2.5 with g = iita and a = 3 getting
w . 2
u < fhy — TR a.e. in Qg, (0*,0 ) ,
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CHAPTER 2. HOLDER CONTINUITY OF SOLUTIONS OF VARIABLE SIGN

which implies

w
esssup u < -
Qgﬂ(e*pg) = M 2J*+Q*+1
Hence
< inf Y w1 !
€ess 0sC U — essinf wu— —— <w - .
er(g*pQ) - ILL+ er(e*pz) 2]*+Q*+1 - 2]*+Q*+1

2.3.3 Conclusion
The two alternatives just discussed can be combined to prove Theorem 2.2.

Proof of Theorem 2.2. The concluding statement of the first alternative says that

essosc U < Zw;

P
QGP wnm—1

analogously, the conclusion of the second alternative is that

1
essoscu = essosc U <w|l———].
o* Qgp(e*pQ) - ( 2]*"‘(]*"1‘1)

Recalling the definition of ., we observe that
2

Q* - QGp (9*02) - QOp (%) :

The thesis follows by defining
1

= g

We are now ready to show the Holder regularity.

Proof of Theorem 2.1. We fix any (y, s) € Qr, and we choose Ry, wy > 0 such that
y,s) + Qr, (R C Qp, W Zmax{l, €8S 0SC u} )
( ) 0( O) 0 (y,5)+Qr, (R2)

Let now b, § € (0,1) to be chosen, and let us introduce the sequences

1—-n

R2
Rk = Robk, WE ‘= W05k7 ek = ka Qk = (y7 8) + QekRk <wnrf—1) i
k

for k € N.

The thesis follows by standard arguments once we prove that

Qi1 C Qx C Qro(RY) C Qr Vk e N,
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essoscu < wy, . (2.32)
Qk

The fact that Qy C Qg,(R%) is a direct consequence of wy > 1, while Qiy1 C Qy is

equivalent to
b < min{é%, (57”7;1} — 55
To prove (2.32), we will argue by induction. The validity for & = 0 is true by construction.

R
Assume that (2.32) holds for k£ and apply Theorem 2.2 taking p = 7k and w = wy. Thanks

to this choice

wnmfl

2 2
0 =0, (y,S)-i-Qer (ﬂ> = Q-
The assumptions of Theorem 2.2 are satisfied because (2.32) holds for k; hence, we get
< Ny,
essQ 0sC U < 1),Wy

where in this setting

* C —nm
Q" = (y,s) +Q9k% <§0 wy Ri) :

This leads us to choose 6 = n, € (0,1), so that n.w, = wgy1. It remains only to check

Q111 C QF, which by a simple calculation is equivalent to

bgmin{%f;,w%oém}zl} :

We conclude by choosing b small enough. O]
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Chapter 3

Harnack estimates for non-negative
weak solutions to singular porous

medium type equation

In this chapter we want to prove Harnack estimates for non-negative, weak solutions to
(1.4)-(1.5), with 0 < m < 1. In order to use a comparison principle (see Section 3.2 below)
we have to require the following further monotonicity assumption and growth conditions,

namely we assume that there exists a positive constant L such that

{ (.A(CL’,t, Zagl) - A(l’,t,z,fg)) ) (51 - 52) = 07 (31>

(A, b, 21,27 76) — Al t 20,2 " < Lo — 28| (1 + [€])

for a.e. (z,t) € Qp and all 2,21, 20 € Ry, £,&,& € RY,

A class of quasi-linear porous medium type equations satisfying (3.1) is
= (oo, )ul" " ),
irj

where the coefficients a;; belong to Ly (Qr) and the matrix (a;;) is symmetric and elliptic

in Qp. In particular, (3.1) is verified by the porous medium equation (1.6).
We consider u to be a non-negative, local, weak solution to the equation (1.4) with
conditions (1.5) and (3.1), such that

u € Ly,.(Qr), for some r > 1 with A\, = N(m — 1) +2r > 0. (3.2)

This assumption in turn implies that u is locally bounded (see Proposition 3.1 below).
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Having fixed (y,s) € Qp and p > 0 with B,(y) C Q, we define

27
Ar

1—-m
u(zx, s)dz
J = (’y][ u(z, s)da:) 0%, ni= fBP(y) T ;
By r "
) (pr(y)u (x,s)dx)

where ~ is a parameter that will be fixed in the following.

Theorem 3.1. There exist a constant v € (0,1), depending only upon the data, and two
positive constants ¢ and d, depending upon the data and r, such that if Big,(y) X [s, s+0] C
Qr, then

inf u > cn? sup u.
Buap(y)x[s+56,5+(3+55)4] B (y) X [s+15,5+]
2

Remark 3.1. [t is known (see for instance [26, 37]) that, if m > N2

weak solution w satisfies (3.2), therefore it is locally bounded. As a consequence, in the

, then every local

previous range for m, Theorem 3.1 holds true for every non-negative, local, weak solution.

3.1 Some useful estimates

Here we state some technical results we will use in the sequel.
We start with an L] -L7°

e-Lis. estimate one can find in [69, 56]; see also the Appendix B of
34].

Proposition 3.1. Let u be a non-negative, local, weak super-solution to (1.4) in Qr and
lety € ), p > 0. There exists a positive constant c,, depending upon the data and r, such
that for every cylinder By X [25 — ¢, t] C Qp

2 1

e 1
r r t . 1—m
sup u < S = / u"(x,2s — t) dx +c, ( 28> .
By(y)x[s,1] (t — s)> \/Bap(y) p

We pass then to a sort of Harnack inequality in the L! topology, originally proved for

the prototype porous medium equation (1.4) in [42]; for a proof in the general case see
the Appendix B of [34].

Proposition 3.2. Let u be a non-negative, local, weak super-solution to (1.4) in Qr and
let y € Q, p > 0. There exists a positive constant ¢, depending upon the data, such that
for every cylinder Bs,(y) x [s,t] C Qr

1

t — 1-m
sup ][ w(z,7)dr < ¢ inf ][ u(z, 7)dr +c ( 28) :
s<T<t Bp(y) s<T<t B2p(y) IO
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CHAPTER 3. HARNACK ESTIMATES FOR NON-NEGATIVE WEAK SOLUTIONS

Let us prove now the following energy estimates.

Proposition 3.3. Let u be a non-negative, local, weak super-solution to (1.4) in Qr and
let y € Q, p> 0. There exists a positive constant ¢ = c(data) such that for every cylinder
B,(y) x (t1,t2) C Qp, every level k > 0 and every non-negative piecewise smooth cutoff
function ¢ = ((z) vanishing on 0B,(y),

to
E™ tess sup/ (u — k)2 (x) dx + / / |D(u™ — k™)_|*¢*(z) dedr
t1<t<tz JB,(y) t1 JBy(y)

3.3)

to (

Sk:m/ (u(x, t) — k) () dx + cka/ / X{u<k} | D¢ dadr.
By(y) - t1 By (y)

Proof. Assume for simplicity y = 0. In the weak formulation (1.7), take p = (u™—k™)_(?
as test function over Q; = B, x (t1,t], with t; <t <t,.

Notice that
k
(/ (k™ — sm)+ds> =—(u"™—k")_u,;

therefore, looking at the first term of the weak formulation, we obtain

//tuT )_C*(x) dadr = // (/J — sm)+ds)74“2(x) dxdr
B /B (/u;tl)(km B Sm)+d5) ) do = /B p ( / ;t)%m - sm)+ds) ¢2(w) da.

By a simple calculation, one has

/k (K™ —s™)pds < k™ (u(x,tl) - k),’

w(z,t1)

k
/ (™ — ™), ds > 2 pm=1(y — k)2,
u(z,t) 2

thus, one gets

//tuT ™ _C*(z) dvdr

< km/B <u(a:,t1) - k)_g?(x) do — % k:m—l/B (u — k)2 () da.

41



Thanks to structure conditions (1.5) and Young’s inequality
/ A(z,7,u, Du) D[(u™ — k™) _¢?] dadr
Q1
=— m// u™ ' A(x, 7, u, Du) Du (*dxdr
QiN{u<k}
+2 // (u™ — k™) _ A(z, 7,u, Du) ¢ DC dzdr

< —00/ D™ — k™) [2Cdwdr + 20, // (™ — k™) |D(u™ — k™| ¢ |D¢|dadr
Qt ¢

< —%/ [D(u™ — k™) _[*¢*dwdT + c// (u™ — k™)* | D¢PPdxdr.
Q1 ¢

Combining these estimates and taking the supremum over t € (¢y,t2], we get (3.3). O

One of the main points of our proof takes advantage of the following local higher

integrability estimate for Du.

Proposition 3.4. There exist two positive constant £ and C, that can be determined only

in terms of the data and r, such that for every cylinder
Q4R79($0,t0) = B4R(l’0) X (to — 0(4R)2,t0 + 0(4R)2) C Qr,

it holds

Rlom= ]6[ |Du™ > dzdr
Qr,0(z0,t0)
o (3.4)

m—+41
< Cmax\ 1, erl]%[ u"dxdr ﬁ | Du™ |*dxdr.
Qar,0(zo,to) Q2r,0(zo,t0)

The estimate (3.4) can be easily deduced by [39]. In fact, in the proof of [39, Theorem 1]
(see step 3) the inequality

|Du™**edz < ck§™ | Du™|*dz
Q1 Q2

o
ko = max {1, (]6[ quz) } :
4

Changing variables by putting

is established for

v = QmT u(zo + R, to + OR*),
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CHAPTER 3. HARNACK ESTIMATES FOR NON-NEGATIVE WEAK SOLUTIONS

one directly gets (3.4).
We will use the following expansion of positivity property taken from [33] (see also
34]).

Proposition 3.5. For (y,s) € Qpr, M >0 and «, € € (0,1) suppose that
{u(- ) = M} N B,(y)| = a|B,(y)l,
for all times
s — 6]\/[1””,02 <t<s;

suppose moreover that
B16p X (S — 8M1_mp2, 8] C QT.

Then there exists o € (0,1) depending upon the data, o and e, and independent of M,
such that

u(z,t) > oM V€ Bay(y)

for all times

£
s—§M1_mp2 <t <s.

3.2 Comparison principle

Our proof of the Harnack estimate will make use of a comparison principle. The idea
of using suitable comparison principles to show Harnack type estimates for quasi-linear
parabolic equations is not new (see [19] and also [37]).

Let us introduce the boundary value problem associated to the equation (1.4) as

u = divA(zx, t, u, Du) in Qx(0,7),
u=1f on 09 x (0,7, (3.5)
u = ug in Qx {t=0}.

We can then state the comparison principle that we are going to use.

Proposition 3.6. Assume (1.5) and (3.1) hold, and let u, v be two weak solutions to the
boundary value problem (3.5), with initial data f,, ug and f,, vy respectively. If f, < f,
on 09 x (0,T) and ug < vy in 2, then u < v in Qr. In particular, for every data f and

ugy there can be at most one solution of (3.5).
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We will obtain the above result as an easy consequence of the following comparison
principle, given in [34, Chapter 7, Proposition 5.1 and Corollary 5.2] (one can find a proof
for the p—laplacian in [26]). Their result considers the case of signed solutions; however,
since we are only interested to the case of non-negative solutions, we restrict their result

to this case. Notice that they work in a slightly different context.
Proposition 3.7. Let us consider the boundary value problem

u, = div.,zl\(x, t,u, u™ Du) in Qx (0,T),
um = f on 002 x (0,T), (3.6)
u =g in Q x {t =0},

where

(A(w,t,2,€) - € > Cole]?,
|Ax,t,2,€)| < Culg],
<~Z($at72,51 - j(%%%fz)) (&1 —&) =0,
|| A(2,t,20,6) — A, t, 25,€)| S T — 2| (1 + [€]) .

(3.7)

If uw and v are two weak solutions with initial data uy < vy and fu < fv, then u < v in

Qr. In particular, the uniqueness for given boundary data follows.

Proof. Following the lines of [34], we only give here the proof of the uniqueness of so-
lutions (if any) to the boundary value problem (3.6), since the generalization to get the
comparison principle is standard.

Assume then that u and v are two different solutions to (3.6) with uy = v and fu = fv,

and introduce the function
U(x,t) = u(z, )™ —v(x, t)™.

Let now H. be the Lipschitz approximation of the Heaviside function given by

0 fors<?O0,
H.(s) := s for0 <s<e,

€

1 fors>e,

and finally set ¢ = H.o01). Using ¢ as a test function in (3.6) for u and for v, one obtains

/Q(u(.,t) —’U(~’t))H€ng—/£;('u,<.,0) _U(',O)>H€ng

- / / H.() (e, t,v,0"" Do) = A(a, t,u, "~ Du) ) - Dy
0 Q
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CHAPTER 3. HARNACK ESTIMATES FOR NON-NEGATIVE WEAK SOLUTIONS

for a generic ¢t € (0,7). Recalling that uy = vy, the left-hand side equals

/Q<u(.,t) —v(-,t))Hgotp — [ (u(-t) = v(- 1)), -

e—0 Q

Concerning the right-hand side, we can rewrite is as

/ / 6, (/l/}) <A\(x’ i7 ,U7 v EU) ./4/\(.1:, U U, Um DU)) . DQ/J
0 Q Y
/ / 6/ (/l/}) < A(‘rj u’ v /U> "/\L(‘,'U7 bl u; um DU)> ' 'D/l/}

Since Dt = m(u™ ' Du — v™ ' Dv), the second term is negative by (3.7), while the first

term can be bounded by
t
/ / HL(Y)L(u™ —v™) (1 + [0 Dol)| Dy |
0 Jon{ve(0,e)}

E t
< _/ / (1 + [0 ' Dul)| D]
€ Jo Jan{ye(0,e)}
t
< L/ / (L+[v™'Do|)|Dy| — 0.
0 Jan{ye(0.e)} e=0
Summarizing, we have obtained that
| (et =ot.0). =0,

which means that u < v at time ¢t. The proof is concluded recalling that t is generic, and

exchanging the role of v and v. O]
We are now ready to derive Proposition 3.6 from Proposition 3.7.
Proof of Proposition 3.6. We start defining
./zl\(x, t,2,&) = Az, t,z,277™E), (3.8)
so that the solutions to the boundary value problem (3.5) coincide with those to (3.6).
Therefore, the claim of Proposition 3.6 directly follows from Proposition 3.7 as soon as

one verifies that (1.5) and (3.1) imply (3.7), but this is an immediate check from (3.8). [
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3.3 Proof of the main result

The aim of this section is to present the proof of Theorem 3.1, which will be achieved by
means of some technical results.

For the sake of simplicity, we will consider (y,s) = (0,0) and we will denote by
Q) = x (—s,T") the translated cylinder.
Recall that

2r

o , pr u(x,0)dr
" <7]{% w0 dx) " T (fy, v (2,0 )’ .

=

where A\, = N(m — 1) +2r > 0, with r > 1.

Following the approach of [37], we start finding an upper bound for the supremum of w.

Proposition 3.8. Assume B, x [0,0] C .. Then there exists a positive constant ¢,

depending upon data and r, such that

N(m—1)
Ar

sup u<¢ 7 ][ u(z,0) dx.
By x[3.9] n B,

Proof. Thanks to the L"-L> estimate given in Proposition 3.1, there exists a positive

constant ¢,, depending upon the data and r, such that

2\ N
sup u < ¢, (—) / u"(z,0) dx + (—2)
By x[4.4] 0 B, p

By the expressions of 6 and 7 in (3.9), we get

N(m—1) 2
Ar Ap
sup u <c, 7][ u(z,0) dx p% / u"(z,0) dx + 7][ u(z,0) dz
BgX[%ﬁ] B, B, By
r N(m—1) 2r
Ar Ar
<c 7][ u(z,0) dx ][ u(z,0)dz | n! +7][ u(z,0)dx
Bp Bp Bﬂ
P N(m—1) N(m—1)
(> Y
=c +7 ]Z u(z,0)de < ¢ ][ u(x,0)dz.
n B, n B,
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CHAPTER 3. HARNACK ESTIMATES FOR NON-NEGATIVE WEAK SOLUTIONS

Suppose now that
Blﬁp X [0,5] - Q{-p (310)

and introduce an auxiliary function
v € C (0,7 L*(Bisp)) with [v|™ € L* (0,T"; Hy(Bisp)) -
solution of the following Cauchy-Dirichlet problem

vy = divA(z, t, u, Du) in Big, x (0,17)
v=20 on 0316,) X (O,T’)
v =uxg, in Big, x {t = 0}.
Let us notice that the function v just defined exists and is unique (see [49]).

As already observed, by the comparison principle (Proposition 3.6)
u > vin Bl6p X (O,T/]

Then, once we find a lower estimate for v, the same bound holds also for u. Observe
that the definitions of ¢ and n do not change if we put v instead of u. Moreover, since v
vanishes outside Big,, the previous proposition holds true even for v.
Introducing the notation
K= VN(T’"I)][ u(z,0)dx, (3.11)
By

by the observations just done, and keeping in mind (3.10), we have

sup v<c—. (3.12)

K
Bspx[3.,0] U

Proposition 3.9. There exist a constant v € (0,1), depending upon the data, and two

constants v, ¢ € (0, 1), depending upon data and r, such that
[Boy N {v(-7) = vi}| > én| By, (3.13)
, )
for all times T € 5,(5 )

Proof. By Proposition 3.2 with s = 0 and ¢ = 0§, there exists a positive constant c,
depending upon the data, such that for every cylinder By, x [0,0] C Ep

1
5 1—m
sup][ v(z,7)dx < ¢ inf ][ v(x,7)dx+c(—2> ,
0<7<8.J B, 0<7<8 /B, , P
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which, by (3.9), yields

][ v(x,0) < Sup][ v(x,7)dx <c inf v(z,T) dx—i—cv][ v(z,0)dx
B, B,

0<7<6 0<7<é /By, B,

Sc][
B

1
By (3.11), choosing v € (0, 1) such that ¢y < Y and thanks to the upper estimate (3.12),

we deduce

N(1—m)
Ky > :][ v(x,O)SQc][ v(z, T)dz
By

Bs,

2
= ]BC ‘ (/ v(z,7)dx +/ v(z,T) diU)
2p Bo,n{v(-,7)<vk} Bopn{v(-,7)>vK}

B >
SQCV,‘Q—i—Qcéfl me{v(aT)_VK,}|
U |B2p|

v(x, ) dr + C’y][ v(z,0)dx

2p B2p

for all times 7 € [0, d].

)
with v € (0,1) to be chosen and for every 7 € {5, (5] . Therefore

(/7 N(%\;m) - 2CV> 5
Bop 1 {u(7) 2 v} 2 LBy vre 3.9,
and the proof is concluded by taking v and v small enough. O]

)
Lemma 3.1. For all times T € {5, (5} , there exist x. € By, and ¢, € (0,1) such that

VK

B, ()0 o) 2 2] > % B, (22|, (3.14)

where

vEn?

f Do)

2p

r,=2ec.p=c (3.15)

and ¢ is a positive constant depending only upon the data.
)
Proof. For any 7 € {5, 5} , we want to apply the measure-theoretical Lemma 1.5 to the

v
function —, choosing § = A = —. To do so, we need to select also o, § > 0 such that

v
(1.2) holds true. The right estimate in (1.2) coincides with (3.13) as soon as one choose
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CK
f = ¢n, so we have to concentrate on the left one. Thanks to (3.12) we know that v < —,

n

thus v

v (2p)Ne

s = |l < o
(B2p) V77

On the other hand,
1 (2p)™
HDwHL1(82 ) T T |Dv| = | Do .
vk Jp, vk Jp,,

Summarizing, we can say that

w , N C
M<£(_f |DU|+f>sc£ | Dol
K n VK

N—1 =
P v Bz,

where ¢ > 0 is a constant depending on the data. Concerning the last inequality, a
geometric estimate shows that if it is not true, then one directly deduce (3.14).

As a consequence, the left estimate in (1.2) holds true with the choice

a=ct | Do .
VKR Ba,

2

The constant € of Lemma 1.5 can be explicitly evaluated as € = ¢ —: this can be obtained
a

by inspecting the proof given in [34], as pointed out in [34, Remark 3.1]. In our case, this

gives

2 n2vk

rr=2.p=Cp— =CF7—,
o JCBQ,J | Du|

which is exactly (3.15). O

Now, we prove the following “time propagation of positivity” property.

Proposition 3.10. For a € N sufficiently large, depending upon the data, and for every
) :
TE 5,5 , it holds

for all times
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Proof. Let us write the energy estimates (3.3) for the level % over the cylinder

Q, = B, (x;) X (7’,7’ + (;:Jl_m 7"3} , (3.16)

for & € N to be chosen later. Take ( = {(x) to be a non-negative, piecewise smooth cutoff
function in B, (x.), which equals 1 on B(j_g),. (z,) and such that |D¢| < c(ar,)~", with
a€(0,1).

Thanks to (3.14), we have

m—1 2
[ )
2 By, (2) 2 /-
1 fvr\mt! vEN2m 1 v o,
1 2a(m—1) VKN mtl
== — B
(G+< %) (5)" 1Bt
or every t € 7',7'+<2a+1> rI|.
Estimate the left-hand side by integrating on the smaller set B(i_q),, ()N {U < —QZfl }
— v——) (“(x)dr
( 2 BTT(:ET) 2 - ( )

m—1 9
> () / (=27 Cyar
2 B(l—a)m— (z)N{v< LB 2 _

ga+1

1\? fvkymtl VK
> (1-30) ()" oo o o< 25}

By the last estimate and (3.17), we get

VK 1\ 2 /1 20m=D
Bocar e {v< g} < (1-5) (545 ) B,

and finally

VK VK
’BTT(.’/ET) N {v < QQHH < ‘B(l,a)TT(:UT) N {v < 2a+1} + Na|B,_(x;)]

1 -2 1 2a(m—1)
1— — - N
( 2a) (2+c - )+ ‘

By taking a small and « large, we conclude. O]

<

| By, (2-)]
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Let us introduce the following quantities

ré\, 2
b= u-—. 1
p—— s (3.18)

=B—m)l{+6+
1 .
% )’ depending upon data and r, such

3./(3 1 3 1
that for every T € lzé, (Z + ?) 5] there exists s, € [(Z — %> 0,7 — 5‘7]175} , with

Proposition 3.11. There exists a number € € <O,

VK 1-m
sr <7< S+ (ﬁ) re. (3.19)

1
Proof. Suppose, by contradiction, that for every ¢ € (0, %), there exists a number

1
T E P J, (§ + —) (5] such that, for every

4 4 26
3 1
ERS |:<Z - %) 5,7_' - 87]b5:| = [tl,tQ],

7 does not belong to the time interval (3.19). By construction, this is equivalent to

3 VK 1-m 9
T>$—|—<2a+1> Ty-

By the previous inequality, the definition of r, in (3.15) and the Holder inequality, one
gets

VK )1—m (vin?)? c (vk)3—mnt

Y 2 Z Slar(—m) 2
<]l |Du(x, s)| das) <][ | Doz, s)[2** da;)
B

being ¢ the constant found in Proposition 3.4.

A

. : o _ 0 .
integrating on s € [t1,t5] and taking into account that 7 — ¢; > —, we obtain

%—s>c<

2p

Therefore

3—m,4 2
244 (VR) Ui 1 .
2 |Dv(z,s)|""dx > ¢ ( St DI—m) 7 5) ;
P

267
(vr)3—mpt 59 ¢ (
/ ]i ’DU x, 8 ‘2+€ dxds > ¢ (m) Z [(Enb)ii — 23£:| 0 2. (320)
Now, by (3.9), (3.11), and the definition of A, in (3.2), we notice that § can be written as
1-m 1-m r 1-m
5= (71+N()\T )li) . (7%,{) e (3.21)
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thus, putting (3.21) into (3.20), and thanks to (3.18), we have

(1—m)e

/ ][ |Dv(z, s)|** dads > T R [5—577—# — 236] (’Y%F&>_T p*
Ba,

> ¢ lH3mm 220 [g—gn—u - 23@] o,

(3.22)
: : . : 3 )
By the higher integrability result (3.4) with (xg,t) = (O, 1 5> ,R=2p, 0= TCHER and
p
3 1 3 1
- 2 _ - 2 _

we obtain

l2
/ ][ | Dv™ > dadr
t1 J Ba,
glf/m , ) 7fl>-\‘:1 DY
< c——; maxq 1, 61][][ v'dxdr /][ | Dv™|*dxdr.
(2/) g Bs, s1 J By

3 1
Notice that the interval [t,t,] is included in [ty — 0R? to + OR?] = [tl, (Z + %) (5] :
On the other hand, thanks to (3.12)

t t
/2][ |DUm|2+ZdZUdT:m2+Z/2][ U(m—l)(2+ﬁ)|DU|2+€
t1 ng B
m—1)(2+4)
Z cm2+f ( ) / f ‘DU‘2+£.
B,

Therefore, using again (3.12), we get

/ ][ ‘DU‘2+€
Bap
(1—m)(2+4¢) %
<c <E) o ;- max 1, (0 m—1 —)
7 (2p)"

(YA k)L
28

Z/\T

/][ | Dv™|*dxdr.
Byp

Taking into account (3.21), we rewrite 0 = , and the previous inequality can

be rewritten as

t2
/ ][ |DU|2+€
t1 BZp
2rmt

Iy

m—+1

Ar >\r 2 1—-m 52

LenmmHEHY 21-m)+e xJ- —max q 1, vz / ][ | Dv™|*dxdr;
p n Bap
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Ar 21—m
since . > 1, we obtain
fr’T’
t2 oA, 1 52
/ ][ DU < enfmDEr0- 5 20mmee L / ][ Do Pdzdr. (3.23)
t1 sz p S1 B4p

Now, we want to estimate the integral on the right-hand side of (3.23): in order to do

o
this, let us write the energy estimates (3.3) over the cylinder Bsg, x (5, 5> for the level

K
¢ —, being ¢ = ((x) a non-negative, piecewise smooth cutoff function in Bg, which equals

1 on By, with |D(| < ¢(4p)~!, we obtain

é o
/ / |Dvm|2dxdT:/ / D™ — k™) dedr
S JBy, ¢ JBy,
_ (H)m+1+ (K)Qm 1
<ci |l = =
7 n)  (4p)?

By (3.21) and recalling that n < 1, one gets

| Sq

}|38p"

m+1

J K
/ / ‘D’Um’Q dxdr S CW ‘ng’.
S JBy, n

2

J
Thus, noticing that [s1, s9] C <§, 6) and relying on (3.23), one obtains

to
o rlAr 1
/ ][ ’DU’2+€ < cnﬁ(m D—2-775% H€+3 m7
t1 Ba, P

Finally, putting this together with (3.22) yields
5 <ot 23t

and again by n < 1, one gets

which contradicts our assumption e < 276. O]

Corollary 3.1. There exists a number o € (0,1), depending upon data and r, such that,

4 6

b

3 3 1
for every T € {Z 0, (— + 2—) 5} , there exists s, < T for which ry > 20%77%p and
n

1-mpYK
{U(-)t) Z W} N BTST (xs.,-) Z |Bf,~s7_ (Z'ST)|, (324)

A

for all

b VE N o <
T — 01 <2a+1> ry, <t T
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3 3 1
Proof. Fix 7 € 1 0, (Z + %) (5] and notice that, by the previous proposition, there
1 3 1
exist € € (0, ?) and s, € [(Z — %> 6,7 — anbé] such that (3.19) holds.
This implies
=8, 7] C VE N 3.25
[7—_577 77—]_ ST7ST+<2Q+1> T | - ( : )

Thanks to (3.21), we can write

2 20N N 1em
5:(W ) ()™ o

2r 20[-‘1-1 1=m
fyﬁ
14

4 vE \1—m 4
i=zo(zm)

setting

we get

Let us notice that

VK 1-m 9 _ VK 1—-m 9
TSST—l—( ) r §7—5n5+<2a+1) Ty ;

then

which implies r, > 20%17% p.

The following inclusion holds

1-m
|:7' —onp <22f1> riy} C [r —én’s, 1] :

indeed

VK 1-m 3
on’ <2a+1> 7’37 <enbs — r? < 4p%

which holds true by the definition of r, (3.15).

By (3.25) and the previous inclusion, it follows

b VK 1-m 9 VK 1-m 9
T —o0n <2a+1) T T - ST,ST+<2a+1> ro |-

We conclude by Proposition 3.10, which ensures

1 vk \1-m
> Z|Br37(xr)| Vit e (ST7ST+ (2a+1> T?—}

VKR

v(t) 2 5 ¢ N B (2r)
602 5]
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3.4 Conclusion
We are now ready to obtain a lower bound for the infimum of v.

Proposition 3.12. There exist two positive constants ¢ and d, depending only upon data
and r, such that
inf v>en? k. (3.26)
Bupx[38,(§+55)9]

3

3
Proof. F -9, =
roof. orany76[4,<4

1-m
lary such that (3.24) holds for every t € (7’ —on’ <23i1> rZ, T]. Then apply Propo-

1
+ %> 5] fixed, there exists s, < 7 as in the previous corol-

sition 3.5 to the function v with y =z, , p = r,, and M = 771—bm This guarantees

T 2a+1 :

the existence of £ € (0, 1), depending upon the data and o, such that

?}<$7t) > £M Yo € B27‘ST (stT)’ Vte (7- _ %lemTQ Ti|-

S70

If we take
s € (7’ — %lemri + o (EM) ™ (2r, )2, T], (3.27)

S

then the following inclusion holds

(s = oteany—@n, 8| € (7= Gartm 7).
Therefore, in particular
oz, t) > EM Vo € B, (24,), Vi € (s — oMY (21, )2, s]

So we can apply once again the expansion of positivity, obtaining
vz, t) > EEM Vo € By, (24,), Vi € (s . %(gM)l—m(%)?, s]

Denoting again ¢ the smallest between ¢ and ¢, and considering all the possible s in (3.27),

we get

v(x,t) > &M Va € By, (xs,), Vt € (7’ — ng_mri + 7

: (M) (2r ).

N |

After j iterations, one obtains

U(Ia t) > éjM Vo € BQjTST (xsf>
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for all times

j—1
Oam-m 2 | 93r-m 2 1—myi

te <T = IMTE 4 S ;(45 ) ,T] (3.28)

Recall that, by the previous corollary, ry > 20%7)%/). We choose j such that 6p <

2 Htlg3n3p < 20p,  which is true if
j = [loga(307 4 H)] +1,

where [-] denotes the integer part.

In this way By, C Byj,, (7, ), as v, € Bs),, and

1 log, %
¢ > gglogg(aa*%n*% — (30 2y e )lomd = ¢ (0_2) n2 o8z ¢
- 3
Thanks to these remarks and substituting the value of M selected before, one gets
1 log, %
02 blog, 1y b VK

woze(Z) i e,
and for all times ¢ as in (3.28).

b 1 b
Setting d = = log, - + —— + 1, we conclude the proof. m

2 E 1—m

We can finally conclude the proof of our main theorem.

Proof of Theorem 3.1. Thanks to the comparison principle and to (3.26), we get

inf u > inf v > en? ik,

Bipx[35,(3+56)9)  Bapx[35,(3+55)8

and by Proposition 3.8

BN

sup u<c—.
Bp)([%,&] 77
2

It follows

) c
inf u>=-n" sup u.
Bapx[36,(5+55)9] ¢
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Part 11

Improved regularity for some

Dirichlet problems

o7



Chapter 4

Existence and regularity results for
solutions to non-coercive Dirichlet

problems

In this part we are interested in the existence and regularity for solutions to the following

Dirichlet problem

{ ~div (M(2) Du) = —div (Jul" wE(@)) + f i Q (4.1)
— on 0f),

where 2 C RY is an open bounded set, N > 2, M is a symmetric elliptic matrix with
measurable and bounded coefficients, E and f are measurable functions satisfying suitable
summability properties and 0 < 0 < 1.
The main difficulty of our problem is due to the non-coercivity of the nonlinear differential
operator
ur— —div (M(z) Du — |ul’"' u E(z))
In the case # = 1, and if p > 0 is sufficiently large the problem
—div (M (z) Du—uE(x)) + B(x)Du+ pu = f(z)  inQ
{ u=20 on 0f)
is coercive and existence and regularity of the weak solution have been studied by Stam-
pacchia in [62, 63], assuming |E|, |B| € L™ ().
Nonlinear problems of the same type have been considered in [9, 10].

Recently, Boccardo in [7] dealt with the non-coercive problem
{ —div(M(z) Du) = —div (uE(z)) + f  in Q

(4.2)
u=0~0 on 0f)
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CHAPTER 4. NON-COERCIVE DIRICHLET PROBLEMS

establishing existence and regularity results for solutions, depending upon the regularity
of the data. Our results can be regarded as an interpolation between the linear case and
(4.2), corresponding to §# = 0 and 6 = 1, respectively.

Let us state our assumptions and our results.

Throughout this last part we assume M : Q@ — RY” to be a measurable matrix such that

Ja>0: M(x)¢-€ > aléf? for a.e. x € Q, V& € RY, (4.3)

A6>0: |M(z)| <p for a.e. x € Q. (4.4)

Let £ : Q — RY be a vector field and f : © — R be a measurable function with the

following summability properties
Bl € L(9), fe L), (4.5)

where the values of ¢ and m will be specified later and will be different in our different
results.

Let us define the exponents

2N

1=q0) = —F—— 4.
mN
N: a 8 = 2 . 4
= q(6m) = max {2, (4.7)
. _ . 2N
Remark 4.1. Notice that 2 < ¢ < N and if N 12 <m < 5 We can compare our
exponents as follows
2<q0) <ql,m) <N q Gﬂ = q(0) Vo € (0,1)
q — q 7m ) q 7N + 2 - q ) .

N | =

Moreover, in the case m = 1, the exponent § equals 2 if and only if 0 <

Our results can be summarized as follows

N
o if m > 0 and ¢ > N, then v € H}(Q) N L>(Q2) (Theorems 4.1 and 4.5);

2N N .
o if N3 sm< and ¢ = ¢, then uw € H}(Q) N L™ (Q) (Theorems 4.1 and 4.2);
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2 .
eifl<m< I and ¢ = ¢, then v € W, (Q) (Theorem 4.3);

+2

e if m=1and g = §, then u € W, ?(Q), Vp < (Theorem 4.4).

N -1

Furthermore, the presence of the nonlinear term allows us to obtain existence of weak

(or distributional) solutions to (4.1) under weaker assumptions on the summability of £,

namely
: N _ 1
o if m > 5 and g = ¢, then u € Hj(2) (Theorems 4.1);
. 2N 1 N
e if 1 <m< N+2,q:2and§<9<m,thenuewg’p(Q),
2N(1—6)
Vp < W (Theorem 44)

4.1 Approximate problems
For any n € N, let us denote by 7}, the usual truncation

s if [s| <n
T.(s) =

nif |s| >n
5]

and let G,(s) = s —T,(s).
Following the approach of [9],[10], for any n € N, let u,, € H}(Q) be the weak solution of

the approximate problem

—div (M (z) Du,,) = —div

] + fu (4.8)

where f,, = T,(f).
The existence of u,, follows by Schauder fixed point theorem and, thanks to Stampacchia’s
regularity theorem (see [62]), u, is bounded.

Throughout this section, we fix n € N and call for simplicity w a solution of (4.8).

All of the following estimates will not depend on n.
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Lemma 4.1. If |E| € L*(Q) and f € LY(Q), then the solution w of (4.8) satisfies

([ 1oett + ) <c([1e+ [ 1) (19)

where ¢ is a positive constant depending only upon o and the Sobolev constant S.

Proof. Take 1 —|f—w|| | as test function in the weak formulation of (4.8) and use the fact
w
that
jwl’ £
1+—>1 1+—2>1, |ful < |fls (4.10)
n n
to obtain Duw. D |D |
w - Dw w
[y Toe < [ le g o+ [ 1
Q (1+ |w|) 1+ |w] 1+ |
jwl” jwl’ |w]
By (4.3), the fact that < 1, Young inequality and <1, we
r ) T fu] = e = 1 Youne ineauality and p < Lo

get

Dwl? L@ Duw|?
o (14 |w])? 2a (1 + [w|)?
Now, observe that
| Dw|
1+ |w|
and apply Sobolev inequality to find

s ([ ost s b ) <% [ prostv < - [ 1+ [ 1

= [Dlog(1 + |w])]

O
Let us now introduce the following notation
A = A{|w| > k}nQ.
Remark 4.2. For any ¢ > 0, it is possible to choose k. such that
\Ak|2l* <eg, for every k > k.. (4.11)

Indeed, thanks to (4.9), we obtain

2
2%

log(1 + K)? [ A # < (/ og(1+ ful) )

<(/ >) ([ i),
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4.1.1 Finite energy solutions

2N
Here we consider the case of finite energy solutions that corresponds to taking m > N2
Let us recall that for any 6 € (0,1)
2N N 2N
i >q if < - 10 ~—5 ) = 40).
Q0.m)2a0) s <m< i(0.525) =1

Lemma 4.2. If |E| € L*(Q) and f € L'Y(Q)), then, for every positive number k, the
truncation Ty(w) is bounded in H}(Q). More precisely,

[iotiwp<e(e [1per [ 1), (1.12)

where ¢ is a positive constant depending only upon «.

Proof. Taking Tj(w) as test function in the weak formulation of (4.8) and using again
(4.10), we get

/M ) Dw - DT}y (w /|w| |E| |DT;(w |+/|f| Ty (w

Then, by applying (4.3), Young inequality and the fact that |7} (w)| < k, one obtains

1 o
o [IDTP <o [ PP+ S [ PPk | 171,
Q & J{w|<k}INQ 2 Ja Q

which implies (4.12). O

Lemma 4.3. Assume |E| € Li(Q)), with q¢ as in (4.6), and f € L™(QY), with m >

2N
Ni2 Then, for every positive number k, the truncation Gi(w) is bounded in HE(S).

In particular,

[ 106G < e (1B + 82 [ 1BE 4111, ) (4.13)
0 Ak N+2°
where ¢ is a positive constant depending upon o and the Sobolev constant S.

Proof. The use of G(w) as test function in the weak formulation of (4.8) and (4.10) yields
| 26@) D DGiw) < [ ful'|E11DGuw)] + [ 1£11G(w
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Notice that
lw| = |Gr(w)| + k in Ay,
which implies the existence of a constant ¢ > 1 such that
lw|” <& (|Gr(w)|” + k%) in A (4.14)

Then, by (4.3), (4.14), Hélder and Young inequalities, and observing that, thanks to (4.6),
6 1 1
§+5+§:1,wehave

o / DGy (w)]? <e / (G (w) | E| | DG (w)| + & / |B| |DGa(w)| + / F11Gr(w)
Q 0 Q Q
5k29 9
Bl DGl + 5 [ 151
A
+ 22 DGL() I3+ 1Lz, 4, IGh(w)

<¢||Gr(w)

0
2%

2*.

2
By choosing € = % and by applying Sobolev and Young inequalities with exponent 01
c
we get

o [1DGu(w)P
Q
<c{ 1Bl DG g+ [ 152}
k
(0%
+5 [ 1DGUw) + 3171 g5, 0, IDGe(0)]:

25 20 2 2 «Q 2

<c{ B + & [ \BE 11y, )+ 5 [ 0GP,

where ¢ is a positive constant depending upon « and S.

This last estimate implies the thesis. O

Remark 4.3. The function ¢ = q(0) defined in (4.6) is increasing with respect to 6 and
2<g< N, since)0 <0 <1.

Furthermore, § converges to N in the limit case  — 1.

Corollary 4.1. Assume |E| € LI1(Q2) and f € L™(Q), with m >
solution w of (4.8) is bounded in Hy ().

Then a weak
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Proof. By (4.12) and (4.13)

/|Dw12:/|DTk(w>!2+/ | DGy (w)l?
Q Q &
<c (12 [ 1Pk [ 11+ 1B + 100, )
0 0 Nt2°

. 2N
Lemma 4.4. Assume |E| € L1(Q), with § defined in (4.7), and f € L™(Q2), with N2 <

N -
m< 5 Then a weak solution w of (4.8) is bounded in L™ (£2).

|G (w) PV G(w)
- 2\ — 1

with A = n;—*, which is greater than 1 thanks to our choice of m. In this way

as test function in the weak formulation of (4.8),

Proof. Choose ¢ =

Dy = |Gi(w) "V DGy (w),
and using (4.10), we obtain

/QM(x) Dw |Gk(w)|2(’\_1) DGy.(w)

1
S/\wlelE! |Gr(w) PV DG (w)] + /IfHGk(w)\”_l~
a 2A —1 Jg

Thanks to (4.3), (4.14), Young and Hélder inequalities

o / G (w) PO [ DG (w)?
Q

<c / (G () 20D | B| | DGi(w)]| + 2 ? / |E| [Ga(w) POV | DGy (w)]
Q Q

s G

(0 _ _
SE/Q’Gk(w)F(/\ 1)|DGk(w)‘2+C{/Q|Gk;(w)’2(9+)\ 1) ]E|2

12 [ GUw) PO BP + | ( / |Gk<w>|m’<”-”) }

_|_
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By the previous estimate and by Sobolev and Holder inequalities again, one finds

Y ‘Gk(w)‘m); <s* [ |DIGu(w)Pf
<o{ (f,9)' ([
(. 'E'q) ([ et )) A
+WMWM(LK%WWM%D)m}

where ¢ is a positive constant depending only upon a and S.
Observe that

2(0+2—1)

) PEDY

2A-1) _200+A-1) _ 2
2\ 25\ 2

i<3<:>1—i<1—3<:> <E
2 m N e
and also that
m'(2\—1) =

Therefore

2 2(0+A—1)

2% 2%\

() sl (o

2(A—1)

o () (e
([ 6000 )W}.

Let us now recall the general fact that, if a is any positive number verifying the following

inequality
a? < ki + koa" with p > r and ki, ky > 0,
then a is bounded. As a consequence, the thesis directly follows by (4.15). O]

Remark 4.4. The quantity ¢ = (0, m) defined in (4.7) is an increasing function of 6 and
m, which converges to N when 6 — 1. One can see that, under the assumptions made on

m,2<q<N.
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4.1.2 Infinite energy solutions

In this section we will treat the case in which

W\
N +2

In this case our problem does not admit weak solutions, but distributional ones.

feLm™Q), with 1 <m <

Let us introduce now

~ 2N —m(N +2)
0 .= 4.16
2(N —2m) ~’ (4.16)
and let us observe that 6 € (0,1).
N
Notice that, while in the case of finite energy one had ¢ > 2, for every N2 <m< 5
(see Remark 4.4), now the exponent ¢ satisfies
(0, m) > 2 if and only if >0, (4.17)

and g(0,m) < N.

Lemma 4.5. Assume |E| € LI(Q), with G as in (4.7), and f € L™(Q), with 1 < m <

2N % %k
Ni2 Then a distributional solution w of (4.8) is bounded in L™ (£2).
Proof. Take

14+1|G |
LY Ik

as test function in (4.8), with

*k

2*

’y =
1 .
and observe that 5 <~ < 1. In this way
Dy = (1 + |Gy (w)])* VDG (w).

Thanks to these choices, (4.10), (4.14) and Hélder inequality

/QM(” @+ [Ge(w)])20-7

_ DGk( DGk( )
< ‘)E k"/ E

( [a+iGiopen)”.
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Now, let us apply (4.3) and Young inequality to get

&/( | DG (w)|”

2 Jo (1 + [Gr(w) )21

Sc{/(1+IGk(w)I)Q(M_”\EI2+/<?29/ 2
Q

A

+ [ fllm. (/Q(l + IGk(w)I)m'm‘”)é/ }

By Sobolev inequality, and observing that m/(2y — 1) = 2*y = m**

([ ]+ 16uns -1

< { | @+l e BE 4l ( [ax \Gk<w>\>m**)”l”} .

Now, we have to take into account the sign of the exponent 6 + v — 1.
If 6+~ —1 <0, which happens if and only if 6 < 0, then

) <5 [ Dl + fGutw)ly - 1

(1+ |Gr(w) )" < 1,

therefore

2
*

(/ (1 + |Gelw)) % - 1\2*)2
< c{(l + k%) /A [EP + 1 [l </Q(1 + IGk(w)!)m**)"l“} |

2
and we conclude by observing that — < 7
m ~
On the other hand, if § +~ — 1 > 0, which happens if and only if § > 0, we can apply

2"y
Holder inequality with exponent —————
Aty P 200+~ - 1)

(/ﬂ’“*‘Gﬂw)\)“ﬁ*_lf);

2(y+6-1)

gc{ </§2(1+|Gk(w)|)2*”> B 117 4,

+k;29/A B + 11 fllm,a, (/Q(l i |Gk(w)y)m**>m' }’

2 0—1 2
and we conclude just by observing that % < > O
fy *

> 1 to get
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2N

Corollary 4.2. Assume |E| € LY(Q) and f € L™(Q), with 1 < m < N1

distributional solution w of (4.8) is bounded in Wy™ ().

Then a

Proof. In the proof of the previous lemma, we have just proved that Gy(w) € L?7 and

that
/ | DG (w)]?
o (1+|Gy(w)))* "™

77;* . Thanks to Holder inequality, we have

v [ IDGiw)™ J——
) /Q<1+|Gk< e ekl

: </ <1+U|DGC:’E<),)>’ 2= v>>2 ([ i)

2m* (1 —~)
2—m

is bounded, with v =

/Q DG (w

*

and the thesis follows by observing that = 2%. m

- 1
Remark 4.5. Let us observe that when m =1, 0 defined in (4.16) becomes 3

Lemma 4.6. Suppose f € LY(Q). If |E| € LY(Q), then a distributional solution w of
N
(4.8) is bounded in LP(S2), for every p <

N -2’

N
2(N — 1) and |E| € L*(Q), then a distributional solution w of
(4.8) is bounded in LP(QY), for every p < 2*(1 —0).

1
Furthermore, if 5 <l <

Proof. Choose

1= (14 |Gr(w)]) >
N 25 — 1

1
sign(w), with ;<0< 1,
as test function in (4.8), so that its gradient is
Dg = (1+|Gy(w)]) ™™ sign(w),

then by (4.10) and (4.14), we obtain

Dw - DGk / DGyy(w) 1
M FE +
/Q @) T 2(, B o 2, ]

—1
_ 0 DGk U) _10 k<w) 1
S"/Q‘G’“(“’)’ Bl o L et T
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Thanks to (4.3) and Young inequality, one has

Lo T%k%'f)% = (/ <|1G+(|?|<zﬁ>l o 1B [ )

and applying Sobolev inequality, one gets

2

( / [1—<1+|Gk<w>\>1“]2*)” <5 / D1 (14 [Gaw)) ]

20—0) | 1|2 20 2
Sc(/Q(H!Gk(w)I) B + & /Ak\m +/Ak\f|>-

Now, we have to distinguish two cases. When ¢ > 6, we can estimate

2

(LDeWL+WAwW1ﬂw)”§c<u+wﬁ)AJEF+[;U0. (4.18)

2*(1 — 0)

20— o) > 1 to have

When o < 6, we use Holder inequality with exponent

2
2

1—0 27\ 2

[l iG]
Q
200-0)_ N-20-0(N-2)
21—y )~ _aN(-o) N{i-0)
<c (1 + |Gk(w)|) |E|N—2G—B(N—2) (419>
Q A

+k”/|EP+/|ﬂ},

Ak: Ak

2(0 — 2
and we observe that M < —. Let us notice also that
2*(1—o) 2
2N(1 —o)
N —20 —0(N —2)

> 2.

1
We can then subdivide our argument. First of all, if § < 2 then ¢ = 2. Therefore,
1
assuming |E| € L*(Q), for any o > 5 We can apply (4.18), which yields Gy (w) € LP(Q),

with p = 2*(1 — o). As a consequence, by letting o — %, we obtain that Gi(w) € LP(Q),
N

N -2

On the other hand, if 6 > 1, then ¢ > 2, and we split our argument in the following

for every p <

way. If |E| € L*(€), then we apply again (4.18) choosing o = 6 and we obtain Gy(w) €
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L¥(=9(Q). Notice that 2*(1 — @) > 1 under the assumptions made on 6.
Finally, consider what happens for |E| € L9(Q2). If it is so, it is immediate to check that
~ 1

ON(1 - o)
f —. 4.20
N—2U—H(N—2)<q or every 0 > 5 (4.20)

1
Arguing as in the first case, but using (4.19) in spite of (4.18), by letting o — g we again
N
N -2

find G(w) € LP(Q) for every p < O

Remark 4.6. Consider the case when |E| has an intermediate summability, that is |E| €
L), with some 2 < q < G. By the previous Lemma, just using |E| € L*(2), we already
know that w € LP(Q), for every p < 2*(1 — 0). However, it is possible to say something
more. In fact, by the same argument of the Lemma, we obtain w € L* (=9 for every

1
3 < o < 6 for which

2N (1 —o0)
N 20 —0(N —2

A simple calculation ensures that (4.21) is equivalent to

N(2—q)+ q¢d(N —2)

o>0d(q,0) = ,
2(N —q)
and in turn ¢ s strictly decreasing in q, with
. 1 - .
a—>§ for q — q, o—0 forq— 2,
so that, in particular,
r .
— <0<

2

Summarizing, for any 2 < q < 4, we can say that |E| € LI(Q) implies w € L¥ 179,

Corollary 4.3. Suppose f € L*(Q). If |[E| € Li(Q), then a distributional solution w of
N
(4.8) is bounded in Wy (), for every p <

N-1
and |E| € L*(Q), then a distributional solution w of
ON(1 - 6)

N —20

1 N
Furthermore, if 3 <0< m

(4.8) is bounded in W, (), for every p < p(6) =
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Proof. When |E| € Li(Q), by the proof of Lemma 4.6 we know that

[, [ DG
1

L+ |Gr(w)])*
are bounded, for every 5 <o <1l

Take 1 < p < 2 and apply Holder inequality to get

/Q|DGk(w)|p :/ ( |DGk(w)|ppU (14 G|

o (14 Gr(w)))
DGL(w)]? e\ 2
< ([ SPAE ) ([ aviawn=) T
o (1+|Gr(w))) 0
Now, we notice that
2_p—2(1 o) if and only if P="N 05

1 _
and letting 0 — =, we conclude the proof for the case |E| € L1(1).
When |E| € L*(Q), we proceed almost in the same way, just replacing o by 6 and observing

N
that p(6) > 1 is equivalent to 0 < m ]

4.2 Passing to the limit

In this section we will prove existence and regularity for solutions to problem (4.1).

_ 2N
Theorem 4.1. Assume |E| € L1(QY), with § asin (4.6), and f € L™(Q2), withm > N1o
Then there exists a weak solution v € H} () of (4.1), that is
/ M(z)DuDv — / '~ w E(z) Do + / fo Vo € HX(Q). (4.22)
Q Q Q
Proof. Let u, be a weak solution of (4.8). Then, for every n € N, we can write
/ M (z)Du, Dv = [ Qﬁ —Dv + / fnv Vv € Hy (). (4.23)
Q o 1+ % I+ % Q

We want to pass to the limit in the previous equality. We start observing that

4 = |un|0—1un
gl
n
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is bounded in L%(Q), since

2* 2*
/l%\e S/qul"—/wn
Q Q Q

and the integral on the right-hand side is bounded thanks to Corollary 4.1.
K

1+ 2

z Vn € N,

Now, converges to E in L(2) and ¢,, weakly converges to a function in L% (Q).

Again by Corollary 4.1, u,, — u in L*(2) and then it converges a.e. up to a subsequence.
This implies ¢, — |u|’' u a.e., therefore ¢, — |ul?u in L7 ().

Moreover, f,, converges to f in LQ*/(Q)

*

Finally, by the fact that Dv € L*(2) and that the exponents 2, g, 7 are conjugated, we

can pass to the limit in (4.23) finding (4.22). O
Proceeding as in the previous theorem we can prove also the following results.

Theorem 4.2. Assume |E| € Li(Q), with §¢ defined in (4.7), and f € L™(S), with
2N N .
<m < 5 Then there ezists a weak solution w € L™ () of (4.1).

N
. Then there

Theorem 4.3. Assume |E| € LY(Q) and f € L™(Q), with 1 < m < N3

exists a distributional solution u € W™ (Q) of (4.1).

Theorem 4.4. Suppose f € LY(Q). If |E| € Li(Q), then there erists a distributional
solution u of (4.1), which belongs to Wol’p(Q), for every p <

N-—-1

1 N
Furthermore, if 5 < 0 < ) and |E| € L?(Q), then there exists a distributional
2N(1—4¢
solution u of (4.1), which belongs to Wy *(Q), for every p < p(f) = N(—QQ)

4.3 Bounded solutions

We conclude this chapter by showing the boundedness of solutions, for which we need
further regularity assumptions on £ and f.

We follow the lines of [7], which use a standard technique due to Stampacchia (see [63])).

Lemma 4.7. Let () :|hg, +00] = R be a non-negative, decreasing function such that

N Yk > h > hy,

p(k) < = hy
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being ¢, 0,0 positive constants. If 6 > 1, then
QD(]'LO + d) == O,
with d° = ¢ [p(ho)]* 257

N
Theorem 4.5. Assume |E| € LY(2), with ¢ > N, and f € L™(R2), with m > 5 Then
there exists a weak solution u € H}(Q) N L>(Q) of (4.1).

Proof. Let u € H}(Q) be a weak solution of (4.1), which exists by Theorem 4.1 and let

us take as test function

0 if |u| <k
u k )
v = Tee TR
T ifu<—k
1l—u 1+k
to get
Du - Du Du
Lo T [ e s+ [ 1
Qn{|ul>k} + [ul Qn{|ul>k} + |ul Q
|u|® Ju|®

By (4.3), the fact that

T ol = 0+ [u])? < 1, Young inequality and |¢)| < 1, one has
u u

«Q Dul? 1
o/ e [ e[,
2 Jonqusky T+ [ul?> 7 20 Jonquisky QN {Jul>k}

and putting k = e — 1, one gets

Dlog(1 + Jul)? < / (IEP +1f]).

/Qﬂ{log(l+u|)>h} QN{log(1+]|u|)>h}

Let us denote by
v =log(1 + |ul), g=1E"+Ifl,

N
and let us observe that g € L™(Q2), with m > 5 Now, we introduce the notation

Ay = Q0 {Jv| > h},

[1pGuwpe= [ o< ol
Q Ap Ap

in this way
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Applying Sobolev and Holder inequalities, we get

([ 16

Ag g Ah? ’Gh(U)’ Z ¢{—h in Ag,

2
: ) < cllgllm,a, |Anl' 7. (4.24)

Take ¢ > h > 0, then

and therefore (4.24) implies

2
— 2 A\ 2 — 1
(6= n2) A < ( [ G ) < cllglhn i, 1Au[1.
¥4
It follows
_ c 2" - 281
|4y] < (=L gll, 2 5, 1A= (=5,

_ 2* 1
so we can apply Lemma 4.7 to the measure of the set A, with § = 5 <1 — —) which is
m

greater than 1 if and only if m > —.

This tell us that |v|] < d a.e., where d is a positive constant depending only upon

|2, N, E, f. So u is bounded and our proof is complete. O

Remark 4.7. We want to stress what follows. In all our results we have needed weaker
assumptions on |E| than those in [7] for the problem (4.2), corresponding to the limit

case 0 = 1. Instead, in this last result we used the same hypothesis as in [7]. This is

however not surprising because, when m approaches 5 G(6,m) converges to N for every
6 e (0,1).
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