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Introduction

The work of this thesis is devoted to the elliptic solvers in arbitrary regions
on a regular Cartesian grid. In particular, the thesis concerns the analysis
and the application to Gas Dynamics, of the Coco-Russo method [9, 10],
which represents a generalization of the finite-difference method for the el-
liptic equations on arbitrary domains.

We are interested in the numerical study of elliptic equations in arbitrary
domains because they arise in a wide variety of applications, such as diffu-
sion phenomena, fluid dynamics, charge transport in semiconductors, crystal
growth, electromagnetism.

Depending on the elliptic problem we want to solve it is possible to impose
several kind of boundary conditions (Dirichlet, Neumann, mixed). Because
of the arbitrariness of the domain, if it is immersed in a grid, the border may
not be aligned with the grid itself. Special treatment is therefore required to
impose at discrete level the boundary conditions and in this regard several
techniques have been developed.

In the Finite Element Methods (FEM) [25], discretization is carried out
through the creation of a grid composed of finite elements of coded form
(triangles and quadrilaterals for 2D domains, tetrahedra and hexahedrons
for 3D domains) to fit better the boundary. However, this method has disad-
vantages. In the case in which we consider moving boundary, a regeneration
of the grid is necessary in each temporal phase, which makes the method
expensive. For this reason a Cartesian grid method is preferred along with a

10
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level-set approach [23, 27| to keep track of the boundary in each time step.
There are methods that make use of irregular Cartesian grids. For example,
in the Shortley-Weller discretization [30], the authors discretize the Laplacian
operator with the usual central difference, which makes use of a symmetrical
stencil, for the internal points away from the border. For internal points
near the boundary, the symmetrical stencil is replaced by a non-symmetrical
stencil. In this case the boundary conditions are imposed on the points
coming from the intersection of the grid with the boundary of the domain.
The Shortley-Weller method produces second-order accurate solutions for
the Dirichlet problem, but it has a limit. Indeed, it cannot be immediately
applied in presence of Neumann boundary conditions. In [13] the author
develop a second-order method for the variable coefficient Poisson equation
on an irregular domain with a simple discretization that leads a symmetric
matrix. The value at the ghost nodes is assigned by linear extrapolation.
This method, however, is valid only for Dirichlet problems.

We present the method in [9, 10], in which the authors, who use a moving
boundary, propose a technique that makes use of a regular Cartesian grid, in
order to overcome the limits present in [25]. Unlike the method of Shortley-
Weller, to maintain the symmetry of the stencil even for internal points close
to the boundary, they use extra grid points, called ghost points because they
do not belong to the domain but are involved in the discretization of the
elliptic equation in question. For each ghost point we consider its projection
F on the border of the domain. It is precisely in the point F that we impose
the boundary conditions through a polynomial interpolation procedure [22],
whose interpolation error can influence the accuracy order of the method in
the case in which we impose mixed boundary conditions. Various numerical
tests confirm the convergence of the numerical method in one, two and three
dimensional cases. Hence the idea of applying the method to the numerical
schemes of Gas Dynamics to solve Euler equations in domains with obstacles
with complex geometries.

Already, in [8] the authors construct a explicit finite-difference shock-capturing
scheme for the numerical solution of the Euler equation of gas dynamics on
domain with circular obstacle. The method is based on discretizing the Euler
equation on a regular Cartesian grid. However, this method is affected by the
spatial restriction imposed by the CFL condition to guarantee the stability
of the numerical method.

In [3] the authors propose a family of simple second order accurate semi-
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implicit schemes for the numerical solution of Euler equations of gas dynam-
ics on bidimensional domains in absence of obstacles. These methods are
(linearly) implicit in the acoustic waves and thus they eliminate the acous-
tic CFL restriction on the time step. The idea leading to the construction
of these semi-implicit schemes is that in the low Mach number regimes the
acoustic waves carry a negligible amount of energy and thus have a negligi-
ble influence on the solution, but impose a very restrictive CFL condition if
one uses an explicit scheme to solve them. A implicit scheme to solve the
system would be more difficult to solve and would have the drawback to intro-
duce an excessive dissipation on the slow waves. Therefore, a semi-implicit
scheme avoids the CFL condition for the acoustic waves and maintains a
good accuracy on the more important features of the flow. In this method
the differential operators in space relative to convective or material fluxes are
explicitely discretized with Lax-Friedrichs fluxes and the operators relative
to acoustic waves are discretized implicitely with central differences.

These two works [3, 8] have suggested us the construction of a semi-implicit
method for Euler equations on bidimensional domain in presence of obstacles
with complex geometries, eliminating the restriction on the time step present
in [8]. We have also provided an alternative technique to the iterative method
proposed in [8], which allows us to impose the boundary conditions of the
obstacle by solving a linear system.

As already mentioned, in both applications (elliptic problems and Gas Dy-
namics) the spatial discretization is performed on a uniform Cartesian grid,
while the boundaries can have an arbitrary shape.

The thesis is therefore divided into two parts. In the first part (Chapter
1, Chapter 2 and Chapter 3) there is an analysis of the convergence of the
method applied to the Poisson equation, while in the second part (Chapter 4
and Chapter 5) the method is applied at the Semi-Implicit schemes for Gas
dynamics on domains with obstacles.

The structure of the thesis is as follows.
Chapter 1 is a description of the Coco-Russo method in one, two and three

spatial dimensions. To impose the boundary conditions on the projection of
the Ghost points we use the interpolation procedures, which can be linear or
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quadratic. We have impose several kinds of boundary conditions: Dirichlet
boundary conditions or mixed boundary conditions. The interpolation error
is computed in all cases. At the end of this first chapter, we also presented
how it is possible to symmetrize the discretization matrix and how the sym-
metrized matrix can somehow influence the stability of the numerical method.

In Chapter 2 we present the numerical results both for the Dirichlet problem
and for the mixed problem, whose aim is to highlight the stability and conver-
gence characteristics of the numerical method. For each problem (Dirichlet
or mixed) were compared the numerical results obtained by performing linear
interpolations and quadratic interpolations to impose the boundary condi-
tions. Therefore, several features are studied with different norms (L', L?
and L*): the asymptotic behavior of the norm of the inverse matrix of the
method, of its spectral radius and of the inverse of the Schur complement
of the matrix to highlight the stability characteristics of the Coco-Russo
method, the asymptotic behavior of the consistency error 7, and of the error
e, to highlight the characteristics of consistency and convergence of the nu-
merical method, respectively. For Dirichlet problems the Coco-Russo method
is second-order accurate. Depending on the discretization of the boundary
conditions for mixed problems (linear or quadratic interpolation) the Coco-
Russo method can be first or second-order accurate.

In 2D we have chosen two different arbitrary domains: a square, that repre-
sents a simple extension of the one-dimensional case and a circular domain.
In 3D we have chosen only a spherical domain, that it is an extension of the
2D circular domain.

The Chapter 3 consists in a theoretical convergence analysis of the Coco-
Russo method. The consistency error are computed both for Dirichlet prob-
lems and mixed problems with linear and quadratic interpolations in one,
two and three spatial dimensions. In one-dimensional space we present two
convergence proofs of the numerical method for the Dirichlet problem, one
of which makes use of M-matrices, which confirm the second order accu-
racy, and a proof which makes use of Toeplitz matrices which confirms the
stability of the Coco-Russo method in co-norm, already highlighted by the
numerical results presented in Chapter 2. We have proved instead that in 2D
the discretization matrix is not a M-matrix as in the one-dimensional case.
Thus the stability and convergence of the Coco-Russo method in 2D is still
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an open problem.

Chapter 4 is devoted to a review on numerical methods for hyperbolic
systems of conservation laws. In particular, we stressed the importance of
constructing non-oscillatory semi-discrete schemes for Isentropic and Com-
pressible Gas Dynamics. At the end of this chapter we also present an appli-
cation of the Coco-Russo method for the construction of a finite-difference
semi-discrete scheme for Euler equations on a two-dimensional domain with
obstacle [8]. However, these schemes are explicit and therefore suffer from
the restriction on the time step imposed by the CFL condition to guarantee
the stability of the numerical method.

In Chapter 5 we present the idea of [3] for the construction of Semi-Implicit
Methods for the Gas Dynamics that do not suffer the usual CFL stability
restriction of explicit schemes. Various numerical tests present in [6, 8, 20]
have been presented to highlight the characteristics of the method. Further-
more, we have implemented a semi-implicit version of the method proposed
in [8] and we presented numerical results first considering the simplest case
of a square obstacle and then the more complex case of a circular obstacle.



Coco-Russo method for the Poisson Equation

In this Chapter we deal with the description of the Coco-Russo method in ar-
bitrary regions on a regular Cartesian grid in one, two and three-dimensional
cases. As we will see, this method uses a polynomial interpolation technique
to impose the boundary conditions. For each problem (Dirichlet or mixed) we
describe the Coco-Russo method both by performing the linear interpolation
procedure and by performing the quadratic interpolation procedure, calcu-
lating the interpolation errors, which will help us, as we will see in Chapter
3, to evaluate the consistency of the numerical method.

One of the advantages of using Cartesian grids lies in the fact that second-
order accuracy can be achieved in a simple way. In the case of a moving
domain is very useful to use regular Cartesian grids. Indeed, for example,
in the Finite Element Methods the discretization is carried out through the
creation of a grid composed of finite elements of coded form to fit better
the boundary. But, in presence of moving boundaries, a grid regeneration
is needed at each temporal phase, which makes the method expensive. For
this reason a Cartesian grid method is preferred together with a level-set
approach to keep track of the boundary at each time step. However, in this
work we have considered the case of a fixed domain.

We introduce the theory for the elliptic operators [15].
Elliptic operators

Let L be a linear real second order partial differential operator defined on a
bounded and connected open subset © of R? (d = 1,2,...) with boundary

15
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' = 00. For any u € C*(2), we define

d
Z 533 5% () + Zaz‘(fc) SZ () + a(z)u(x), for allz € Q,  (1.1)

for some real-valued functions a;; (1 <1i,7 <d), a; (1 <7 <d) and a defined
over §2.
In the case in which L is the elliptic operator: Lu(z) = —Au(z), and thus

n (1.1) we assume: a;;(z) =0 (i # j), a;(z) =0 and a(x) = 0.
To guarantee the uniqueness of the solution of the Dirichlet elliptic prob-
lems

Y

Lu(z) = f(z) =z €,

u(z) = g(x) zel
with f and g assigned functions over €, it is necessary that L satisfies the
mazimum principle: given any ¢ € C°(Q)NC?*(Q) with Lo < 0, for all x € Q,
it follows that

max {(b(x);x € (_2} < max {0, max {¢(z);x € T'}},
and the solution, if it exists, is the function ¢ € C°(I') N C*(Q2) given by
= [ G@.0f(©)ds + [ Golw,€)g(€)doe, v € Q,

where GG e Gy are the associated Green’s functions.

There is a discrete analogue of the maximum principle, known as the dis-
crete mazimum principle, which ensures the stability of the finite-difference
method for the Dirichlet elliptic problems on non-arbitrary two-dimensional
domains. For more details see [21].

We present now the Coco-Russo method suitable for arbitrary domains.
Coco-Russo method

Let d > 1 an integer, the prototype of elliptic equations is the Poisson
equation:

—Au=fin Q C RY,
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where v : 0 — R and f : 2 — R are the unknown function and the source
respectively, and in which we can impose several boundary conditions:

{—Au =f in () (1.2)

Bu=g inl’

where g : I' — R is an assigned function and B is an operator that depends
on the boundary conditions we impose.

We are interested in studying the numerical solution u; of the problem
(1.2), applying the Coco-Russo method. The Coco-Russo method is a finite-
difference method modified in the case of an arbitrary domain. We describe
the numerical method below.

We discretize the domain €2 with a regular grid consisting of the point P;;, .,
called grid points and characterized by a spatial step h along each axis of R
We assume that Q C [0,1]¢. The following figure (Figure 1.1) shows the
discretization of a domain €2 in two spatial dimensions. The black points are
the grid points.

0

0 n 1

Figure 1.1: Discretization of a domain © C [0, 1]?, choosing h = 0.1250. The
grid consisting of the point P;; = (z;,y;) and h = z;41 — x; = y;41 — y;, for
all 4,4
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Each grid point inside the domain 2 is called internal point. For each internal
points we consider its 2d neighbors. For example in the Figure 1.1 the inter-
nal point P;; = (z;,y;) has 4 neighbors: P;_1; = (;_1,¥;), Pix1; = (Tit1,Y;),
Pij—1 = (z5,yj—1) and P;j11 = (%;,y;41). Each internal point p;; = (z;,y;)
with its neighbors consitutes a 5-point stencil. In general in d spatial dimen-
sion we have 2d + 1-point stencil. The following figure shows, in the left the
3-point stencil (in one spatial dimension) centered in the point P;, and in the
right the 5-point stencil (in two spatial dimension) centered in the point p;.

3-point stencil 5-point stencil

Arbitrary domain [a,b]
Inside points : °
Ghost points

Arbitrary domain in 2D

If a neighbor does not belong to the domain {2 it is called ghost point. Thus a
ghost point is a grid point that it belongs to a stencil centered in an internal
point. We highlight in previous figure the internal and the ghost points. The
black dots are the internal points and the red dots are the ghost points. We
call ) the set of internal points and €2} the set of ghost points.

To discretize the problem (1.2) we proceed in two different ways.

In the internal points we use the usual finite difference method that appro-
ximates the second derivative of the solution u considering the Taylor Series
expansion. The approximation of the Laplacian operator (second derivative

of u) in P, ,;, involves the value of the numerical solution in the nodes that

-----

they belong to the stencil centered in P;, ;.

We use the notation u;, . ;, and f;, i, to denote the numeric value of the

functions v and f calculated at the grid point P;, ;.
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If we consider only the equations for the internal points, we obtain a lin-
ear system of |2} | equations and [} | + || unknowns.

To close the linear system we must write |€2f;| equations for the ghost points.
For each ghost point G we consider its projection F on the border and a
polynomial interpolation procedure at the node G and at its neighbors that
depending on the accuracy we want to obtain and also on the dimension d.
We will describe the problem of polynomial interpolation in more detail in
the following chapters.

The following figure (Figure 1.2) shows the projection of each ghost point on
the border; in this case the domain is a circumference (d = 2).

T T T T
1 *  Center of the circumference
O Projection of the ghost points on the border

o
Figure 1.2: Projection of the ghost point G on the border (in 2D)

We call €2} the set of points F which are the projections of the ghost points
G along the border of the domain Q. In particular, we call Q;” the set of
points F in which we impose Dirichlet conditions and we call ;¥ the set of
points F in which we impose Neumann conditions.

Proceeding as described we obtain the discretization of the problem (1.2):
—Ahuh = fh in th
Bhuh = gp in QZ ’

or in compact form Apu, = Fy,.
The aim is to prove that the numerical method is consistent, stable and con-
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vergent. In this regard, we recall the following result:
Given a linear problem with initial conditions, well-posed; a necessary and

sufficient condition so that a consistent finite difference problem is convergent
is that it is stable.
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1.1 Coco-Russo method in 1D

In order to study some properties of the discretization we start to analyze
the easier 1D problem.

The elliptic problem in 1D is:

{—um =/ injablc(01] (1.3)

Bu=y in

1.1.1 Dirichlet boundary conditions

We solve numerically the problem (1.3) imposing Dirichlet boundary condi-
tions. The problem becomes:

Discretization of the domain

First, we discretize the domain [a,b] C [0, 1]. We discretize the interval [0, 1]
with n 4+ 1 grid points; we call xg, x1,...,x, the grid points and h = % the
spatial step. We place the bottom extremity a between xy and x;. We can
choose to place the upper extremity b between x,,_; and x,, or fix it equal to
1 = x,,. In the first case we have two ghost points xy and x,. In the second
case we have only a ghost point z(, because b is a grid point. The following
figure (Figure 1.3) shows the discretization of the domain [0, 1] and hence
the discretization of the domain [a, b] in the case in which b is a grid point.

6 h
a

X a X4 X a3 Xy g

Figure 1.3: Discretization of the domain [a,b] with n = 5: the black dots
are the internal points, the red dot is the only ghost point. We impose the
Dirichlet boundary conditions in the blue dots a and b=x5=1
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Discretization of the problem

Now, we discretize the problem (1.4), starting with the case in which b is a
grid point.

In the internal points we use the finite-difference approximation for —u,,
using the 3-point stencil:

Uiy — 2U; + Ui

e Ci=1

Uy (7)) & — ooy — 1, (1.5)
where u; indicates the value that the numerical solution assumes at the point
x;. In this way we obtain a linear system of n — 1 equations and n unknowns
Ug, Uty - - -, Up—1 (in x,, we know the exact solution u(z,) = up). To close the
system we impose the Dirichlet boundary condition in the point a.

Discretization of boundary conditions Since the point a isn’t a grid
point we perform a linear interpolation procedure at the nodes xg and x;
or a quadratic interpolation procedure at the nodes xy, ;1 and xo and we
impose that in the point a the numerical solution (obtained through the linear
interpolation procedure or the quadratic interpolation procedure) coincides
with exact solution.

Second order accuracy on the border
Linear interpolation

The linear interpolation is

a polynomial interpolation

procedure in the case in
t¥2) which the interpolating nodes
are two. If the two known
data points are (x1,11),
o) (r2,Y2), the linear inter-
polant is the straight line
- passing through these points.
m Another way to obtain the
formula of linear interpola-

tion, apart from the method
Figure 1.4: Given the two red dots, the blue

line is the linear interpolant between the two
dots

that consider the straight
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line through the two points,
is the Lagrange interpola-
tion procedure to approxi-
mate the value that assumes a given function y = y(z) in a generic node

T €|ry, Tal:
r — T2 r — T

Y= + Y2 :
1 — T2 To — Iq

Applying the previous formula to our case (we want approximate the value
that assumes the function u at the point a; we can observe the position of
the nodes in the Figure 1.3), we have:

() a — I +a—x0 1 — a a — 2o
ula) =~ (7 Uy = U u
To — I 0 1 — X ! h 0 h !
= Qauo + (1 - Qa)ul, (16)

where 0 < 6, = #.-% < 1.

The formula (1.6) represents the formula of the linear interpolation at the
nodes xg and x1, to approximate the value that the function v assumes at
the point a.

Linear interpolation error

If the function u to be interpolated admits at least derivative of order two
(u € C*([wo, 71])), the error that is made in linear interpolation satisfies, for
all z, the following equation:

1 1
u(z) = P(x) + 5(x = z0)(x — z1)u (§), (1.7)
where £ € [min{zo, 21,2}, max{zg, 1, 2}] and P(x) is the interpolation poly-
nomial.
In particular on point a the formula (1.7) becomes:

u(a) = P(a) + 1(1 — 93)(—0a)h2u”(§).

Therefore, the error £ = —1(1 — 0,)0,h%u" (£) ~ O(h?).
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The numerical problem of the problem (1.4), in the case we impose the
Dirichlet boundary condition through a linear interpolation procedure, is:

Oario + (1 — ba)us = u,
—M#Zfi 1=1,...,n—1, (1.8)
uw(b) = u(z,) = w

that in matrix form becomes Aju;, = F},, where:

0, 1—40,
_1 2 _1
h2 h2 h2
Ah: .'. .“ ." ERnXTL
1 2 1
T hZ A2 h2
1 2
TRz n?
is the matrix of coefficients,
Uo
U1 n
Up = . eR
Up—1

is the vector of the unknowns (numerical solution),
Ua
S

Fy, :

Il

m

7
3

fn—l + u(};ﬂ;)

is the vector of the known terms.

Symmetry of the matrix A,

We can transform the system (1.8) into an equivalent system in which the
matrix Ay is symmetric. To do this we divide the first equation of the system
by —(1 — 6,)h*

Qauo -+ (1 — Qa)ul = U, — —
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Third order accuracy on the border
Quadratic interpolation

If we want a third order ac-
curacy on the border, we
use a quadratic interpola-
tion procedure instead of
a linear interpolation proce-
dure. The quadratic inter-
polation is a polynomial in-
terpolation procedure in the
case in which the interpo-
lating nodes are three. If

the three known data points

Figure 1.5: Given the three red dots, the blue **° (@1,41), (22,32), @3’ ys)
line is the quadratic interpolant between the and they are not aligned,

dots the quadratic interpolant is

the parabola that passes
through these points. To obtain the formula of quadratic interpolation we
consider the Lagrange interpolation procedure:
. r —T9 T — X3 r— T & — X3 r— T & — X2

y=u + Y2 + Y3 :
Tl — X217 — XT3 To — X1 X9 — T3 T3 — L1 X3 — T

Applying the previous formula to our case (we want approximate the value
that assumes the function u at the point a if we know (zg,ug), (x1,u1),
(22, us); we can observe the position of the nodes in the Figure 1.3), we have:

1 1
u(a) ~ §0a<1 + 0)up+ (1 —60,)(1 + 6,)u; — §€a(1 — 0a)us, (1.10)

where 0 < 0, = #-2 < 1.

The formula (1.10) represents the formula of the quadratic interpolation
at the nodes xg, 1 and x4, to approximate the value that the function u
assumes in the point a.
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Quadratic interpolation error

If the function u to be interpolated admits at least derivative of order three
(u € C*([zg, z2])), the error that is made in quadratic interpolation satisfies,
for all z, the following equation:

u(z) = P(a) + 5(z — w0)(z — o2)(z — w2)u” (€), (L.11)

where ¢ € [min{zg, z1, xe, x}, max{xg, x1, 22, x}] and P(z) is the interpola-
tion polynomial.
In particular on point a the formula (1.11) becomes:

UQ)Zf%®-%éO-—%X—QQG%1+9JV§JYO-

Therefore, the error £ = §(1 — 6,)(6,)(1 + 0.)h3u" (&) ~ O(h?).

The numerical problem of the problem (1.4), in the case we impose the Dirich-
let boundary condition through a quadratic interpolation procedure, is:

PO £ (1= 0,)(1+ OuJur — 2500, =
_%:fi 1=1,....n—1,

u(z,) = up

and the matrix Aj of the coefficients is:

0.(146,) (1 o 93)(1 + ea) —0,(1—6,)

2 2
1 2 1
T h2 h2 Y
A= , . ' € R™™,
1 2 1
T h? h2 T RZ
2
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We proceed with the case in which b is not a grid point. The following figure

(Figure 1.6) shows the discretization of the domain [a, b] in this case.

Gah Gb h

X a @ X a3 a4 b Xy

Figure 1.6: Discretization of the domain [a,b] with n = 5: the black dots
are the internal points, the red dots are the two ghost points. We impose the
Dirichlet boundary conditions in the blue dots a and b

We discretize the problem (1.4). In the internal points we use the finite-
difference approximation for —u,, using the 3-point stencil (see formula
(1.5)). In this way we obtain a linear system of n — 1 equations and n + 1
unknowns ug, U1, . .., u,. To close the system we impose the Dirichlet bound-
ary conditions in the points a and b. Since the two points aren’t grid points
we perform a linear interpolation procedure at the nodes xy and z; or a
quadratic interpolation procedure at the nodes xg, 1 and x5 and we impose
that in the point a the numerical solution coincides with exact solution and
a linear interpolation procedure at the nodes x, 1 and z, or a quadratic
interpolation procedure at the nodes x,_s, x,_1 and x, and we impose that
in the point b the numerical solution coincides with exact solution.

If we use a linear interpolation procedure, the numerical problem of the prob-
lem (1.4) is:

Oaig + (1 — Oa)ur = Uy
_M—l—i%:fi 1=1,....n—1, (1.13)
(]. — 6b>un_1 + ebun = Up

with 0 < f, = 572, 0, = 2=t < 1.

The system (1.13) in matrix form becomes Aju;, = F},, where:

0, 1—16,
12 1
h? h? h?
Ah _ . . - c R(n+1)><(n+1)
1 2 1
hZ h2 hZ

1—-6, 06,
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is the matrix of coefficients,
Uo
Uy
up = c Rn-H
Up—1
Up
is the vector of the unknowns (numerical solution),
Up
h
Fh = - Rn+1
f n—1
U,
is the vector of the known terms.

Also in this case it is possible to symmetrize the matrix A, by applying the
formula (1.9) to both the first and last rows.

We can observe that in this case we have an approximation of the second
order in the internal points and on the border. If we want to obtain an
approximation of the third order on the border we use, to close the linear
system, a quadratic interpolation procedure. The numerical problem of the
problem (1.4), in this case, is:

Gallt0o) 4 (1 — 0,) (1 + Op)uy — 2dyyy = 3,

) .
M = fi 1=1,....,n—1,

h2
OB gy o (1= 0y) (1 + Oy + 2Dy —
(1.14)
and the matrix Ay of coefficients is:
8allt0a) (1 - 0,)(1+6,) —al=fa)
o 2 —
e ¥ h?
Ap = € RvFIx(ntD),
1 2 — =
~0,(100) 0
==l (1 - 6,)(

1+ eb) 9b(1+9b)
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1.1.2 Mixed boundary conditions

Now, we solve numerically the problem (1.3) imposing mixed boundary
conditions. In particular, we impose Dirichlet boundary condition in a
(xo < a < 1) and Neumann boundary condition in b (z,_1 < b < z,).

The problem becomes:

—uz, =f inl]a,b]
u(a) = i, , (1.15)
%ﬁ(b) =Gb

where n is the outward unit normal.

The discretization of the domain [a, b] and of the problem (1.15) are done
as in Section 1.1.1, except in point b in which we impose the Neumann con-
dition. We can see the Figure 1.6 to see the discretization of the domain
[a,b] C [0, 1].

Discretization of boundary conditions

First order accuracy on the border
If we use a linear interpolation procedure to impose Neumann boundary
condition in b, since we know that u(z) ~ (1 — 0,)u,—1 + 0,u,, where 0, =

T—Tn—1

h

, we have

1 1
u'(b) ~ 5 Un-1 + 7 Un- (1.16)
It’s obvious that, if in the formula (1.6) of the linear interpolation procedure

the error £ ~ O(h?), in the formula (1.16) we have & ~ O(h).

Therefore, the numerical problem of the problem (1.15) in the case in which
we impose the boundary conditions through a linear interpolation procedure
both in a and in b is:

Oaug + (1 — 0,)up = Uy

— iRt f, i=1,...,n—1, (1.17)

1 1 —
—pUn—1 + BUn = gb
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that in matrix form becomes Aju;, = F},, where:

0, 1-—40,
1 2 1
T hZ h2 h2
A, = - SRS € R+ x(n+1)
1 2 1
B )
_1 1
hoh
is the matrix of coefficients,
Up
Uy
Up = . e R
Unp,

is the vector of the unknowns (numerical solution),
Up
S
Fh — c Rn—i—l
fnfl
9b

is the vector of the known terms.

Symmetry of the matrix A,

We can transform the system (1.17) into an equivalent system in which the
matrix Ay is symmetric. To do this we divide the first equation of the system
by —(1 — 6,)h? as in the Dirichlet problem (see formula (1.9)) and the last
equation of the system by h:

1 1 1 1 v

—Eun,1 + E'U/n = gb - —ﬁun,1 + ﬁun = E (118)
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Second order accuracy on the border

Instead, if we use a quadratic interpolation procedure to impose Neumann
boundary condition in b, from the formula (1.10) we have:

1 2 1
u'(b) ~ ﬁ(%b — Dtp_o — Eﬁbun,l + ﬁ@eb + 1)ty

In this case & ~ O(h?).

Remark 1.1: We can observe that if we use a quadratic interpolation pro-
cedure to impose the Neumann boundary condition in b we obtain a second
order accuracy also on the border as well as on internal points.
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1.2 Coco-Russo method in 2D

In this Section we show the discretization in two-dimensional case.

The elliptic problem is:

{—(um + uyy) = f inQCR? | (1.19)

Bu=g inl

where the domain €2 has a particular geometry in a two-dimensional space.

1.2.1 Dirichlet boundary conditions

We solve numerically the problem (1.19) imposing Dirichlet boundary con-
ditions.

First, we discretize the domain §2 (for simplicity, we suppose that  C [0,1]?)
determining internal points and ghost points.

Now, we discretize the problem (1.19).
In the internal points we use the finite-difference approximation for — (., +
Uy,) using the 5-point stencil:

Uj—1 . + Wit1,5 — 45 + Ui 41 + U1 .
_uxz(xiayj)_uyy(xivyj) - 4 - ! h;] ! o ) V(%]) : (xivyj) € Q;L

(1.20)

Discretization of boundary conditions To close the linear system, for
each ghost point G we perform the projection F(zy, yr) of the point G on the
border of the domain €2. In this point F we impose the Dirichlet conditions
through a bilinear interpolation procedure (if we want obtain a second-order
accuracy on the border) or through a biquadratic interpolation procedure (if
we want obtain a third-order accuracy on the border).
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Second order accuracy on the border
Bilinear interpolation

The bilinear interpolation is an extension of linear interpolation for interpo-
lating functions of two variables (xr and y) on a square 2D grid.

The left figure (Figure 1.7)
v, 6 h v, represents the position of the

four nodes (the red circles
Gyh Vi:V(:L‘i,yi),izl,...,él)
used to perform the bilinear

P

interpolation to approximate
the value that a given func-
tion w assumes at green point

P = (l’p, yP)-

To obtain the formula of bi-

linear interpolation we first

Vv Vv . .
1 2 perform two linear interpo-

] ] ] lations in one direction and
Figure 1.7: The four red circles are the points : . .
then one linear interpolation

in the other direction. The

formula of bilinear interpo-

used to perform the bilinear interpolation and
the green circle is the point at which we want

i 1
to interpolate lation does not depend of

the order of the interpolation
steps along the two axes (z or y).

For example, if we indicate by

Xyg — Tp Ys — Yp

h Y

‘gm — and Qy =

we can perfom:

e the linear interpolation at the nodes v; and Vvs:

u(‘TPa yl) ~ Omu(xla yl) + (1 - QI)U<QZ’2, y2)7
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e the linear interpolation at the nodes v3 and vy :
U’(xl’u 93) ~ 0$U(f)33, y3) + (1 - Qm)u<x47 y4)7

e the linear interpolation at the nodes (zp,y;) and (xp, y3) (the blue cir-
cles in Figure 1.7) to approximate the value that the function u assumes
in the green point P:

U(-Tpa Yp) eyu(xm yl) + (1 - ey)u(xmy?)) = Qx‘gyu(vl) +
(1= 0,)6,u(va) + 6 (1 — 6, )u(vs) + (1 — 6,)(1 — 8, )u(vy).  (1.21)

The formula (1.21) represents the formula of the bilinear interpolation at
the nodes Vi, Vi, V3 and V4 to approximate the value that the function u
assumes in the point p.

Bilinear interpolation error

To calculate the bilinear interpolation error we must note that the bilin-
ear interpolation polynomial was constructed using three linear interpolation
polynomials and thus we must consider the errors associated with these in-
terpolation polynomials.

Based on the formula (1.7), if u € C?,
(e, 2) = Poes ) + 5120 = 00,) (=00 )" (Cr, )
for some & € [min{z, xe, xp }, max{xy, 9, zp}],
(e, ) = P(re,ys) + gh* (1= 6,) (~0, )0 (62, 2),
for some & € [min{zy, xe, xp }, max{xy, z9, zp }], and
(e, ye) = By n) + (1= 0, Vule ) + SHE(1L = 6,) (=0, )" (E, 1)
= Play, ) + 512 0 (1= 0.) (=00 " (61, 101) +

(1= ) (1 = 02) (=00 )" (€ i) + (1= 0,) (0, )" € )], (122)
for some p € [min{y1, ys, yp }, max{y1, ys, yr }|.

Therefore, the error £ ~ O(h?).
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Third order accuracy on the border
Biquadratic interpolation

In the biquadratic interpolation to calculate the value that the function u
assumes in the point on the border F we involving 9 nodes rather than 4
nodes. The following figure (Figure 1.8) shows the position of the nine nodes
(the red circles v, ; = V(z;,y;), 4,7 = 1,...,9) used to perfom the biquadratic
interpolation to approximate the value that the function u assumes at green
point P = (zp, Yp).

7 9
1
1
1
1
!
___________ !_.p,_‘_‘_‘_‘_‘_‘_‘_‘_._,_ -

!

Oyh :
; \Y

v, : : Ve
1
1
1
1
1
1
1
1
1

V1 V2 V3

Figure 1.8: The nine red circles are the points used to perform the biquadratic
interpolation and the green circle is the point at which we want to interpolate

If we indicate by
T3 — Tp Yp — Y4

h h
proceeding as in the case of bilinear interpolation we obtain:

0, =

and 0, =

u(Tp, Yo) = 1990(1 +6:)0,(0, — V)u(v1) — ;(ezv —1)(1+6,)0,(0, — L)u(v2) +

W

10— D0.0,(0, — Du(vs) — S0,(1+0,)(8, 1)1 +0,)u(va) +

(0 — 1)1+ 0,)(0, — 1)(1 + 0,)u(Vs) — ;(Qx — 1)0.(0, — 1)(1 + 0,)u(ve) +

1015 0.)(0, + 1B,u(vr) — 5(0 — (1 +6)(0, + Dou(vs) +
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1

10— 00068, + 1f,u(vo). (1.23)
The formula (1.23) represents the formula of the biquadratic interpolation
at the nodes v;, i = 1,...,9, to approximate the value that the function u

assumes in the point P.
Biquadratic interpolation error

To calculate the biquadratic interpolation error we must note that the bi-
quadratic interpolation polynomial was constructed using four linear inter-
polation polynomials and thus we must consider the errors associated with
these interpolation polynomials.

Based on the formula (1.11), if u € C?,
1 _
U(l’p, yl) = P(xl%yl) - éhg(exp - 1)91‘1:(1 + exp)um(glv ILL]-)7
for some & € [min{zy, xq, x3, zp }, max{xy, o, x3, Tp }|,
1 _
u(Tp,ys) = P(p,ys) — 6h3(9xp — 1)0,, (1 + 0,,)u” (&2, f12),

for some & € [min{zy, xq, x3, zp }, max{x, o, x3, Tp },

1 _
u<$P7 y7> - P($p,y7) - 7h3(955r’ - 1)01'1"(1 + ezr’)um(€37 :U’3)7

6
for some &3 € [min{zy, xe, x3, xp }, max{z, s, x3, xp }|, and
(e, ) = 500 (O — Ve, ) = By = 1)1+ 0y Julir, ) +
5O+ D) + 0, — 10, (14 6,)” (€ p)
= Plange) + B[ (B~ D (14 6.0, (6, — D" (61,0)

b O = 10,1400, — V(1 +0,)0" (E o)
(O = D1+ 0) (6 + )0y (6, )
+ 50— 10, (140, )" €]

for some 2 € [min{yla Ya, Y7, yP}7 max{yla Ya, Y7, yP}]

Therefore, the error £ ~ O(h?).
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The numerical problem of the problem (1.19), in the case we impose Dirichlet
conditions, is:

h

i1t 1 — AU Ui 1 Wi = f. in Q!
2 f” h , (1.24)
u(F) = gn(F) in €2,”

where the value of u(F) is approximated with the formula (1.21) of the bilin-
ear interpolation or with the formula (1.23) of the biquadratic interpolation
and gp is the value of exact solution in F.

We choose two different domains. We begin choosing a simple domain like
a square, which represents a simple extension of the one-dimensional case.
Then, we continued our analysis with a more complex domain, that is a
circumference.

Square domain

We discretize the unit
square with a regular

1 grid of size h along
D C the two axes respec-

6, h tively. We indicate
by N + 1 the num-
ber of grid points
along the two axes

respectively and let
h = % is the spa-
tial step along the
. . . two axes. In to-
0 h tal we have (N +
A B 1)? grid points. In
0 this way, the square

0 1 of vertices A(z4,y,),

B(xBa yB)7 C(xC7 yC)7

Figure 1.9: Discretization of the square: in the blue p(z,,y,) is also dis-
dots we impose the boundary conditions cretized.  We indi-
cate by n the total

number of unknowns
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(internal points + ghost points).

The figure above (Figure 1.9) represents the discretization of the unit square
with N = 4 and so the discretization of the square, showing the internal
points (black dots) and the ghost points (red dots) (n = 21).

We denote by Gg and I, respectively, the ghost points and the internal points
Gs = (ih,0), 1= (ih,h), i=1,...,N — 1.
We denote by Gy and Iy, respectively, the ghost points and the internal points
Gy = (ih,1), 1y =(ih,1—h), i=1,...,N — 1.

We denote by Gy and Iy, respectively, the ghost points and the internal
points
Gw = (0,7h), 1w = (h,jh), 7=1,...,N — 1.

We denote by G and 1, respectively, the ghost points and the internal points
GE: (1’jh)7 IE: (1_h/’jh/>7 j:17...,N_1.

In the case of the square the bilinear (or biquadratic) interpolations are re-
placed by linear (or quadratic) interpolations. We show now the structure
of the matrix of the coefficients in the easier case in which we use the linear
interpolation procedures on the nodes 1y and Gg, K = S,N, W, E.

We denote by 6y = % and 1 — 6 the linear interpolation coefficients on the

nodes G4 and Ig, thus:
(QS'LLGS + (1 - HS)UIS — U(Zh, yB)7 Z — 1, e 7N — 1

In the same way, we denote by 6y = W and 1—60y the linear interpolation

coefficients on the nodes Gy and Iy, thus:
QNUGN + (]_ - 0N>UIN — U(Zh7 yD)J /l/ — 17 ey N - 1.

We denote by 6, = % and 1 — 6y, the linear interpolation coefficients on

the nodes Gy and Iy, thus:

Oy, + (1 — Ow)uy, = u(xs, jh), j=1,...,N — 1.
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We denote by 6, = W
on the nodes G and I, thus:

HEUGE + (1 - QE)/U/IE — U(ZL‘B,jh), j — 1, e

39

and 1 — #; the linear interpolation coefficients

N —1.

Using a total lexicographical order the matrix of coefficients that we obtain

is a block matrix with the following structure:

GSI{V_l I
B G| B
B| G| B
Ap = e R™",
B|G|B
B|C| B
Iy | OnIn—1

where

Osly—1 € RV-DXD g, Ty @ RAV-IXOL,

Is = ( QN—l ‘ (1 — 93)1]\[,1 ‘QN—l ) c IR(N71)><(]\[+1)7

Iy= ( On_q ‘ (1 —0)In_1 ‘QN—l ) c R(Nfl)x(]\url)’

with On_; column vector of size N — 1,

N —JTVfl ?\/71 0
B = _11251 c R(N+1)X(N_1), B = QN—l _I];]l;l QN—l c ]R(]V—‘y-l)X(N—i-l)7
T T 0
=N-1 YN-1

with 0y _, row vector of size N — 1,

Ow 1—0y
1 4 1
h2 h2 h2
G: . . ...
1 4
T A2 h2
1_6E

The number of matrices G is N — 1.

c RAVHDX(N+1).
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Circular domain

A circumference of radius R and center ¢ = (x¢, y¢) is contained in the unit

square. The value of the radius and the position of the center can change.

We discretize the unit square
with a regular grid of size
h along the two axes re-
spectively. We indicate by
N +1 (hz%) the num-
ber of grid points along the
two axes respectively. In to-
tal we have (N + 1)% grid
points. In this way, the
circumference is also dis-
cretized.  We indicate by
n the total number of un-
knowns (internal points +
ghost points).

The right figure (Figure
1.10) represents the dis-
cretization of the unit square
with N = 10 and thus the

0

0 1

Figure 1.10: Discretization of the circumfer-
ence

discretization of the circumference, showing the internal points (black dots)
and the ghost points (red dots) (n = 32).

In this case there is not a well-defined structure of the matrix A; as in the

case of the square domain. It is enough to change the center or the radius

of the circumference or the value of N, to change internal points and ghost

points and therefore the structure of the matrix.

The following figure (Figure 1.11) highlights (with red circles) the nodes
used in bilinear interpolation (left panel) and in biquadratic interpolation

(right panel) to impose boundary condition at point F.
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Figure 1.11: Bilinear interpolation (left panel) and biquadratic interpolation
(right panel)

1.2.2 Mixed boundary conditions

Now, we solve numerically the problem (1.19) imposing mixed boundary con-
ditions.

The discretization of the domain €2, of the problem in the internal points
and of the boundary conditions in the points in which we impose Dirichlet
conditions are done as in Section 1.2.1.

Discretization of boundary conditions
First order accuracy on the border

If we use a bilinear interpolation procedure to impose Neumann boundary
conditions, from the formula (1.21), in each point F = (xy, yx) we have:

O ese) & (3] 3 6yu(v2) = 2 (1= 0,)u(v) + 3 (1~ B, u(va) ) e

n (—;axum) (= 0)u(va) + 7 Ou(vs) + ox>u<v4>) n, o (125)

where n = (n,,n,) is the outward unit normal, 0, = ** and ¢, = %

(see Figure 1.7).

It’s obvious that, if in the formula (1.21) of the bilinear interpolation proce-
dure the error £ ~ O(h?), in the formula (1.25) we have & ~ O(h).
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Second order accuracy on the border

If we use a biquadratic interpolation procedure to impose Neumann boundary
conditions, from the formula (1.23), in each point F = (xy, yy) we have:

ou 1 1
A CRTES (_4h(29” £ 1)8,(6 = (Vi) + 36.6,(6, — Du(va) —

! (20, — 1)8,(0, — D)u(vs) + i(1 +260,)(0, — 1)(1 + 0,)u(vy) —

4h 2h
20,6, ~ 1)1+ 6,)u(vs) + 7 (26 — 1)(6, ~ (1 + 6,)u(ve) —
4111(1 4+26,)(6, + 1)6,u(vy) + ;ex(ey +1)0,u(vs) —
41/1<29” —1)(6, + 1)9yu(v9)) n, + (—4291(1 +0,)(1— 26, )u(v:) +
57 (0 = 1)1+ 0)(1 = 28,)u(vs) = (6, — 1)0(1 — 20, )u(vs) -
2996(1 4+ 0,)0,u(v4) + 2(91; —1)(1+ 6,)0,u(vs) — ;(em —1)0,0,u(ve) +
41]1990(1 4 0,)(26, + Du(vs) — ;hwx ~ D)1+ 6,)(20, + Du(vs) +
jh(ez — 1)0,(20, + Du(ve) ) (1.26)
where 6, = =2 and 6, = %% (sce Figure 1.8).

It’s obvious that, if in the formula (1.23) of the bilinear interpolation proce-
dure the error £ ~ O(h?), in the formula (1.26) we have & ~ O(h?).

The numerical problem of the problem (1.19), in the case we impose mixed
conditions, is:

Uit U 1 — AU Uit f in O
—Jy h

h2
u(F) = gp(F) in Q)7 , (1.27)
on(F) = gn (F) in ;"

where the values of u(F) and 9%(F) are approximated respectively with the
formulas (1.21) and (1.25) of the bilinear interpolation or with the formulas
(1.23) and (1.26) of the biquadratic interpolation.
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1.3 Coco-Russo method in 3D

Finally, we present the most complex three-dimensional case.
The elliptic problem is:

(1.28)

)

—(Ugg + Uyy +uz) =f inQCR3
Bu=g inl

where the domain €2 has a particular geometry in a three-dimensional space.

1.3.1 Dirichlet boundary conditions
We begin to study the case in which we impose Dirichlet boundary conditions.
Discretization of the problem

First, we discretize the domain € (for simplicity, we suppose that Q C [0, 1]?)
determining internal points and ghost points.

Now, we discretize the problem (1.28).

In the internal points we use
the finite-difference approx-
imation for —(ug, + wy,, +
u,,) using the 7-point sten-
cil.

"
/ (110 The left figure (Figure 1.12)

shows a 7-point stencil for

the approximation of the
second derivative —Auyjp

in the black internal point

(xiv Yij, Zk)

y X

Figure 1.12: 7-point stencil
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For each internal point (z;,y;, ), we have:

_u:r:a:(xia yj7 Zk) - uyy(xh ij Zk) - uzz(ajia yja Zk) ~

Uik + Uik + Uije—1 — Ouijp + Wit1jk + Uijpik + Uijks1
h2

Discretization of boundary conditions For each ghost point G we per-
fom the projection F(zp, yr, 2zr) of the point G on the border of the domain
Q. In this point F we impose the Dirichlet condition through a trilinear
interpolation procedure.

Second order accuracy on the border
Trilinear interpolation

The following figure (Figure 1.13) represents the position of the eight nodes
(the blue circles v; = v;(z;,yi, 2:), ¢ = 1,...,8) used to perfom the trilinear
interpolation to approximate the value that a given function u assumes at
red point C(zc, Ye, 2c)-

Depiction of 3D interpolation

Figure 1.13: The eight blue circles are the points used to perform the trilinear
interpolation and the red point C is the point at which we want to interpolate

To obtain the formula of trilinear interpolation we consider two bilinear in-
terpolations combined with a linear interpolation. The formula of trilinear
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interpolation does not depend of the order of the interpolation steps along
the three axes.
If we indicate by

we can perfom:
e the bilinear interpolation at the nodes vy, Vo, V3 and vy:
W(Teo, Yo, 21) R Oz0,u(V) + (1 — 0,)0,u(va) +
0. (1 — 6y u(vs) + (1 —0,)(1 — 6,)u(vs),
e the bilinear interpolation at the nodes vs, Vg, V7 and Vg:
U, Yo, 25) & O:0,u(Vs) + (1 — 62)0yu(Ve) +
0. (1 —6,)u(vr) + (1 —0,)(1 — 6,)u(Vvs),

e the linear interpolation at the nodes (z¢,¥yc, 21) and (z¢,yc, z5) (the
green nodes in the right panel of the Figure 1.13) to approximate the
value that the function v assumes in the red point C:

W(Zay Yo, 2c) = 0u(To, Yo, 21) + (1 — 0)u(zc, Yo, 25) =

0.0,0.u(vi) + (1 —0,)0,0,u(va) + 0,(1 —6,)0.u(vs) +
(1—-0,)(1—6,)0.u(vs) + 0,0,(1 —0,)u(vs) +
(1—=06,)0,(1 —0.)u(ve) +6,(1 —6,)(1—06,)u(vs) +
(1= 0:)(1 = 0)(1 = 0:)u(Vs). (1.29)
The formula (1.29) represents the formula of the trilinear interpolation at

the nodes Vi, Vi, V3, V4, Vs, Vg, V7 and Vg to approximate the value that
the function u assumes in the point C.
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Trilinear interpolation error

To calculate the trilinear interpolation error we must note that the trilinear
interpolation polynomial was constructed using two bilinear interpolation
polynomials and one linear interpolation and thus we must consider the er-
rors associated with these interpolation polynomials.

Based on the formula (1.22), if u € C?,

1 b
(e, Yoo 21) = P, Yo, 21) + 5h° [0y, (1= 00,) (=0, )" (€1, fn, G) +

(1= 0, (1 = 00,) (~0u " (G, ©) + (1 — By (— Oy " o 115, G
for some &, & € [min{wy, xe, xc }, max{xy, o, xc},
M3 S [min{ylay37yC}7maX{yl7y3ayC}]7

1 " -
(e, You 25) = Plres Yo, 25) + 5 [0 (1 = 00,) (=00 )" (€, fia, C) +

(1 - eyp)(l - QIP)(—QIP)UH(&), s, 55) + (1 - Qyp)(_gyp)u”(gﬁa e, 56)} )
for some &4, &5 € [min{ws, xg, xc }, max{xs, ¢, xc},
He S [min{y57 Y, yC}7 max{y5, Y7, yC}]7

1 "¢ =
u(xmyCvZC) ~ ezu(xmyCaZl)_l'(l_ez)u(xCayC>Z5)_§<1_ez)0zh2u (57:““7C) =

P(a’:Ca 907 ZC) + O(h'2>7

for some ¢ € [min{zy, 25, 2¢ }, max{z1, 25, 2¢ }]-

Therefore, the error €& ~ O(h?).

The numerical problem of the problem (1.28), in the case we impose Dirichlet
conditions, is:

h2

. (1.30
u(F) = gp(F) in €2, (30

{_ui—ljk+uij—1k+uijk—1_Guijk+ui+1jk+uij+1k+uijk+l _ f " in O
—Jy h

where the value of u(F) is approximated with the formula (1.29) of the tri-
linear interpolation and gp is the value of exact solution in F.
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1.3.2 Mixed boundary conditions

Now, we solve numerically the problem (1.28) imposing mixed boundary con-
ditions.

The discretization of the domain €2, of the problem in the internal points
and of the boundary conditions in the points in which we impose Dirichlet
conditions are done as in Section 1.3.1.

Discretization of boundary conditions

First order accuracy on the border

If we use a trilinear interpolation procedure to impose Neumann boundary
conditions, from the formula (1.29), in each point F = (zy, yx) we have:

gi;(F) ~ <_}1L9yezu(v1) + 29yezu(v2) _ ;(1 — 0,)0.u(vs) + ;(1 —0,)0.u(v,)
1 1 1
L9, 0u(vs) + 18, (1= Ju(ve) — +(1—8,)(1 ~ Bpu(vs)
(1= 0,)(1 = 0.)u(vs) )y + (= beulv) = 3 (1 = 0.)0.u(v2)

b 0u8.u(v) 3 (1= 0a)8eu(v) — 1 61— 6.)u(vs) — 1 (1 6.)(1~02)u(ve)

—_

1 1
- E(l —0,)(1 —0,)u(ve) + Eﬁx(l — 0, )u(vy) + E(l —0,)(1 — Hz)u(vs)> n,
1 1 1
(= Bubu(ve) — 5 (1= 0)8,u(v2) — 20 (1 = 6,)u(va)
h h h
1 1
- %(1 —0,)(1 = 0,)u(vy) + 0,0,u(Vs) + E(l —0,)0,u(Ve)
1 1
01— 0 )ulve) + 5 (1= 6.)(1 - Qy)u(vg)> n,, (1.31)
where n = (ng,ny,n.) is the outward unit normal, 0, = #3%, 0, = %4
and 0, = *7* (see Figure 1.13).

It’s obvious that, if in the formula (1.29) of the trilinear interpolation proce-
dure the error £ ~ O(h?), in the formula (1.31) we have & ~ O(h).
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The numerical problem of the problem (1.28), in the case we impose mixed
conditions, is:

Wi 1jkTUij— 1k TUijk—1—6U e +Us L1k L1 WijRt1 : I
- n2 = .fz'jk: n Qh

u(F) = gp(F) in Q7. (1.32)
ou

on(F) = gn(F) in ("

where the values of u(F) and 2%(F) are approximated with the formulas (1.29)
and (1.31) respectively.

As in 1D and 2D, also in 3D it is possible to perform the triquadratic inter-
polation procedures on the ghost points which allow a third-order accuracy
at the border in the case in which we impose the Dirichlet conditions and a
second-order accuracy at the border in the case in which we impose Neumann
boundary conditions. Such interpolations are used in the next Chapter.
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Symmetrization method

Let Aj, be the matrix in 1D, 2D or 3D. It is possible to symmetrize the matrix
and observe the behaviors of the inverse matrix and of the consistency error.
It is clear that the behavior of the error in the case in which the matrix Ay is
symmetric coincides with the behavior of the error in the case in which the
matrix Ay is not symmetric.

We provide below a generally valid symmetrization method for the matrices
Ay in 1D, 2D or 3D.

We write the linear system in this way:

- Ay Ay Ui\ fi .
s () ()= (3)=0 0

where ug, and u; are the vectors of numerical solution related to ghost points
and to internal points respectively.

We look for a matrix C such that CAj is symmetric. Choosing:

I b
C=
(o)
the system (1.33) becomes:

. Aﬁ -+ bAgi Ajg + bAgg Ui . fi + bfg .
CAnun = ( aTAy 4+ cAg a"Ajg + cAgg u, )\ atfi+cfs ) Cf.
(1.34)

For CAj, to be symmetrical it is necessary that:

e A; + bA, must be symmetric = b = OéA;i;

o a"A; + cAy and Aj; + bA,, must be the one transposing the other,
thus you must have Ay, + aA;Agg = (a"Aj+cAy)" = c= &Agg and
a = (A£>_1Aig3

e a'Aj, + cA,, must be symmetric. With these choices of a and ¢ also
the matrix a"Ajz + cAgg is symmetric.
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Remark 1.2: Our aim is now to verify if the numerical results about the
convergence, the consistency and the stability of the method can depend on
the symmetry of the matrix Aj,.

In 1D in the case in which we impose the boundary conditions by perform-
ing the linear interpolations it is possible to symmetrize the matrix A, both
with the symmetrization method (1.34) just described and using formulas
(1.9) and (1.18). If we perform the quadratic interpolations it is possible to
symmetrize the matrix A, only with the symmetrization method (1.34) for
different values of the parameter a = h™ (m =...,—1,0,1,...).

We can observe that the convergence results of the Coco-Russo method do
not depend on the symmetrization of the matrix Ay, since the numerical
solution obtained by performing the symmetrization of the matrix coincides
with the solution of the system in which the matrix Aj, is not symmetric.
Instead, since the consistency error is given by 7, = Ayey, it is clear that the
consistency of the method may depend on the symmetrization of the matrix
Aj. Depends on the symmetrization of the matrix Aj, also the stability being
connected to the behavior of the inverse matrix of Ay

In both cases (symmetrization method (1.34) and formulas (1.9) and (1.18))
is not convenient to symmetrize the matrix Ay,.

If we symmetrize the matrix with the formulas (1.9) and (1.18) in the ma-
trix Ay, the term —u_eeﬁ (and/or —“_%W) appears. It is clear that when
0, ~ 1 (or B, ~ 1) we have consistency problems. The stability of the nu-
merical method is guaranteed, indeed, the norm of the inverse matrix of Ay,
tends to a constant for large values of n.

If we use the symmetrization method (1.34) there are consistency problems
for values of m less than a certain threshold that is around —1, —2, —3.
Above these values we haven’t consistency problems not even for large val-
ues of @, (or of 6,,), but the accuracy of the second-order for the consistency
error is not assured. Moreover, in this case the stability is not always guar-
anteed because there is values of the parameter m for which the norm of the
inverse matrix of A; grows for large value of n.

On the basis of this observation we did not apply this symmetrization meth-
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ods to two-dimensional and three-dimensional cases. We will go into more
detail on this topic in the next chapter, applying it to various problems
(Dirichlet or mixed) in 1D.



Numerical tests for the Coco-Russo method

This Chapter provides numerical tests in 1D, 2D and 3D. Our aim is to
prove numerically the convergence and the consistency of the method and
obtaining numerical evidence on the stability in different norms.

From inequality

lenllze < 1AL lpll7allze, p=1,2,00

we can observe that to test the convergence and the consistency of the method
is sufficient to study the behaviors of ||es||» and |75 » respectively. But in
this way we do not get any information on the stability of the method, thus
we must also study [|A; ]|, -

For each spatial dimension, we will present numerical tests for both Dirich-
let problem and mixed problem, performing both linear interpolations and
quadratic interpolations to impose boundary conditions on points F that be-
longs to the border but they are not grid points.

We will see that in the Dirichlet problem both the linear interpolations and
the quadratic interpolations provide a second-order accuracy, while in mixed
problem only the quadratic interpolations provide such accuracy. This is
because the linear interpolations give us a first-order accuracy at the border
in the case we impose Neumann conditions.

In all the following figures for any quantity g(n) the red line is the straight

~ dlog(9)
dN

example, the norm of the inverse matrix of A, is approximated by ||A, || ~

best-fit line in logarithmic scale; we indicate with si(g) , so that, for

-1 . .
¢ N*UAD . For error and truncation errors we expect negative values of

sl(g).-

52
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2.1 Numerical tests in 1D

We start with the one-dimensional case. For each example we will compare
the numerical results obtained performing the linear interpolations with those
obtained performing the quadratic interpolations, both for Dirichlet problem
and mixed problem.

2.1.1 Dirichlet boundary conditions - Only one ghost
point

We start showing the numerical results in the case in which only the extreme
a is not a grid point (b=1) imposing Dirichlet boundary conditions both in
a and in b.

Behavior of the inverse matrix of A,

i -
P v 10
<" 100 <
30 5
10 10° 10° 10°
n n
100.26

-1
Al
"
o
(=]
>
*
bl

NES

0.24

Figure 2.1: p - Norm of the inverse matrix of A, as a function of the number
of the grid points: p = 1 (top left), p = 2 (top right), p = oo (bottom left),
0, =05

The Figure 2.1 shows the behavior of the norm of A;! as a function of the
number of the grid points in the case in which we perform the linear inter-
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polation procedure to impose the boundary condition in a and the domain is
[a, 7] C [0, 7]. We can read the values of the best-fit slope in the table below:

[ i = 54, e = 1096 [ A ) [SI1A ) [101A ) |
H [ 09923 [ 04892 [0.3429 1072 |

The position of the extremity a is a = %, but the same accuracy is confirmed
also for different positions of a in |0, A[.

The following tables show the numerical results in the following cases:

e the domain is [a, 1] C [0, 1] and we have performed the linear interpo-
lation procedure to impose the boundary condition in a:

[ 7auin = 54, 1 = 1096 [ s(lIA, 1) [ stIAL ) [ st1AL ) |

H a=; | 09923 | 04935 [ -0.3876 102 |

e the domain is [a,7] C [0,7] and we have performed the quadratic
interpolation procedure to impose the boundary condition in a:

| i = 54, Mmaxe = 1096 || sI(|[A; 1) | st(IAL]2) | sI(A% 1) |

H a=3 | 09923 | 04892 [0.3463 1072 |

e the domain is [a,1] C [0,1] and we have performed the quadratic in-
terpolation procedure to impose the boundary condition in a:

| 7in = 54, Mmax = 1096 [ sl([A, 1) | st(IAR l2) | st(IAR Tls) |

[ a=" | 09923 | 04935 [ —0.3885 107 |

In all cases, the numerical results show that ||A; ]|, ~ O(n%), p = 1,2, 00,
thus we have stability in the oco-norm.

Behavior of the spectral radius of A"

Now we show the behavior of the spectral radius of the matrix A;'. The
study of the spectral radius of A; ' combined with the study of the inverse
matrix of Aj gives us information on the stability of the numerical method.
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The figure on the left shows the behavior of the reciprocal of the eigen-
value of minimum module of the matrix A, as a function of n. The figure is
obtained choosing a = %, but we have the same result also with a different
choice of the position of a in ]0, h[. The figure on the right shows the be-
havior of the reciprocal of the eigenvalue of minimum module of the matrix
A}, as a function of the position of a, in the case in which we perform the
linear interpolation procedure to impose the boundary condition in a and

the domain is [a, 7] C [0, 7].

n=10

1.005 1.015

L B
)
1
w
o

minI

1

0.985 0.99

Figure 2.2: Dependence of the reciprocal of the eigenvalue of minimum mod-
ule of the matrix Ay, (|Amin|) on the number n of the grid points (6, = 0.5)
(left panel) and on the parameter 1 — 6, (n = 100) (right panel)

The two figures are in agreement and they show that the reciprocal of the
eigenvalue of minimum module of the matrix Aj essentially does not depend
on the position of a in |0, k[ and it tends to a constant for large values of n.
In particular, the figures show that this constant is 1.

We have proved that we have the same result (p(A;') — 1)) even in cases
in which:

e the domain is [a, 1] C [0,1] and we have performed the linear interpo-
lation procedure to impose the boundary condition in a;

e the domain is [a,7] C [0,7] and we have performed the quadratic
interpolation procedure to impose the boundary condition in a;

e the domain is [a,1] C [0,1] and we have performed the quadratic in-
terpolation procedure to impose the boundary condition in a.
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Now, we evaluate the behaviors of the consistency error 7, and of the error
e on different functions f.

We have approximated ||7,||z» and |len||z» (p = 1,2, 00) in this way:

n—1 n—1
lanllzr =P 3 lan(@:)l, llan]lz = th lan(@:)[?, llanll= = _max_ fan(w:)l,

i=0 i=0 =0,

where ay, is 7, or ey,.

First example
We solve numerically the equation
—Ug, = sin(z) in |a, 7[C [0, 7], (2.1)

in which we impose Dirichlet boundary conditions in a and in b = 7. We
known the exact solution of (2.1) that it is u = sin(z). Therefore, the problem
to be solved numerically is:

—Ugy = sin(z) in Ja,7[C [0,7]

u(a) = sin( (2.2)

a a)
u(m) = sin(7)
We discretize the interval [0, 7] and the problem (2.2) as we have described in
the Section 1.1.1. Thus, we have n 4+ 1 grid points that we call xg, z1,..., 2,
and we suppose that a isn’t a grid point but it is placed between xy and x;.

The spatial step is h = 7.

Behavior of the consistency error 7,

LINEAR INTERPOLATION PROCEDURE

The following figure (Figure 2.3) shows the behavior of the norm of the
consistency error 7, as a function of the number of the grid points, in the
case we perform the linear interpolation procedure. We can read the values
of the best-fit slope in the table below, which shows that ||7;| > ~ O(h?),
p=1,2 00:

[ i = 7, M = 8103 [ si(|7allz0) | sl(lImll2) | si([7allz=) |
H | -2.0012 | -1.9996 | -1.9910 |
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Figure 2.3: p - Norm of the consistency error 7, as a function of the number
of the grid points: p = 1 (top left), p = 2 (top right), p = co (bottom left)

(QUADRA'I‘IC INTERPOLATION PROCEDURE

The following table reports the values of the best-fit slope in the case we
perform the quadratic interpolation procedure, which shows that ||7||p» ~

O(h?), p=1,2,00:

[ Pt = 7, Mnax = 8103 [ si(||7allz0) | sl(lImll2) | si([7allz=) |
H | -2.0009 | -1.9996 | -1.9916 |

In both cases (linear and quadratic interpolations), the position of the ex-
tremity a is not fixed but varies in ]0, h[. The results show that the norm of
75, does not depend on the position of a.

Behavior of the error ¢,

LINEAR INTERPOLATION PROCEDURE

The following figure (Figure 2.4) shows the behavior of the norm of the
error e;, as a function of the number of the grid points in the case in which
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we perform the linear interpolation procedure. We can read the values of
the best-fit slope in the table below, which shows that |ley|r» ~ O(h?),
p=1,2 00:

[ i = 7, T = 8103 [ si(llenll1r) | sl(llenllzz) | sl(llen]lz=) |

[ | -1.9920 | -1.9925 | -1.9930 |
107 10
i:m‘s 5:10_5
107 107
10? 10° 10° 10°
n n
107
zg:m's

10 10

Figure 2.4: p - Norm of the error e, as a function of the number of the grid
points: p =1 (top left), p = 2 (top right), p = oo (bottom left)
QUADRATIC INTERPOLATION PROCEDURE

Also in the case in which we perform the quadratic interpolation procedure
we obtain that |lep|» ~ O(h?), p = 1,2, 00:

[ i = 7, M = 8103 [ si([lenll 1) | sl(llenllz2) | sl(llen]lz) |
H | -1.9755 | -1.9766 | -1.9792 |

In both cases, the position of the extremity a is not fixed but varies in |0, Al.
The results show that the norm of e, does not depend clearly on the position
of a.
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Second example

We solve numerically the equation
—Ug, = € in Ja, 1[C [0, 1], (2.3)

in which we impose Dirichlet boundary conditions in a and in b = 1. We
known the exact solution of (2.3) that it is u = —e®. Therefore, the problem
to be solved numerically is:

—Uze = €* in Ja, 1[C [0, 1]
u(a) = —e? . (2.4)
u(l) = —e

We discretize the interval [0, 1] and the problem (2.4) as we have described

1
o

in the Section 1.1.1. The spatial step is h =

Behavior of the consistency error 7,

In the following tables we can read the values of the best-fit slope of the
norm of 7, as a function of the number of the grid points. They show that
||Th||LP ~ O(hQ), P = 1, 2,00:

LINEAR INTERPOLATION PROCEDURE

[ Pt = 7, M = 2980 [ si(|7allz0) | sl(lImll2) | si([7allz=) |
H | -1.9975 | -1.9954 | -1.9653 |

QUADRAT‘I(? INTERPOLATION PROCEDURE

[ i = 7. M = 2980 [ si(|7allz0) | st(lImllz2) | si([[7allz=) |
H | -1.9824 | -1.9885 | -1.9685 |

In both cases, the results about the norm of the consistency error were ob-
tained varying the position of a in ]0, h[. The norm of the consistency error
does not depend on the position of a.
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Remark 2.1 - on the behavior of the consistency error: We can
observe, if we perform the linear interpolation procedure, in both First ex-
ample and Second example, the consistency error is constant as a function
of the position of a in |0, A[. It is clear that these are particular examples,
since is possible to prove that in general the L*°-norm of the consistency
error depends on the position of a. For example if we consider the Dirichlet
problem —u,, = cos(x) in [a, 7], the L>®-norm of 7, is smaller if §, ~ 0 or
0, ~ 1 and it is larger if #, ~ 0.5. Only in the case in which 6, = 0.5 also the
L*>-norm is constant as a function of the position of a. Instead, if we per-
form the quadratic interpolation procedure, the LP-norm of 7, (p = 1,2, 00)
is constant as a function of the position of a.

Thus in general the behavior of the consistency error is as follows: L!- and
L?-norms are constant as a function of the position of a, L>®-norm depends
instead on the position of a in ]0, A if we perform the linear interpolation.
We can justify this result. The consistency error is a local error (it depends
only on the values of the solution at that specific grid point and on the
neighbors, unlike the numerical error e, that depends globally on all grid
values). This means that the consistency error is the same inside the grid
(3-point finite difference of the second derivative) instead it is represented
by the consistency error of the interpolation error on the ghost points. This
is why L'- and L?-norms are almost constants (they are a kind of average
on all grid points, and the number of ghost points is negligible with respect
to the number of internal grid points) and L™ is not (it is the highest error
between internal points and ghost points). The reason why L*-norm of the
consistency error does not depends on a in the case of quadratic interpola-
tions is because in this case the consistency error on the ghost points is much
smaller (O(h?)) than the interior consistency error (O(h?)), so the maximum
error is always the inner consistency error, which is almost constant overall.

Behavior of the error ¢,

In the following tables we can read the values of the best-fit slope concerning
the norm of e, as a function of the number of the grid points. They show
that ||es||ze ~ O(h?), p = 1,2, cc:
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LINEAR INTERPOLATION PROCEDURE

[ Pt = 7, Munax = 8103 [ si(llenllr) | sl(llenllz2) | sl(llen]lz) |

[ | 20338 | -2.0294 [ -2.0156 |
X107 gx10°
-4 N °
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Figure 2.5: p - Norm of the error e, as a function of the position of a
(n =100): p=1 (top left), p =2 (top right), p = oo (bottom left)

(QUADR:\'I‘I(,‘, INTERPOLATION PROCEDURE

H Nmin = 1, Mmax = 2980 H sl(|lenllzr) ‘ sl(||enllz2) ‘ st(|lenllze) H
[ | -2.0107 | -2.0086 | -2.0056 |

In both cases, the results about the norm of the error were obtained varying
the position of a in ]0, h[. In the case in which we perform the quadratic
interpolation procedure, the norm of the error does not depend clearly on
the position of a. Instead, if we perform the linear interpolation procedure,
the norm of the error is smaller if 8, ~ 0 or 8, ~ 1 and it is larger if 8, = 0.5,
as we can observe in Figure 2.5, which shows how ||e||» varies as a function
of the position of a. We have chosen n = 100.
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Conclusions

We itemize the numerical results on the Dirichlet problems (1.8) and (1.12)
in [a, 1]. We have chosen not to fix the position of a, but to move a in |0, A[,
so as to see if the results may or may not depend on its position. We consider
two distinct cases: Aj, not symmetric and A, symmetric.

A; not symmetric

In the case in which A, is not symmetric, the numerical results are the
following;:

o Al ~ O(n¥), p=1,2,00;
o p(AH) = 1

o ||7lle ~ O(h?), p=1,2,00;
o |len]lzr ~ O(h?), p=1,2, 0.

The norm of the consistency error and the norm of the error can depend on
the position of a in the case in which we perform the linear interpolation to
impose the boundary condition in a, which provides a second-order accuracy
at the border as on the internal points.

In particular we have observed that L'- and L?-norms of the consistency er-
ror are constant as a function of a, while L*°-norm of the consistency error
is not. In Remark 2.1 we have provided an explanation for this behavior
of the consistency error.

Instead, the norm of the consistency error and the norm of the error do
not depend on the position of a in the case in which we perform the
quadratic interpolation to impose the boundary condition in a, which pro-
vides a third-order accuracy at the border.

A, symmeltric

In the case in which the matrix A is symmetric the behaviors of the norms
of the consistency error and of the inverse matrix of A, depend on the sym-
metrization method used.
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If we symmetrize the matrix Aj, through the symmetrization method (1.34)
the norm of 75, does not depends on the position of a and

ITullzr ~ O(R?), [I7allz2 ~ O(h2), [|I7h]|re ~ O(h),

thus we haven’t consistency problems. However, there is a threshold of neg-
ative values of m below which problems of consistency are starting to be
verified. These values are around —1, —2, —3, depending on the test exam-
ined.

The spectral radius of A; ' and ||A;"||, grow as a function of n for values of
m > 0 and tend to a constant for values m < 0. Therefore, we have stability
problems in the case in which m > 0.

Based on the above, is not convenient to symmetrize the matrix Ay.

If we symmetrize the matrix Aj, through the formula (1.9) (thus only in
the case in which we perform the linear interpolation procedure to impose
the boundary condition in a) the order of accuracy of 7, depends on the
position of a. Performing various numerical tests we have observed that

I7ullze ~ O(h), lI7ullze ~ O(h2), [[7allze ~ O(R?),

therefore the consistency of the method is not guaranteed in L*°-norm.
Only if 0, — 0, ||7nlze ~ O(h?), p = 1,2,00. While, if 6, — 1 we have
consistency problems.

The spectral radius of A; ' and ||A; ||, tend to a constant for large values of
n.

Therefore, also in this case is not convenient to symmetrize the matrix Ay,.
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2.1.2 Dirichlet boundary conditions - Two ghost points

We proceed providing the same numerical tests in the case in which both
extremes a and b aren’t grid points imposing Dirichlet boundary conditions
both in a and in b.

Behavior of the inverse matrix of A, and of the spectral radius of
A}l

The behaviors of the inverse matrix of A, and of its the spectral radius
coincide with the case in which b is a grid point, that is ||A; ], ~ O(n%)
(p=1,2,00) and p(A; ") — 1, both in the case in which we perform the linear
interpolation procedures and in the case in which we perform the quadratic
interpolation procedures. The following tables show the numerical results
about the norm of the inverse matrix in the following cases:

e the domain is [a,b] C [0,7] and we have performed the linear inter-
polation procedures to impose the boundary conditions in a and in
b:

| 7min = 54, mmax = 1096 [ st([AL " [11) | stCIA [l2) [ sU(1AG Tls0) |
| a=2b=a-2 | 09947 | 04937 [05699 10~ |

2) 2

e the domain is [a,b] C [0,1] and we have performed the linear inter-
polation procedures to impose the boundary conditions in a and in
b:

[ oanin = 54, M = 1096 | s1([A, 1) | sUAL ) | s1(1A, o) |
[ a=Zb=1-% [ 09947 | 04974 |0.1139102 ]

29

e the domain is [a,b] C [0,7] and we have performed the quadratic
interpolation procedures to impose the boundary conditions in a and
in b:

[ = 54 i = 1096 [ sUA; ) [ LA ) [ LA 1) |
[ a=Lb=r-2 [ 09947 [ 04937 [05744107%]

27 2

e the domain is [a,b] C [0, 1] and we have performed the quadratic in-
terpolation procedures to impose the boundary conditions in a and in
b:
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| 7min = 54, 1t = 1096 [ s1((1A, 1) [ st(1A ) | st1A ) |

| a=2b=1-2 | 09947 | 04974 [0.11481072 |

First example

We solve numerically the equation
— Uy, = sin(z) in |a, b[C [0, 7],

in which we impose Dirichlet boundary conditions in a and in b. The problem
to be solved numerically is:

—uUg, = sin(z) in Ja,b[C [0, 7]
u(a) = sin(a)
u(b) = sin(b)

We place b =7 — a.

Behavior of the consistency error 7,

The following tables report the values of the best-fit slope concerning the
norm of 7, as a function of the number of the grid points, and they show
that ||Th||LP ~ O<h2)7 b= 17 2a !

LINEAR INTERPOLATION PROCEDURE

[ Pt = 7, Munax = 8103 [ si(|7allz0) | sl(lImllz2) | si([7allz=) |
H | -2.0061 | -2.0006 | -1.9922 |

Q UADRATIC INTERPOLATION PROCEDURE

[ Pt = 7. M = 8103 [ si(|[7allz0) | st(lImllz2) | si([[7allz=) |
H | -1.9985 | -1.9993 | -1.9908 |

In both cases, the position of the extremity a is not fixed but varies in |0, A,
thus the position of b varies in |7 — h, 7[. The results show that the norm of
7, does not depend on the position of a and on the position of b.
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Behavior of the error ¢,

The following tables report the values of the best-fit slope concerning the
norm of e, as a function of the number of the grid points, and they show
that ||es||zr ~ O(h?), p = 1,2, cc:

LINEAR INTERPOLATION PROCEDURE

[ i = 7, M = 8103 [ si(llenll 1) | sl(llenllz2) | sl(llenlr=) |
H | -1.9926 | -1.9914 | -1.9915 |

(QUADRA'I‘IC INTERPOLATION PROCEDURE

[ i = 7, Munax = 8103 [ si(Jlenllr) | sl(llenllz2) | sl(llen]lz) |
H | -1.9437 | -1.9434 | -1.9446 |

In both cases, the positions of the extremes a and b are not fixed but varies
in ]0, ] and in |7 — h, 7| respectively. The results show that the norm of ey,
does not depend on the position of a and on the position of b.

Second example
We solve numerically the equation
—Uge = € in Ja, b[C [0, 1],

in which we impose Dirichlet boundary conditions in a and in b. The problem

to be solved numerically is:

—Uuzy =€®  ina,b[C [0,1]

We place b=1— a.
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Behavior of the consistency error 7,

LINEAR INTERPOLATION PROCEDURE

The norm of 75, depends only on the position of b. Indeed, if we fix the
position of b in |1 — A, 1], ||7|lzr (p = 1,2,00) is constant as a function of
the position of a in ]0, h[. This does not happen if we fix the position of a
in |0, h[ and varies only the position of b in |1 — &, 1[. In particular, the L'-
and L2-norms of 7, are constant, the L>-norm is smaller if 6, ~ 0 or 6}, ~ 1,
as the following figures (Figure 2.6, Figure 2.7) show:

1 1 1
0.8 0.8 0.8
0.6 0.6 0.6
D ®‘Q Gfo
0.4 0.4 0.4
0.2 0.2 0.2
0 0 0
-4 . -4
) 10 N . 10 8 10_4
= - =
v | EE = =
£ = I £
10° 10 : 107
10 10° 10> 10° 10> 10°
n n n

Figure 2.6: p - Norm of the consistency error 7, as a function of the number
of the grid points: p = 1 (left), p = 2 (center), p = oo (right)

We can read the values of the best-fit slope in the table below, which shows
that ||74]|» ~ O(h?), p = 1,2, cc:

[ i = 7. M = 2980 [ st(|[7allz0) | st(lImllz2) | si([[7allz=) |
H | 20156 | -2.0101 | -1.9538 |

The numerical results (and the figures) were obtained varying the position
of a in |0, [ and thus the position of b in |1 — A, 1][.
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x107°
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Figure 2.7: L*>*-norm of the consistency error 73, as a function of the position
of b (n = 100)

(QI,TADRA—\'I‘I(;‘, INTERPOLATION PROCEDURE

[ Pt = 7, M = 2980 [ si(|7allz0) | sl(lImll2) | si([7allz) |
H | -1.9833 | -1.9886 | -1.9687 |

In these numerical results the position of a varies in |0, h[ and thus the posi-
tion of b varies in |1 — A, 1[. The norm of 73, does not depend on the position
of a and on the position of b.

Remark 2.2 - on the behavior of the consistency error: We can
observe a behavior of the consistency error similar to that observed in the
previous section in which b is a grid point. In general, if we perform the
linear interpolation procedures to impose the boundary conditions in a and
in b the L!- and L?>norms of the consistency error are constant and the
L*°-norm depends on the position of a and on the position of b. Only if
0, = 0.5 or 6, = 0.5 also the L*°-norm is constant. We can draw the same
conclusions of the previous case (see Remark 2.1).

Behavior of the error e,
LINEAR INTERPOLATION PROCEDURE
The norm of the error depends on the position of a and on the position of

b in the case in which we perform the linear interpolation procedures. It is
smaller if 6, ~ 0 or 8, ~ 1 and at the same time 6, ~ 0 or 6, ~ 1 (see Figure
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2.8). Only in the case in which b = 1 — £ we observe a different behavior

of |lex||rr: in |len]|zr and ||en||z2 the dipendence from a is less evident, while
|len|| L is constant to vary of the position of a.

5 5

3x10 3x10
-2 o 2
- _
= =
Q9 Q9
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0 0
0 0.5 1 0 0.5 1
1-0 1-0
a a
4x1o'5
3
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9
1
0
0 0.5 1
1-0
a

Figure 2.8: p - Norm of the error e, as a function of the position of a
(n = 100): p =1 (top left), p = 2 (top right), p = oo (bottom left). The
position of a varies in |0, A and thus the position of b varies in |1 — h, 1]

We can obtain a perfectly symmetrical figure with respect to that shown in
Figure (2.8) if we consider the norm of e; as a function of the position of b.

In any case, |lex||rr ~ O(h?), p = 1,2,00. We can read the values of the
best-fit slope in the following table:

[ Mt = 7, Mnax = 8103 [ si([lenll 1) | sl(llenllz2) | sl(llen]lz) |
H | -1.9797 | -19735 | -1.9715 |

These values were obtained varying the position of a in |0, A and thus the
position of b in |1 — A, 1[.
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(2 UADRATIC INTERPOLATION PROCEDURE

Also in the case in which we perform the quadratic interpolation procedures
we obtain that ||e,||zr ~ O(h?):

[ i = 7, M = 2980 [ si(Jlenll 1) | sl(llenllz2) | sl(llenlz) |
H | -1.9590 | -1.9533 | -1.9594 |

These values were obtained varying the position of a in |0, h[ and thus the
position of b in |1 — h, 1[. The norm of e, does not depend on the position
of a and on the position of b.

Remark 2.3: It is interesting to underline the behaviors regarding the
consistency error and the error as a function of the positions of a and of
b. In general we can observe, both for the consistency error and for the
error that the behavior of the LP-norm as a function of the position of a is
perfectly symmetric to the behavior as a function of the position of b. In
the First Example the problem is perfectly symmetric, because b =7 — a
and f(r) = sin(x) is symmetric around 7. Thus the fact that we observe
a symmetric behavior in a and b is obvious. In the Second Example the
problem is not symmetric, because f(x) = e” is not symmetric, thus the fact
that we observe a symmetric behavior in a and b is an interesting result.

Conclusions

We itemize the numerical results on the Dirichlet problems (1.13) and (1.14)
in [a, b] C [0, 1]. We have chosen not to fix the position of a and the position
of b, but to move a in |0, [ and b in |1 — A, 1], so as to see if the results
may or may not depend on their positions. We obtained results similar to
the previous case, that is the case in which b is a grid point. We distinguish
two cases: Aj, not symmetric and Ay, symmetric.

A, not symmetric

In the case in which A, is not symmetric, the numerical results are the
following;:
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1
1AL ], ~ O(n?), p=1,2,00;

p(ARY) = 1;

| 7ullze ~ O(h?), p=1,2,00;

llenllr ~ O(h?), p=1,2,00.

The norm of the consistency error and the norm of the error can depend
on the positions of a and of b in the case in which we perform the linear
interpolations to impose the boundary conditions in a and in b, which pro-
vide a second-order accuracy at the border as on the internal points.

In particular we have observed that L'- and L?-norms of the consistency
error are constant as a function of a and of b, while L*°-norm of the consis-
tency error is not. In Remark 2.1 we have provided an explanation for this
behavior of the consistency error.

Instead, the norm of the consistency error and the norm of the error do
not depend on the position of a and on the position of b in the case
in which we perform the quadratic interpolations to impose the boundary
conditions in a and in b, which provide a third-order accuracy at the border.

A, symmeltric

In the case in which the matrix A, is symmetric the behaviors of the norms
of the consistency error and of the inverse matrix of A; depend on the sym-
metrization method used.

If we symmetrize the matrix Aj through the symmetrization method (1.34)
the norm of 7, does not depends on the position of a and on the position of
b and ,

I7allzr ~ OB?), I7ullz2 ~ O(h2), 7ullie ~ O(h),

thus we haven’t consistency problems. However, there is a threshold of neg-
ative values of m below which problems of consistency are starting to be
verified. These values are around —1, —2, —3, depending on the test exam-
ined.

The spectral radius of A; "' and ||A;']|, grow as a function of n for values of
m > 0 and tend to a constant for values m < 0. Therefore, we have stability
problems in the case in which m > 0.
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Based on the above, is not convenient to symmetrize the matrix Ay,.

If we symmetrize the matrix A, through the formula (1.9) (thus only in
the case in which we perform the linear interpolation procedures to impose
the boundary conditions in a and in b) the norm of 75, depends on the posi-
tions of a and of b and for this reason the order of accuracy itself depends
on their positions. Performing various numerical tests we have observed that

I7ullze ~ O(R), lI7ullze ~ O(h2), [[allze= ~ O(R?),

therefore the consistency of the method is not guaranteed in L*°-norm.
Only if 6, — 0 (or 6, — 0) , ||7allze ~ O(h?), p = 1,2,00. Furthemore, if
0, — 1 (or 6, — 1) we have consistency problems.

The spectral radius of A, ' and ||A;"||, tend to a constant for large values of
n.

Therefore, also in this case is not convenient to symmetrize the matrix Ay,.
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2.1.3 Mixed boundary conditions

Now we consider the same numerical tests for the mixed problem.
We impose Dirichlet boundary condition in a and Neumann boundary con-
dition in b. We will consider the following cases:

e the case in which we perform the linear interpolation procedures to
impose the boundary conditions both in a and in b (2D 2N);

e the case in which we perform the linear interpolation procedure to
impose the boundary condition in a and the quadratic interpolation
procedure to impose the boundary condition in b (2D 3N);

e the case in which we perform the quadratic interpolation procedures to
impose the boundary conditions both in a and in b (3D 3N).

Behavior of the inverse matrix of A, and of the spectral radius of
A}l

The spectral radius of A, ' obviously does not depend on the position of b
in the case in which we perform the linear interpolation procedure to impose
the boundary condition in b. In all cases (2D 2N, 2D 3N, 3D 3N), the spectral
radius of A" essentially does not depend on the position of a and on the

position of b; it tends to a constant for large values of n. The following figure

h

Figure 2.9) shows the behavior of the spectral radius of A; ! choosing a = 2,
h 2

b=m- % and the case 2D 2N. In the left panel we have chosen n = 100.

The behavior of the norm of the inverse matrix coincides with that of the

Dirichlet Problems: [|A} ||, ~ O(n%), p = 1,2, 00. The following table shows

h

the numerical results in the case 2D 2N, choosing a = g and b =7 — 3:

| 7min = 54, 1t = 1096 [ s1([1A, 1) [ st(1A,N2) [ st1AL ) |

| a=2b=a—-2 | 09999 | 04904 [0.6554 102 |
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minI

1

Figure 2.9: Dependence of the reciprocal of the eigenvalue of minimum
module of the matrix A, (|[Ami|) on the number n of the grid points
(0, = 6y, = 0.5) (left panel) and on the parameter 1 — 6, for different values
of n: m = 10 (blue line), n = 30 (green line), n = 100 (red line), n = 1000
(cyan line) (right panel)

First example
We solve numerically the equation
—Ug, = sin(x) in |a, b[C [0, 7],

in which we impose Dirichlet boundary condition in a and Neumann bound-
ary condition in b. The problem to be solved numerically is:

—Ugz, =sin(xz) in Ja,b[C [0, 7]
u(a) = sin(a)
%(b) = cos(b)

We place b =71 — a.

Behavior of the consistency error 7,

2D 2N

The norm of the consistency error 7, in the case 2D 2N, depends only on
the position of b. Indeed, if we fix the position of b in |7 — h, 7| the norm of
the consistency error is constant as a function of the position of a in |0, A[.
This does not happen if we fix the position of a and we observe its behavior
as a function of the position of b. In this latter case, the L'- and L?-norms
are constant, the L*°-norm is smaller if 6, ~ 0.5 and it is larger if 6, ~ 0 or
0, ~ 1 (see Figure 2.10).
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Figure 2.10: L*-norm of the consistency error 75, as a function of the position
of b (n = 100). The position of a varies in |0,h[ and b=7 — a

Anyway ||74||» ~ O(h?), p = 1,2, 00, as we can read in the table below:

[ Pt = 7, M = 8103 [ si(||7allzr) | st(lImllz2) | si([7allz=) |
H | -2.0307 | -2.0354 | -1.9963 |

These results were obtained varying the position of a in |0, [ and thus the
position of b in |7 — h, 7.

2D 3N

Also in this case (2D 3N), the norm of the consistency error depends only
on the position of b. In particular, the L'- and L?-norms are constant, the
L*>-norm is larger if 8, ~ 0 or 6, ~ 1 and it is smaller if 6, ~ 0.5. The
following figure (Figure 2.11) shows this behavior. In the figure, the position
of a and the position of b vary in |0, h[ and in |7 — h, [ respectively.

Anyway ||7||» ~ O(h?), p= 1,2, 00, as we can read in the table below:

[ i = 7. M = 8103 [ si(|[7allz0) | st(lImllz) | si([7allz=) |
[ | -2.0200 | -2.0302 | -1.9863 |

These results were obtained varying the position of a in ]0, h[ and thus the
position of b in |7 — h, 7|
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Figure 2.11: L*-norm of the consistency error 75, as a function of the position
of b (n = 100)

3D 3N

In this case (3D 3N), the behavior of the norm of 7, coincides with that of
the previous case (case 2D 3N). We can read the values of the best-fit slope
in the table below, which shows that ||73]|z» ~ O(h?), p = 1,2, 00:

[ Pt = 7, Munax = 8103 [ si(|7allz0) | sl(lImllz2) | si([7allz) |
H | 20198 | -2.0139 | -1.9918 |

These results were obtained varying the position of a in ]0, h[ and thus the
position of b in |7 — h, 7]

Behavior of the error ¢,

2D 2N
In the following table we show the numerical results about the norm of the
error as a function of the number of the grid points in the case in which we

impose boundary conditions both in a and in b performing linear interpola-
tions. The numerical results show that ||es||z» ~ O(h?), p = 1,2, cc:

| Pin = 7, Nnax = 8103 | si([lenllzr) | sl(llenllz2) | si([lenllr) |
H | -2.0390 | -2.0266 | -2.0054 |

These results were obtained varying the position of a in ]0, h[ and thus the
position of b in |7 — h, 7|
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The norm of the error depends only on the position of b in this example.
Indeed, if we fix the position of b in |7 — h, 7| the norm of the error is con-
stant as a function of the position of a in ]0,h[. This does not happen in
the case we fix the position of a and we observe its behavior as a function of
the position of b. In particular, it is larger if 6, ~ 0. This behavior can be
highlighted in the following figure (Figure 2.12), which shows how varies the
norm of the error as a function of the position of b. We have chosen n = 100.

The position of a varies in |0, [ and b =7 — a.
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Figure 2.12: p - Norm of the error e, as a function of the position of b
(n =100): p=1 (top left), p = 2 (top right), p = oo (bottom left)

Remark 2.4 - on the behavior of the error: If we consider a mixed
problem (case 2D 2N) we expect a loss of accuracy on the error with re-
spect to the Dirichlet problem (First example in Subsection 2.1.2). This is
because when we impose the Neumann condition on the extreme b by per-
forming linear interpolation, from formula (1.16) we have & ~ O(h), which
is going to influence the global error. In fact, on the various numerical tests
performed (just read the numerical results about the behavior of the er-
ror in the Second example of this Subsection), we obtain ||es||» ~ O(h)
(p =1,2,00). We justify why in this case we obtain instead ||es||z» ~ O(h?).
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If we consider the Taylor series of the function u(x) = sin(x) of center 7

we have:
w(m — h) = u(r) —u'(7m)h + w(m) h* — w(r) h? + O(h?),
from which
u(m) —u(m —h) u'(m), u”(m), 3
h =u'(m) — 5 h + h* 4+ O(h%),

and being u”(7) = 0, we obtain u/(w) ~ O(h?), as in the internal points.
The same happens when choosing center 0.

For the same reason, a loss of accuracy in the consistency error does not
occur, as instead happens in the Second example of this Subsection, in
which:

I7allr ~ OB2), [Imullzz ~ O(h2), |7l ~ O(h).
The reason why this loss of accuracy affects the L*>°-norm most is in Remark
2.1.

2D 3N

Also in the case 2D 3N, the norm of the error depends only on the position
of b. In particular, it is larger if 6, ~ 1 (see Figure 2.13). Anyway, |len||z» ~
O(h?), p=1,2,00, as we can read in the following table:

| Tnin = 7, Munax = 8103 || si([lenll11) | sl(llenllz2) | sl(llen]lz=) |
H | 20775 | -2.0748 | -2.0698 |

These results were obtained varying the position of a in |0, h[ and thus the
position of b in | — h, 7.

3D 3N
In this latter case (3D 3N) the behavior of the norm of e coincides with

that of the previous case (case 2D 3N). The following table shows that
lenllze ~ O(h?), p = 1,2, 00:

[ i = 7, Mnax = 8103 [ si(llenll 1) | sl(llenllz2) | sl(llenlz=) |
H | -2.0354 | -2.0206 | -2.0037 |

These results were obtained varying the position of a in |0, [ and thus the
position of b in |7 — h, 7|
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Figure 2.13: p - Norm of the error e, as a function of the position of b
(n = 100): p =1 (top left), p = 2 (top right), p = oo (bottom left). The
position of a varies in |0,h[ and b=7 —a

Second example
We solve numerically the equation
—Uge = € in Ja, b[C [0, 1],

in which we impose Dirichlet boundary condition in a and Neumann bound-
ary condition in b. The problem to be solved numerically is:

— Uy = €7 in Ja, b[C [0,1]
u(a) = —e?
G (b) =~

We place b=1— a.

Behavior of the consistency error 7,
2D 2N
In the case 2D 2N the numerical results show:

I7allze ~ O(R?), [I7ullze ~ O(hZ), [|I7h]|z= ~ O(h);
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only in the case in which 6, ~ 0.5, ||7||z» ~ O(R?), p = 1,2, cc:

[ Pt = 7. M = 8103 [ si(|[7allzr) | st(Imllz) | si([7allz=) |
[ | -1.9790 | -1.5353 | -1.0154 |

[ Pt = 7, Mnax = 8103 [ si(|7allz0) | sl(lImllz) | si([7allz=) |
[ 0, =0.5 | 20021 [ -2.0025 | -2.0059 |

In the table on the top the position of a and the position of b vary in ]0, A[
and in |1 — h, 1] respectively, in the table on the bottom the position of a
varies in |0, k[ and 6, = 0.5.

The norm of the consistency error 7, in this example, depends only on the
position of b. Indeed, if we fix the position of b in |1 — h, 1] the norm of the
consistency error is constant as a function of the position of a in |0, h[. This
does not happen if we fix the position of a and we observe its behavior as a
function of the position of b. It is larger if #;, = 0 or 6, = 1 and it is smaller
if 6, = 0.5.

2D 3N

Also in the case 2D 3N, the norm of 7, depends only on the position of b.
In particular the L'- and L?-norms are constant, the L*®-norm is larger if
O, ~ 0 or 6, ~ 1 and it is smaller if 6, ~ 0.5. This behavior is shown in the
Figure 2.14.

Figure 2.14: L*°-norm of the consistency error 7, as a function of the position
of b (n = 100). The position of a varies in |0,h[ and b=1—a
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The numerical results show that ||7;]/z» ~ O(R?), p = 1,2, co:

[ i = 7, M = 2980 [ si(7allz0) | st(lImllz2) | si([7allz=) |
[ | -2.0188 | 20212 | -1.9281 |

These results were obtained varying the position of a in ]0, h[ and thus the
position of b in |1 — A, 1].

3D 3N

In this latter case (3D 3N) the behavior of the norm of 73, is equal to that of the
previous case (case 2D 3N). The numerical results show that ||7,]|z» ~ O(h?),
p=1,2 00:

[ Pt = 7, M = 2980 [ si(|7allz0) | st(lImll2) | si([7allz) |
H | 20116 | -2.0152 | -1.9372 |

These results were obtained varying the position of a in |0, [ and thus the
position of b in |1 — A, 1[.

Behavior of the error ¢,

Now, we show the behavior of the norm of the error as a function of the
number of the grid points.

2D 2N
In the case 2D 2N the numerical results show:
llerllzr ~ O(h), p=1,2, 00;

only in the case in which 6, = 0.5, |le||r» ~ O(h?), p = 1,2, 00:

[ i = 7, Munax = 8103 [ si(llenll 1) | sl(llenllz2) | st(llenlr) |
[ | -1.0505 | -1.0483 | -1.0412 |

[ Pt = 7, Mnax = 8103 [ si(Jlenll 1) | sl(llenllz2) | sl(llenlz) |
[ 0, = 0.5 | 21123 | -2.0941 | -2.0632 |
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In the table on the top the position of a and the position of b vary in ]0, A[
and in |1 — h, 1] respectively, in the table on the bottom the position of a
varies in |0, k[ and 6, = 0.5.

The norm of e, does not depend on the position of a. Indeed, if you fix
the position of b in |1 — A, 1] the norm of the error is constant as a function
of the position of a in ]0,[. Only if b =1 — % the norm is smaller if 6, ~ 0
or #, ~ 1 and it is larger if §, = 0.5. The norm of e;, depends on the position
of b: it is larger if 6, = 0 or 6, = 1 and it is smaller if 8, = 0.5.

2D 3N

In the case 2D 3N the numerical results show that ||es||» ~ O(h?), p =
1,2, 00:

[ i = 7, Munax = 8103 [ si([lenll ) | sl(llenllz2) | sl(llenlz=) |
H | -1.9648 | -1.9538 | -1.9305 |

These results were obtained varying the position of a in ]0, [ and thus the
position of b in |1 — A, 1].

The behavior of the norm of the error is as follow:

e as a function of the position of a in |0, [, for each position of b (except
the case in which 6}, ~ 1) the norm of the error is smaller if 6, ~ 0 or
0, ~ 1 and it is larger if 6, ~ 0.5. In the case in which #,, ~ 1 the norm
of the error is constant as a function of the position of a;

e as a function of the position of b in |1 — h, 1], for each position of a,
the norm of the error is larger if 6, ~ 1. The following figure (Figure
2.15) shows the behavior of ||en||z» as a function of the position of b
(the position of a varies in |0, h]).
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Figure 2.15: p - Norm of the error e, as a function of the position of b
(n=100): p=1 (top left), p = 2 (top right), p = oo (bottom left)

3D 3N

In the case 3D 3N the numerical results show that |le,||z» ~ O(h?), p =
1,2, oc:

[ Pt = 7, Munax = 8103 [ si(Jlenll 1) | sl(llenllz2) | sl(llenllz) |
H | -1.9390 | -1.9353 | -1.9193 |

These results were obtained varying the position of a in ]0, h[ and thus the
position of b in |1 — A, 1].

The norm of the error depends only on the position of b. Indeed, if we
fix the position of b in |1 — h, 1 the norm of the error is constant as a func-
tion of the position of a in |0, . This does not happen if we fix the position
of a and we observe its behavior as a function of the position of b. The
results on the dependence of the norm from the position of b are equal to
those of the previous case (case 2D 3N).
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Remark 2.5 - on the behavior of the consistency error: The norm
of the consistency error depends only on the position of b. Indeed, if we fix
the position of b in |1 — A, 1] the norm of the consistency error is constant
as a function of the position of a in ]0, h[. This does not happen if we fix the
position of a and we observe its behavior as a function of the position of b.
In particular, we can observe that, except for the 2D 2N case, the L'- and
L?-norms of 75, are constant as a function of the position of b, while the L*-
norm is not. In the 2D 2N case not even the L!'- and L?-norms are constant.
The reason is similar to the explanation given in Remark 2.1.

Conclusions

We itemize the numerical results on the mized problems in [a, b] C [0,1]. We
have chosen not to fix the position of a and the position of b, but to move
ain |0,h[ and b in |1 — h, h[, so as to see if the results may or may not
depend on their positions. We distinguish two cases: Ay not symmetric and
Ay, symmetric.

A, not symmetric

In the case in which A, is not symmetric, the numerical results are the
following;:

_ 1
o ALl ~ O(m7), p=1,2,00;
e p(A;) = ¢, where c is a constant.

The accuracy orders of ||7]|z» and of ||e||z» depend on the procedure with
which we impose the boundary condition in b.
If we perform the linear interpolation procedure (case 2D 2N) we have:

o ||7ullzr ~ O(h?), ||7n]|z2 ~ O(R?), |[mallr= ~ O(h);
e |lenllr ~ O(h), p=1,2,00;

only if 6, = 0.5 we have a second-order accuracy for both the error and the
consistency error. The loss of accuracy with respect to the Dirichlet problem
is due to the fact that the linear interpolation provides a first-order accuracy
in b in the case in which we impose Neumann condition.

If we perform the quadratic interpolation procedure (cases 2D 3N and 3D
3N), which provides a second-order accuracy on the border in the case in
which we impose Neumann condition, we have:
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o ||7]lr ~ O(R?), p=1,2,00;
o |len|lrr ~ O(R?), p=1,2,c0.

The norm of the consistency error can depend on the position of b and
the norm of the error can depend on the position of a and on the
position of b in the case in which we perform the linear interpolation to
impose the Dirichlet boundary condition in a (case 2D 2N and 2D 3N). They
depend only the position of b if we perform the quadratic interpolation
to impose the boundary condition in a (case 3D 3N). If we want that there
is not even dependence from b we need to perform a cubic interpolation
procedure to impose the Neumann condition in b, which provides a third-
order accuracy on the border.

A, symmetric

In the case in which the matrix A, is symmetric the behaviors of the norms
of the consistency error and of the inverse matrix of A;, depend on the sym-
metrization method used.

If we symmetrize the matrix A, through the symmetrization method (1.34)
the norm of 7, does not depends on the position of a and on the position of
b and

I7allz ~ O(h2), [I7llz2 ~ O(h2), ||mal ~ O(h),

thus we haven’t consistency problems. However, for m < 0 problems of con-
sistency are starting to be verified.

The spectral radius of A;"' and ||A;'|, grow as a function of n for all val-
ues of m. Based on the above, is not convenient to symmetrize the matrix Ay,.

If we symmetrize the matrix A, through the formulas (1.9) and (1.18) (thus
only in the case 2D 2N) the norm of 7, depends on the positions of a and of
b. Performing various numerical tests we have observed that

I7ullze ~ O(h), lI7ullze ~ O(h2), [[7allze ~ O(R?),

therefore the consistency of the method is not guaranteed in L*°-norm.
Furthemore, if 8, — 1 we have consistency problems.

The spectral radius of A;' and ||A;} ||, tend to a constant for large values
of n. Therefore, also in this case is not convenient to symmetrize the matrix

Ay,
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2.2 Numerical tests in 2D

We continue showing the numerical tests in two-dimensional case. We present
two several cases: the case in which the domain is a square and the case in
which the domain is a circumference.

2.2.1 Dirichlet boundary conditions - Square domain

We start to show the numerical results of the Dirichlet problem both in
the case in which we perform the linear interpolations and in the case in
which we perform the quadratic interpolations, choosing a square domain.
We have chosen a square because it represents a simple extension of the
one-dimensional case.

Behavior of the inverse matrix of A,

We show the behavior of the norm of the inverse matrix of A; as a function
of N. The norm of A; ' depends on the position of the vertices A, B, ¢ and D
(see Figure 1.9) of the square respect to the grid. The square domain within
the uniform grid, it is indeed circumscribed to a square whose vertices are
internal points and it is inscribed in a square whose vertices are ghost points.

LINEAR INTERPOLATION PROCEDURES

The numerical results in the case in which we perform the linear interpola-
tions are listed in the following table:

L stAiAL ) [ stz 2) [ stAL ) |]

H Nmin = 407 Nmax =109

Os=0y=0=0y=05 0.9292 0.4811 —0.1641 1073

Os = Oy = 0y = Oy, = 0.9990 0.9773 0.4864 0.3109 10~4

0s = Oy = 0y, = 0.9990, 6 = 0.001 0.7878 —0.1400 —0.2009 103
0s = Oy = 05 = 0.9990, 6y, = 0.001 0.7878 —0.1400 —0.2009 103
Oy = Oy = 6, = 0.9990, 6 = 0.001 0.7878 —0.1400 —0.2009 103
0s = Oy = 0y = 0.9990, Oy = 0.001 0.7878 —0.1400 —0.2009 103
05 = 0y = 0.9990, 0 = 6, = 0.001 0.7725 —0.1128 —0.2482 1073
0s = 0y = 0.001, Oy = 0 = 0.9990 0.7725 —0.1128 —0.2482 1073
0s = Oy = 0y = 6, = 0.001 0.6563 10~ | 0.1032 10~ | —0.2585 10~¢

05 = Oy = Oy = 0.001, 6, =0.9990 || 0.6518 107° | 0.1032 10~ | —0.2585 10~¢
05 = Oy = 6 = 0.001, 6y = 0.9990 || 0.6518 10~ | 0.1032 10~ | —0.2585 10~
Ox = Oy = 0 = 0.001, O = 0.9990 || 0.6518 10~° | 0.1032 10~ | —0.2585 106
05 = Oy = 0 = 0.001, Oy = 0.9990 || 0.6518 10~° | 0.1032 10~ | —0.2585 10~¢
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(QUADRATIC INTERPOLATION PROCEDURES

The numerical results in the case in which we perform the quadratic inter-
polations are listed in the following table:

I Nuin=40, Nuax =109 [ si(JA; ) | sl([ALMl2) | st(AL ) |

Os = Oy = 0y, =6y = 0.5 0.9159 0.4805 —0.1359 103

Os = Oy = 0 = Oy = 0.9990 0.9773 0.4863 0.3131 10~*

s = Oy = 6y, = 0.9990, 6, = 0.001 0.7694 —0.1179 —0.2486 103
s = Oy = 6 = 0.9990, Oy = 0.001 0.7694 —0.1179 —0.2486 103
Oy = Oy = 0 = 0.9990, 65 = 0.001 0.7694 —0.1179 —0.2486 103
s = Oy = O = 0.9990, 6 = 0.001 0.7694 —0.1179 —0.2486 1073
s = Oy = 0.9990, Ay = 6 = 0.001 0.7722 —0.1153 —0.2478 103
05 = 6y = 0.001, Oy = 6 = 0.9990 0.7722 —0.1153 —0.2478 1073
s = Oy = 6 = 6y, = 0.001 0.1645 10~ | 0.1032 10~ | —0.1295 10~

05 = Oy = Oy, = 0.001, 6, = 0.9990 || 0.1634 10~ | 0.729 10~2 | —0.1295 10—
s = Oy = 6 = 0.001, 6y = 0.9990 || 0.1634 10~° | 0.1179 10~'* | —0.1295 10~
Oy = Oy = 0 = 0.001, 65 = 0.9990 || 0.1634 10~5 | 0.1188 10~'* | —0.1295 106
0 = Oy = 6y = 0.001, Oy =0.9990 || 0.1634 107 | 0.742 1072 | —0.1295 10~

It is possible to notice that when all the sides of the domain are close to
the ghost points the behavior coincides with that of the 1D case, that is,
1A ], ~ O(N%), p = 1,2,00. When the sides are close to the internal
points, we have:

e if one side or two sides are close to the internal points:

1AL L ~ O(N), (1AL |2 ~ O(N), [IA; loo ~ O(N®);

e if three or all sides are close to the internal points:

A, |, ~ O(N?), p=1,2,0c0.

Thus, the stability is guaranteed in the oco-norm whatever the position of the
vertices of the domain with respect to the grid.
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Behavior of the spectral radius of A}"

Now, we show the behavior of the spectral radius of the matrix A,;l, in the
case in which we perform the linear interpolations to impose the Dirichlet
conditions:

-14
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ot
&)

0 50 100 150

Figure 2.16: Dependence of the reciprocal of the eigenvalue of minimum
module of the matrix Ay, (|Amin|) on the number N of the grid points

These results were obtained choosing x, = y, = g and xy =yp =1— % The
figure shows that the spectral radius of A; ' is constant for large values of N.
This constant depends on the position of the vertices A, B, ¢ and D of the
square. In this case is 2.

We have the same results (p(A,') — c¢) in the case in which we perform
the quadratic interpolation procedures to impose the boundary conditions.

Behavior of the Schur complement of A,

We also show the behavior of the norm of the inverse of the Schur complement
of Ahl

Sh= Ay — AgA; A
The study of Schur complement is fundamental for evaluate the stability of
the numerical method. We explain why.
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We write the linear system in this way:

A, A, Vv Z,
AV — gg g g | _ g
() (V)= (%)

where V, and V; are the vectors of the ghost points and of the internal points
respectively. Being:

AﬁVi + Aing = 2 —> Vi = A;l(zi — Aig\/g), (25)

AgiVi —+ Agng = Zg, (26)
replacing (2.5) in (2.6) we have

7 = (Agg — AgiAj ' Aip) Vg + AgiAy ' 2.

The quantity AgAj 2 is negligible, therefore we focus only on quantity
Sh = Ay — AgA; Ay, which is precisely the Schur complement of Aj,. We
have also verified that in the case of the square domain the Schur comple-
ment is a symmetric matrix. To get information on stability, we deal with
the study of the norm of the inverse matrix of S.

We can read the values of the best-fit slope in the table below in the case in

which we perform the linear interpolation procedures, choosing z, = y, = g

and rp =y, = 1 — %, and it shows that the norm and the spectral radius of
S, ! are constant for large values of N:

H Nmin — 337 Nmax =109 H SZ(HS}:1H1) ‘ Sl(HSf71H2) ‘ Sl(‘|S]’:1HOO) H
H [ —0.5329 1077 [ 0.2937 10 [ —0.5329 107 |

We obtain the same accuracy in the case in which we perform the quadratic
interpolation procedures to impose the boundary conditions:

| Mo = 33, Nunax =109 || st(ISy'l) [ si(USy'll2) [ stllISy ll) |
[ | 0.1506 105 | —0.5049 10~° | —0.3079 10~ |
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Now, we proceed showing some numerical results about the behaviors of the
consistency error and of the error.

We choose some functions f for our numerical tests:

dx+a3+4xy?

& —Uyy — Uyy = — U=
T vy (x2+y2+1)2\/x2+y2+1 [a24y2+1
— — 9 Y79 1 9 (42 2 _a?y?
O —Uypy — Uyy = —2€ [+ (l’ —|—y>]:>U—€

o —u,, — uy, = 8m%sin(2ry) cos(2rx) => u = 2 + sin(2my) cos(27x)

We have approximated ||7,||r» and ||ex||» (p = 1,2, 00) in this way:

||ah||Ll :h2 Z |ah(l‘i7yj)|7

. o
i,j € Q,UQ}

lanllze = 0> >0 lan(zi, y;)l%,

ij € Q,UQS

lan|| L~ = e lan (i, y;)|,

where ay, is 73, or ey,.

Behavior of the consistency error 7,

Through our numerical tests we want showing that ||7,]|z» ~ O(h?), p

1,2, 00. We show below the numerical results obtained choosing z, = y,
h
5.

h
2
and zp =y, =1 —
In each table related to a certain function, in the first row we inserted the

results obtained performing the linear interpolations, in the second row we
inserted the results obtained performing the quadratic interpolations.

First example

4x + 23 + z1?
—Upy — Uyy =
e vy (a:2+y2—|—1)2 x2+y2+1
H Nmin = 20, Npax = 1438 H Sl(HTh”Ll) ‘ SZ(HT}I”L2) ‘ SZ(HT}I||L°°) H
LINEAR INTERPOLATION PROCEDURES -1.9825 -1.9839 -1.9937

QUADRATIC INTERPOLATION PROCEDURES -1.9738 -1.9834 -1.9937
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The following figure (Figure 2.17) shows the behavior of the consistency error
as a function of the number of the grid points, in the case in which we perform
the linear interpolations. Moreover, we have verified that in this example the
norm of the consistency error does not depend on the position of the vertices
of the square, as well as in the case we perform the quadratic interpolations.

0.0005 0.0005
— 0.0001 -
Ec Ec 0.0001
50 100 50 100
N N
107
E_‘
&=
107
50 100
N

Figure 2.17: p - Norm of the consistency error 7, as a function of the number
of the grid points: p = 1 (top left), p = 2 (top right), p = oo (bottom left)

Second example

Uy — Uy = _9er Y [2 4 2(2? + 3?)]

[ Noin = 20, Ny = 148 [ stllallz) [ stlmallzz) | si(imlle=) ||
LINEAR INTERPOLATION PROCEDURES -1.9417 -1.9414 -1.8756
QUADRATIC INTERPOLATION PROCEDURES -1.9318 -1.9408 -1.8756

Third example

— Uy — Uy, = 872 sin(27y) cos(2mx)

H Nunin = 20, Nypay = 148 [stmllzy) | silmlize) | silmaliz=) |
LINEAR INTERPOLATION PROCEDURES -1.9596 -1.9767 -1.9979
QUADRATIC INTERPOLATION PROCEDURES -1.9583 -1.9767 -1.9979
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We have verified that in all examples the norm of the consistency error does
not depend on the position of the vertices of the square both in the case we
perform the linear interpolations and in the case we perform the quadratic
interpolations.

Behavior of the error ¢,

Now we show that |lep||r» ~ O(h?), p = 1,2,00. We show below the results

obtained choosing =, = y, = % and zp =y, =1 — %
First example
4 + 23 + x9?
—Upy — Uyy =
T vy (x2 T y2 4 1)2 /22 2 + 1 yz 1
[ Nomin = 20, Ny = 148 | st(llenllzr) | sillenllz2) | si(lenll~) |
LINEAR INTERPOLATION PROCEDURES -2.0428 -2.0265 -2.0154
QUADRATIC INTERPOLATION PROCEDURES -1.8849 -1.8840 -1.9095

Second example

Uy — Uy = _9er Y [2 4 2(2? + 3?)]

| Ninin = 20, Ninax = 148 [ stllenllz) [ silllenlizz) | stllenll=) |
LINEAR INTERPOLATION PROCEDURES -2.0358 -2.0265 -1.9469
QUADRATIC INTERPOLATION PROCEDURES -1.8420 -1.8301 -1.8360

Third example

— Uy — Uy, = 872 sin(27y) cos(2mx)

| Nin = 20, Nipax = 148 [ stllenllz) [ silllenllzz) | stllenll=) |
LINEAR INTERPOLATION PROCEDURES -2.0604 -2.0502 -2.0217
QUADRATIC INTERPOLATION PROCEDURES -1.9671 -1.9546 -1.9590

We have verified that in all examples the norm of the error depends on the
position of the vertices of the square in the case we perform the linear interpo-
lations. In the case we perform the quadratic interpolations the dependence
on the position of the vertices of the domain is less evident. The following
figure (Figure 2.18) shows the behavior of the norm of the error as a function
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of the number of the grid points related to the First example, in the case in

which we perform the linear interpolation procedures to impose the Dirichlet
conditions.
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Figure 2.18: p - Norm of the error e, as a function of the number of the grid
points: p =1 (top left), p = 2 (top right), p = oo (bottom left)

We conclude this Section showing a figure relative to the Third example
in which the numerical solution overlaps the exact solution. We have chosen

N = 50, the linear interpolations to impose the Dirichlet boundary conditions
and 6, = 0.5 (K =S, N, W, E).
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[_]Exact solution

*  Numerical solution

3.5

Figure 2.19: Solution for the Third example with Dirichlet boundary con-
ditions

2.2.2 Mixed boundary conditions - Square domain

We proceed to show the numerical results of the mixed problem both in the
case in which we perform the linear interpolations and in the case in which we
perform the quadratic interpolations. In particular, we impose the Dirichlet
boundary conditions in the points of the south (S) and west (W) zones and
we impose the Neumann boundary conditions in the points of the nord (N)
and est (E) zones.

Behavior of the inverse matrix of A,

We show the behavior of the norm of the inverse matrix of A; as a function
of N. The norm of A;' depends on the position of the vertices A, B, ¢ and
D (see Figure 1.9) of the square respect to the grid.
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LINEAR INTERPOLATION PROCEDURES

The numerical results in the case in which we perform the linear interpola-
tions are listed in the following table:

[ Nuin = 33, Niax = 109 | stIAL 1) | st(IAL T2) | st(IA, o) |
Os =0y =05 = 0y = 0.5 0.9082 0.4762 0.1287 10~*
05 = Oy = 0 = Oy = 0.9990 0.9334 0.4476 0.6506 102
05 = Oy = Oy, = 0.9990, 6, = 0.001 0.9334 0.4476 0.6506 102
Os = Oy = 05 = 0.9990, Oy = 0.001 0.8290 0.3727 —0.5283 1073
Oy = Oy = 0, = 0.9990, 65 = 0.001 0.8290 0.3727 —0.5283 1073
Os = Oy = O = 0.9990, 6y = 0.001 0.9334 0.4476 0.6506 102
05 = Oy = 0.9990, Oy = O = 0.001 0.8290 0.3727 —0.5283 1073
05 = Oy = 0.001, Oy = O = 0.9990 0.8290 0.3727 —0.5283 1073
O, Oy, Oy, 0 ~ 0 0.6229 10~% | 0.581 102 | 0.3284 10"
Os,0x, 0w ~ 0, O ~ 1 0.6229 10~% | 0.581 102 | 0.3284 10"
05 = Oy = 6, = 0.001, Oy = 0.9990 0.8290 0.3727 —0.5283 1073
Oy = Oy = 0 = 0.001, 65 = 0.9990 0.8290 0.3727 —0.5283 1073
Os, 0w, 0 ~ 0, Oy ~ 1 0.6152 10~% | 0.581 102 | 0.7692 10~

Q UADRATIC INTERPOLATION PROCEDURES

The numerical results in the case in which we perform the quadratic inter-
polations are listed in the following table:

I Numin = 33, Nmax = 109 [ stIAL M) [ stIAL ) | stlA, o) |

0 = Oy = 0 = Oy = 0.5 0.9031 0.4761 | —0.2875 1073

0s = Oy = 0y = Oy = 0.9990 0.9631 0.4699 0.6589 102

05 = Oy = Oy = 0.9990, 6, = 0.001 0.9552 0.4774 0.6622 102
0s = Oy = 0, = 0.9990, Oy = 0.001 0.8950 0.3691 | —0.5261 103
Oy = Oy = 0 = 0.9990, 65 = 0.001 0.8950 0.3691 | —0.5261 103
Os = Oy = 0, = 0.9990, 65 = 0.001 0.9552 0.4714 0.6622 102
Os = Oy = 0.9990, Oy = 0 = 0.001 0.8881 0.3683 | —0.5275 103
05 = Oy = 0.001, Oy = O, = 0.9990 0.8881 0.3683 | —0.5275 103
05 = Oy = Oy = 0, = 0.001 0.1531 10=° | 0.35 10~ | —0.1655 10~©

Os = Oy = Oy = 0.001, 6, = 0.9990 || 0.1559 10~¢ | 0.35 10~1® | —0.1655 10—°
0s = Oy = 0, = 0.001, Oy = 0.9990 0.7783 0.3517 | —0.4004 102
Oy = Oy = 0, = 0.001, O = 0.9990 0.7783 0.3517 | —0.4094 102
fs = Oy = Oy = 0.001, Oy = 0.9990 || 0.1559 10~¢ | 0.35 10~® | —0.1655 100
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Based on the position of the vertices of the domain relative to the grid, the
numerical results show that the following cases can occur:

o AL~ ON), IAG |2 ~ O(N2), [|A; ! [loe ~ O(N?)

o [|A; 1 ~ ON), AL ]2 ~ O(N?), [|A, [l ~ O(N?).

As in the Dirichlet problem, stability is guaranteed in the co-norm whatever
the position of the vertices of the domain with respect to the grid.

The behavior of the spectral radius of the matrix A; ' is identical to that
of the Dirichlet problem, both in the case in which we perform the linear in-
terpolations and in the case in which we perform the quadratic interpolations,
that is, it tends to a constant for large values of N.

Behavior of the Schur complement of A,

The norm of the inverse of the Schur complement of A, and its spectral
radius tend to a constant for large values of N:

[ Ninin = 33, Niax = 109 [ stlisy M) [ stCSy ) | stlSy o) |
LINEAR INTERPOLATION PROCEDURES 0.1202 0.3093 10~2 | 0.1009 10!
QUADRATIC INTERPOLATION PROCEDURES 0.1150 0.1951 10~7 | —0.9570 104

These results were obtained choosing 65 = 6y = 6y, = 6; = 0.5, but we have
the same accuracy also for different values of the positions of the vertices of
the square with respect to the grid.
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Behavior of the consistency error 7,

We show the behavior of the norm of the consistency error as a function of
the number of the grid points, starting with the case in which we perform
the linear interpolations.

LINEAR INTERPOLATION PROCEDURES

First example

dx + 23 + z9?

e T e T R ) T P

The behavior of the consistency error in the case in which we perform the
linear interpolations coincides with that of the one-dimensional case:

I7allze ~ O(R?), [I7ullze ~ O(h2), |17z ~ O(h).

Only in the case in which at least ¢y = 6, = 0.5 we obtain ||7||» ~
O(h?), p = 1,2,00. We can read the values of the best-fit slope in the
tables below:

| Nanin = 20, Niax = 148 [ si(|7ll2) | sl(lI7llze) | sl(l7allze) |
H | -1.9795 | -1.9836 | -1.9937 |

[ Nain = 20, Nusax = 148 | si([[all 1) | sl(lI7allze) | st(imallz=<) |
H | -1.9801 | -1.5147 | -1.0101 |

In the table on the top we have chosen 05 = 0y = 0y, = 6; = 0.5 and in the
table on the bottom we have chosen 65 = 0y = 6, = 0, = 0.9990.

Second example

Uy — Uy = _9er Y 2+ 2(2? + 4?)]

| Nain =20, Noax = 148 [ sl({I7nllzr) | si(llmnllz) | stmnlle=) |
O = Oy = Oy = 0, = 05 | -19426 | -19416 | -1.8756
Oy = Oy = Oy = 0, = 0.9990 | -1.9436 | -1.4683 | -0.9369
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Third example

— Uy — Uy, = 877 sin(27y) cos(2mx)

H Nyin = 20, Ny = 148 H sl(||7ulz) \ sl(||7al22) \ sU(||7n | o) H
Oy =0y =0y =0, = 0.5 -1.9603 -1.9767 -1.9979
O =0y =0y, = 0, = 0.9990 | -1.9665 -1.7848 -0.9964

In this last case there is a second-order accuracy also in the L?-norm and it
is enough that there is #; = 0.5 for it to occur the second-order accuracy:

| Nuiw =20, Nuaxe =148 || sl(l|7llzr) | sl(lI7allzz) | st(l|7allz~) |
| 65 =05, 6, =0y =0, =09990 | -1.9634 | -1.9772 | -1.9979 |

We have verified that in all examples the norm of the consistency error de-
pends on the position of the vertices of the square.

QI,’ADRA'I'I(,‘ INTERPOLATION PROCEDURES

In the case in which we perform the quadratic interpolations we show the
numerical results only in the case in which 65 = 0y = 0 = 0; = 0.5, because
| 7ullze ~ O(h?) (p = 1,2, 00) whatever is the position of the vertices of the
domain with respect to the grid. Furthermore, ||74]|z» does not depend on
the position of the vertices of the square.

First example

[ Nain = 20, Nuwax = 148 [ si([[mall 1) | sl(l|7allz2) | st(lImallz=) |
H | -1.9763 | -1.9834 | -1.9937 |

Second example

[ Nain =20, Nusax = 148 [ si(l[mall2) | sl(lI7allze) | st(limallz=<) |
H | -1.9414 | -1.9416 | -1.8756 |

Third example

[ Nain = 20, Ny = 148 [ si([[mall2) | sl(l|7ullz2) | st(lImallz=<) |
H | -1.9597 | -1.9767 | -1.9979 |
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Behavior of the error ¢,

We now examine the behavior of the norm of the error as a function of N,
starting with the case in which we perform the linear interpolations.

LINEAR INTERPOLATION PROCEDURES

First example

dr + 23 + xy?
(22 + 92+ 122 +y? + 1

T Uy Uyy =
The behavior of the error in the case in which we perform the linear inter-
polations coincides with that of the one-dimensional case:
lenllre ~ O(R), p=1,2,00.

Only in the case in which at least 0y = 6; = 0.5 we obtain |ley||r ~
O(h?), p = 1,2,00. We can read the values of the best-fit slope in the
tables below:

| Nanin = 20, Nuax = 148 || si([lenllzr) | slllenllz2) | si(lenllr) |
H | -2.0348 | -2.0165 | -1.9969 |

| Nain = 20, Nuwax = 148 [ si(lenllnr) | slllenllz2) | sl(llen]lz=) |
H | -1.0483 | -1.0404 | -1.0126 |

In the table on the top we have chosen 6y = 0y = 0,y = 6; = 0.5 and in the
table on the bottom we have chosen 65 = 0y = 6 = 6, = 0.9990.

Second example

Uy — Uy = _9er Y 2+ 2(2% + y?)]

| Nuin =20, Nuax = 148 || sl(llenllz1) | si(llenllz2) | si(llenllz=) |
QS — 9N — QVV — HE — 0.5 ‘1.9270 '1.9002 '1-8915
05 — QN = ew — QE — 0.9990 _1.0228 _1-0107 _0.9592
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Third example

— Uy — Uy, = 877 sin(27y) cos(2mx)

| Nuin =20, Nuax = 148 || sl(llenllz1) | si(llenllz2) | sillenllz=) |
Os = Oy = Oy = 0, = 0.5 -2.0505 | -2.0359 | -2.0215
Os =0y = Oy = 0, = 0.9990 | -1.0712 | -1.0664 | -1.0322

In this last example it is enough that there is ; = 0.5 for it to occur the
second-order accuracy.

We have verified that in all examples the norm of the error depends on
the position of the vertices of the square with respect to the grid.

(,Qlf;\l)l{A\'l‘l(f INTERPOLATION PROCEDURES

In the case in which we perform the quadratic interpolations we show the
numerical results only in the case in which 65 = 0y = 0 = 0; = 0.5, because
llenllze ~ O(h?) (p = 1,2,00) whatever is the position of the vertices of the
domain. Furthermore, ||ep||z» depends on the position of the vertices of the
square.

First example

| Nain = 20, Nuwax = 148 [ si(lenllnr) | sl(llenllz2) | sl(llen]lr=) |
[ | -1.9046 | -1.89704 [ -1.9139 |

Second example

| Nanin = 20, Nyax = 148 [ si([lenllzr) | slllenllz2) | si([lenlr) |
[ | -1.9280 | -1.9196 | -1.9102 |

Third example

| Nain = 20, Nuwax = 148 [ si(lenllnr) | slllenllz2) | sl(llen]lz=) |
H | -2.0285 | -2.0235 | -2.0357 |
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2.2.3 Dirichlet boundary conditions - Circular domain

To conclude the analysis in the 2D case, we present the numerical results
in the case of a circular domain. It is clear that in this case, unlike the
previous case, we can not choose the values of the 6;; (coefficients of bilinear
or biquadratic interpolations), but we can only fix the center and the radius
of the circumference. In fact, the values of the 6;; vary from ghost point to
ghost point. We start imposing the Dirichlet boundary conditions.

We performed various numerical tests on different functions changing the
position of the circumference with respect to the grid, to see if the accuracy
can depend on it or not.

Behavior of the inverse matrix of A,

First, we show the behavior of the norm of the inverse matrix of A, as
a function of N. We have verified that the accuracy does not depend on
the position of the circumference, therefore we present below the numerical
results obtained choosing

re =04, yo =04, R=0.3.

We can read the values of the best-fit slope in the table below, both in the
case we perform the bilinear interpolations and in the case we perform the
biquadratic interpolations, which shows that

1A [l ~ O(N), AL |2 ~ O(N®), [[AL oo ~ O(N?) -

I Niin = 49, Npax = 181 | st(IA, ) | stA, ) | stIAg lso) |
BILINEAR INTERPOLATION PROCEDURES 0.8737 0.1855 0.3240 10~ !
BIQUADRATIC INTERPOLATION PROCEDURES 0.8238 0.1102 0.7302 10~ 1!

Also in the case of a circular domain, for the Dirichlet problem, the stability
is guaranteed in the oo-norm.

The spectral radius of the inverse matrix basically remains constant, both in
the case we perform the bilinear interpolations and in the case we perform
the biquadratic interpolations. The following figure (Figure 2.20) shows the
spectral radius of A, ' in the case in which we perform the bilinear interpo-
lations.
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Figure 2.20: Spectral radius of A, " as a function of N

Behavior of the Schur complement of A,

The norm of the inverse of the Schur complement of A, and its spectral
radius tend to a constant for large values of N. We have verified that the
accuracy does not depend on the position of the circumference, therefore we
present below the numerical results obtained choosing

re =04, yo=04, R=0.3:

I Nuin = 49, Niax = 181 | st(ISu 1) | st(lISa'll2) | st(liSy M) ||
BILINEAR INTERPOLATION PROCEDURES 0.4428 10~ | 0.2604 10~! | 0.1078 10~ !
BIQUADRATIC INTERPOLATION PROCEDURES || 0.7937 10~! 0.1111 0.7318 10!

The following figure (Figure 2.21) shows the behavior of the norm of inverse
matrix of the Schur complement of A, and of its spectral radius as a function
of N, in the case in which we perform the bilinear interpolations:
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Figure 2.21: p - Norm and spectral radius of the inverse of the Schur com-
plement of Aj as a function of the grid points: p = 1 (top left), p = 2 (top
right), p = oo (bottom left)

Behavior of the consistency error 7,

We proceed showing the behavior of the consistency error as a function of the
number of the grid points. Also in this case the accuracy does not depend on
the position of the circumference, therefore we present below the numerical
results obtained choosing

Lo = 04, yc - 04, R — 03

We can read the values of the best-fit slope in the tables below, which show
that ||7,||z» ~ O(h?), p= 1,2, 00.

First example

4 + 23 + x9?
—Ugy — Uyy =
T (@241 P+
I Niin = 20, Npax = 148 [ stlimallz) | siimallz2) | si(lmallze) |
BILINEAR INTERPOLATION PROCEDURES -2.0111 -1.9976 -1.9834

BIQUADRATIC INTERPOLATION PROCEDURES -1.9966 -1.9966 -1.9834
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Second example

Uy — Uy = _9em Y’ [2 4 2(2? + 3?)]

H Nowm = 20, Noae — 148 [ sl | simlize) | stllimliz=) |
BILINEAR INTERPOLATION PROCEDURES -2.0124 -1.9993 -1.9808
BIQUADRATIC INTERPOLATION PROCEDURES -1.9976 -1.9981 -1.9808

Third example

— Uy — Uy, = 877 sin(27y) cos(2mx)

H Npin = 20, Niax = 148 H Sl(HTh”Ll) ‘ Sl(HTh”L2) ‘ Sl(HTh”LOO) H
BILINEAR INTERPOLATION PROCEDURES -1.9911 -1.9966 -1.9979
BIQUADRATIC INTERPOLATION PROCEDURES -1.9885 -1.9966 -1.9979

We have verified that in all examples the norm of the consistency error does
not depend on the values of the 6, both in the case we perform the bilinear
interpolations and in the case we perform the biquadratic interpolations.

Behavior of the error ¢,

Now, we show the behavior of the norm of the error as a function of V.
BILINEAR INTERPOLATION PROCEDURES

First, we show the results in the case we perform the bilinear interpolation
procedures. We have verified that the accuracy does not depend on the po-
sition of the circumference, therefore we present below the numerical results
obtained choosing

re =04, yo =04, R=0.3.

We can read the values of the best-fit slope in the tables below, which show
that |len||zr ~ O(h?), p = 1,2, 00.

First example
B Az + 2% + zy?
Uy — Uyy = <£L‘2 +Z/2 + 1)2\/m
[ Nonin = 20, N = 148 [ si(llenllz2) [ siClleallz2) [ stllenlli) |
H | 21149 [ -2.0042 | -1.8843 |
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Second example

Uy — Uy = _9em Y’ 2+ 2(2? + y?)]

| Nain = 20, Nuwax = 148 [ si(lenll1) | slllenllz2) | sl(llen]lz) |
H | 21271 | -21097 | -1.7630 |

Third example

— Uy — Uy, = 877 sin(27y) cos(2mx)

| Nain = 20, Nuwax = 148 [ si(lenllr) | slllenllz2) | sl(llen]lr=) |
H | 21721 | -2.1543 | -1.9570 |

In all examples the numerical results depend on the values of the 6.
BIQUA\DRA\TIC INTERPOLATION PROCEDURES

In the case in which we perform the biquadratic interpolations to impose
the Dirichlet conditions we show the numerical results choosing z¢ = yo =
0.50001 and R = 0.45.

First example

| Nain = 20, Nuwax = 148 [ si(lenll 1) | sl[lenllz2) | sl(llen]lz=) |
H | -1.9526 | -1.9348 | -1.9565 |

Second example

| Nain = 20, Nuwax = 148 [ si(lenlln) | slllenllz2) | sl(llen]lz=) |
H | -1.9435 | -1.9211 | -2.0922 |

Third example

| Nain = 20, Nuwax = 148 [ si(lenllrr) | slllenllz2) | sl(llen]lz=) |
H | -2.0124 | -19645 | -1.9619 |

In all examples the numerical results do not depend on the values of the 6;.
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2.2.4 Mixed boundary conditions - Circular domain

Once the analysis of the Dirichlet problem is concluded, we proceed showing
the numerical results of the mixed problem. In particular, we impose Dirich-
let boundary conditions in the area to the right of the center and Neumann
boundary conditions in the area to the left of the center.

We impose the Neumann boundary
conditions in the point F = (zy, yx)

(projection of the ghost point G on
the border) through the formula:

ou ou ou
%(‘Tl«‘a ?JF) = %(IL‘Fy yF)nw+@(xFa ?/F)nya

in which n, and n, are the compo-
nents of the outward unit normal ng
at the border in the point G (see Fig-

ure 2.22). We compute n, and n, in

this way:

Figure 2.22: Outward unit normal vec- N To = Te Yo~ Yo
tor of the ghost point G * da Y d ’

where d = \/ (g — xc)? + (Yo — yc)? is the usual Euclidean distance.

Behavior of the inverse matrix of A,

We start showing the behavior of the norm of the inverse matrix of A, as a
function of N. We present below the numerical results obtained choosing

ZEC - 0.47 yC - 0.47 R - 0-3-

We can read the values of the best-fit slope in the tables below, which show
that

NI

1AL I ~ O(N2), [JA; ]2 ~ O(N2), [|A; | ~ O(N?).
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BILINEAR INTERPOLATION PROCEDURES

| Nowin = 49, Nuwaoe = 181 | st(IA 1) | stIAG M) [ A4 ) |
[ | 13789 | 05180 |0.3796 10~ |

BIQUADRATIC INTERPOLATION PROCEDURES

| Nonin = 49, Nuwae = 181 [ st(IA, 1) | st1ALTl2) [ (144 ) |
[ | 13906 | 03703 |0.7253 107" |

Also in the case of a circular domain, for the mixed problem, the stability is
guaranteed in the co-norm.

The spectral radius of the inverse matrix basically remains constant, both in
the case we perform the bilinear interpolations and in the case we perform
the biquadratic interpolations.

Behavior of the Schur complement of A,

Now, we show the behavior of the norm of the inverse of the Schur comple-
ment of A, as a function of V.

BILINEAR INTERPOLATION PROCEDURES

In the case in which we perform the bilinear interpolations, the numerical
results show that

(NI

1851 ~ O(V2), 1S, [l ~ O(N®), [IS, oo ~ O(N®).

We present below the numerical results obtained choosing

2e =04, yo =04, R=10.3:

[ Noin =19, N = 151 ] 1005, 1) | 10055 I2) | 1055 1) |
H | 02060 [0.319110°'[0.2183 107" |
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BIQUADRATIC INTERPOLATION PROCEDURES

In the case in which we perform the biquadratic interpolations, the numerical
results show that

1S5 1 ~ O(NZ), 1S, 2 ~ O(N?), [IS, [lo ~ O(N®),

but there are cases (for small rays) in which [|S; ||, ~ O(N?), p = 1,2, c0.
We can read the values of the best-fit slope in the table below:

| Nunin = 49, Nowaxe = 181 || 11183 11) | st(UISa'll2) | sk 1) |
C((0.4,0.4),0.3) 0.2786 | 0.8237 10" | 0.8445 10~
C((0.77,0.34),0.1) | 0.5901 10~ | 0.7096 10~ | —0.8553 10

Behavior of the consistency error 7,

We proceed showing the behavior of the norm of the consistency error as a
function of the number of the grid points. We have verified that the accuracy
does not depend on the position of the circumference, therefore we present
below the numerical results obtained choosing

Lo = 04, yc — 047 R - 03

We can read the values of the best-fit slope in the tables below, which show
that
3
I7ullzs ~ O(?), Imallze ~ O(h2), |[7a]lL= ~ O(h)

if we perform the bilinear interpolations, and ||7;|» ~ O(h?) (p = 1,2, 00)
if we perform the biquadratic interpolations.

First example

4 + 23 + 29?

—Ugy — Uyy =
Y@+ 1)Vt 41

[ Nin = 36, Npax = 148 | stlallzr) [ stlmallze) | st(imlle=) ||
BILINEAR INTERPOLATION PROCEDURES -2.0251 -1.6064 -1.0061
BIQUADRATIC INTERPOLATION PROCEDURES -1.9398 -1.9633 -1.9837
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Second example

Uy — Uy = _9em Y’ [2 4 2(2? + 3?)]

H Nunin = 36, Nypay = 148 [ siizallz) | stimallze) | siClzallz=) |
BILINEAR INTERPOLATION PROCEDURES -2.0415 -1.6445 -1.0098
BIQUADRATIC INTERPOLATION PROCEDURES -1.9199 -1.9527 -1.9717

Third example

— Uy — Uy, = 877 sin(27y) cos(2mx)

[ Ninin = 36, Npax = 148 | stlmallzr) | stlmallzz) | st(imlle=) ||
BILINEAR INTERPOLATION PROCEDURES -2.0014 -1.8859 -1.0061
BIQUADRATIC INTERPOLATION PROCEDURES -1.9126 -1.9498 -1.9956

We have verified that in all examples the norm of the consistency error depend
on the values of the ¢;; if we perform the bilinear interpolations and it does not
depend on the values of the 6;; if we perform the biquadratic interpolations.

Behavior of the error ¢,

Finally, we show the behavior of the norm of the error as a function of the
number of the grid points. We have verified that the accuracy does not
depend on the position of the circumference, therefore we present below the
numerical results obtained choosing

xc - 0.47 yc - 0.4, R - 0-3-

We can read the values of the best-fit slope in the tables below, which show
that |lex]|r» ~ O(h) (p = 1,2,00) if we perform the bilinear interpolations,
and ||ex||ze ~ O(R?) (p = 1,2,00), if we perform the biquadratic interpola-
tions.
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First example

4x + 23 + 312

Ugge — Uy =
Y@ 122 P+

I Nin = 44, Npax = 148 [ stllenllzr) | stllenllz2) | sillenll=) |
BILINEAR INTERPOLATION PROCEDURES -1.1369 -1.1174 -1.0476
BIQUADRATIC INTERPOLATION PROCEDURES -1.9439 -1.9280 -1.913

Second example

Uy — Uy = _9er Y [2 4 2(2? + 3?)]

I Niin = 44, Npax = 148 | stllenllzr) | st(lenllz2) | si(lenllz) |
BILINEAR INTERPOLATION PROCEDURES -1.1851 -1.1646 -1.1424
BIQUADRATIC INTERPOLATION PROCEDURES -1.9445 -1.9206 -1.9203

Third example

— Uy — Uy, = 872 sin(27y) cos(2mx)

[ Nnin = 44, Nypax = 148 [ sillenllz) [ siCllenllz2) T stllenll=) |
BILINEAR INTERPOLATION PROCEDURES -1.1090 -1.0498 -1.0440
BIQUADRATIC INTERPOLATION PROCEDURES -1.9927 -1.9579 -1.9640

In this last example, a second-order accuracy also occurs in the L?-norm in
the case in which we perform the bilinear interpolations. This behavior also
occurred in the case of a square domain.

We have verified that in all examples the norm of the error depend on the
values of the 6; if we perform the bilinear interpolations and it does not
depend on the values of the 6;; if we perform the biquadratic interpolations.
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Conclusions
Dirichlet problem

We itemize the numerical results on the Dirichlet problem (1.24). The nu-
merical results are the following;:

o [|A; lo ~ O(N®);

e p(A;") — c, where c is a constant;
o (IS lloc ~ O(N?);

o lI7uller ~ O(R?), p=1,2,00;

e |len]lze ~ O(R?), p=1,2, 0.

The norm of the consistency error and the norm of the error can depend on
the values of ¢;; in the case in which we perform the bilinear interpolations
to impose the Dirichlet boundary conditions. They do not depend on the
values of 0;; in the case in which we perform the biquadratic interpolations.

Mixed problem

We itemize the numerical results on the mized problem (1.27). The numerical
results are the following:

o [|A; o ~ O(N®);
e p(A; ") — c, where c is a constant;
o (IS lloc ~ O(N®).

The accuracy orders of ||7]|z» and of ||ep||z» depend on the procedure with
which we impose the Neumann boundary conditions. If we perform the
bilinear interpolation procedures we have:

o ||7ullzr ~ O(h2), ||7n]|z2 ~ O(R?), |[mllr= ~ O(h);
e |lenllr ~ O(h), p=1,2,00,

because the Neumann conditions confers a first-order accuracy at the border
in the case in which we perform the bilinear interpolations. If we perform
the biquadratic interpolation procedures we have the second order accuracy
both in the consistency error and in the error:
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o ||7]lr ~ O(R?), p=1,2,00;
o |len|lr ~ O(R?), p=1,2,c0.

The norm of the consistency error and the norm of the error can depend on
the values of ¢;; in the case in which we perform the bilinear interpolations
to impose the boundary conditions. They do not depend on the values
of 0;; in the case in which we perform the biquadratic interpolations.
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2.3 Numerical tests in 3D

We conclude this Chapter showing some numerical simulations to highlight
the main features of the numerical method in three-dimensional case.

We chose a spherical domain.
A sphere of radius R and
center C(z¢,Ye,2c) is con-
tained in the unit cube. The
value of the radius and the
position of the center can
change. We discretize the

unit cube with a regular grid

of size h along the three axes
respectively. We indicate by

N the number of intervals

with which we discretize the

interval [0, 1] along each axis

Figure 2.23: Spherical domain (N = %) In total we have

(N +1)? grid points. In this

way, the sphere is also discretized. We indicate by n the total number of grid

points in the sphere. The figure above on the left (Figure 2.23) represents a

sphere of radius R = 0.3 and center ¢(0.42,0.42,0.43). It is for these values

of the center and of the radius that we will show the numerical results, unless
otherwise stated.

2.3.1 Dirichlet boundary conditions

We start showing the numerical tests on the Dirichlet problem. We start
showing the behaviors of the norm of the inverse matrix of A;, and its spectral

radius and the norm of the inverse of the Schur complement S;, as a function
of N.
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Behavior of the inverse matrix of A,

In the following tables we report the values of the best-fit slope of the norm
of the inverse matrix as a function of V.

TRILINEAR INTERPOLATION PROCEDURES

| Nanin = 33, Nuwae =49 [ sl(I1AL 1) | st(IAL 2) | st(IAL ) |
H | 04453 [0.7380 107 | 0.5213 107! |

TRIQUADRATIC INTERPOLATION PROCEDURES

[ Moo = 22, Nonax =40 [ st(1A 1) | st(IA ) [ siAL o) |
[ | 02705 | —0.1672 107! | —0.6804 107" |

In both cases, the numerical results show that
_ 1 _ _
[A  ~ O(N2), [[AL 2 ~ O(N?), [[AZ o ~ O(N®),
thus the stability is guaranteed in the oco-norm, as in 1D and 2D cases.

The spectral radius of A; ! substantially tends to a constant for large values
of N.

Behavior of the Schur complement of A,

The norm of the inverse of the Schur complement of Aj tends to a constant
for large values of N. We can read the values of the best-fit slope in the
tables below:

TRILINEAR INTERPOLATION PROCEDURES

| Numin = 20, Nuwaxe =40 | sl([IS,"11) | st([ISx ' ll2) | st(ISx " llo) |
[ | 0.8045 10! [ 0.4898 10! | 0.3268 107! |

TRIQUADRATIC INTERPOLATION PROCEDURES

| Nonin = 20, Nowsxe = 40 [ sl([18; 1) | st(ISi'l2) | stllISi'll) |
H | -0.1973 | —0.6547 10" | —0.6950 10~ |
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We proceed by showing the behaviors of the norm of the consistency error
and of the norm of the error as a function of N. We consider the following

equation:
TUgy — Uyy — Uzz = f7
with
Fo [(y222 + 2%y + 2222) (z + y + 2)? + 6] sin(zyz) + 2(yz + 2y + x2) cos(zyz)(z +y + 2)
(x 4y +2)3
and whose exact solution is u = Shl(xyz).
r+y+z

We have approximated ||7,||z» and |len||z» (p = 1,2, 00) in this way:

HahHLl = h’3 Z ‘ah(wi,yj,Zk)’,

ijk € QL uQs

||ah||L2=\/h3 S Jan(z g )2

ik € Q,UQS

||CLh||L<x> = Z,],klg%)}l,{LUQ;L |ah(xi7yj7 Zk)|7

where ay, is 7, or ey,.

Behavior of the consistency error 7,

We start showing the results about the norm of the consistency error as a
function of N.

TRILINEAR INTERPOLATION PROCEDURES

The following figure (Figure 2.24) shows the behavior of the norm of 7, as
a function of N in the case in which we perform the trilinear interpolation
procedures to impose the boundary conditions. We can read the values of
the best-fit slope in the table below, which shows that ||7|» ~ O(h?),
p=1,2 00:

| Ninin = 24, Nunax = 60 [[ si(lImullz) | al(limullze) [ si(limllz=) |
H | -2.0252 | -2.0020 | -1.9549 |
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10‘1.4 101.7 10‘1.4 101.7

1.4 1.7

10~ 10

Figure 2.24: p - Norm of the consistency error 75, as a function of the number
of the grid points: p = 1 (top left), p = 2 (top right), p = oo (bottom left)

TRIQUADRATIC INTERPOLATION PROCEDURES

Also in the case in which we perform the triquadratic interpolations we obtain
| mullze ~ O(h?), p=1,2, cc:

| Nimin = 24, Nowax = 60 [[ si(lImullz)) | si(limllz2) | stlllmallo~) |
H | -2.0046 | -2.0007 | -1.9549 |
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Behavior of the error ¢,

We continue showing the results about the behavior of the norm of the error
as a function of N. The numerical results were obtained choosing x, = y. =
zc = 0.500001 and R = 0.3.

TRILINEAR INTERPOLATION PROCEDURES

The following figure (Figure 2.25) shows the behavior of the norm of e, as
a function of N in the case in which we perform the trilinear interpolation
procedures. We can read the values of the best-fit slope in the table below,
which shows that [lep|» ~ O(h?), p = 1,2, c0:

| Niin = 40, Nax = 66 || si(llenllzr) [ si(llenllze) [ siClenll) |
H | 22042 | -2.2248 | -1.7875 |

.................. 107>
-7
10
10" 10" 10" 10"
N N
1074
* *
s
o
10748
101.7 101.8
N

Figure 2.25: p - Norm of the error e, as a function of the number of the grid
points: p =1 (top left), p =2 (top right), p = oo (bottom left)
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TRIQUADRATIC INTERPOLATION PROCEDURES

The following figure (Figure 2.26) shows the behavior of the norm of e, as a
function of N in the case in which we perform the triquadratic interpolation
procedures. We can read the values of the best-fit slope in the table below,
which shows that [lep| > ~ O(h?), p = 1,2, c0:

| Nowin = 44, Nuwaxe =73 || sl(llenllz) | silllenllz2) | siCllen]lz~) |
H | 20961 | -20017 [ -24117 |

lle, l,
-—
oI
)
i
lle, .2
-—
oI
~ S

101.7 10‘1,8 101.7 101.8

Figure 2.26: p - Norm of the error e, as a function of the number of the grid
points: p =1 (top left), p = 2 (top right), p = oo (bottom left)
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2.3.2 Mixed boundary conditions

We proceed by showing the results of the mixed problem both in the case
in which we perform the trilinear interpolations and in the case in which we
perform the triquadratic interpolations.

Behavior of the inverse matrix of A,

In the following tables we report the values of the best-fit slope of the norm
of the inverse matrix of Aj;, as a function of N:

TRILINEAR INTERPOLATION PROCEDURES

| Nosin = 22, Nuwae = 40 | st(IAL o) [ stIAL ) [ si(IAL 1) |
H | 12511 [0.5230 107! | 0.3182 107! |

TRIQUADRATIC INTERPOLATION PROCEDURES

| Nanin = 22, Nimax = 40 [ s1([A; 1) [ sI(1AL ) | st(IAL Tls) ]
H | 09881 [0.6027 1072 | —0.7371 107! |

In both cases, the numerical results show that
1AL 1 ~ O(NV), [|A |2 ~ O(N®), [[A; | ~ O(N?),

thus the stability is guaranteed in the oo-norm, as in 1D and 2D cases.

The spectral radius of A, ' substantially tends to a constant for large values
of N.
Behavior of the Schur complement of A,

The numerical results about the norm of the inverse of the Schur complement
of A;, as a function of NV show that

1S5 1 ~ O(NZ), 1S, 2 ~ O(N®), [IS, [lo ~ O(N),

in the case in which we perform the trilinear interpolations and it tend to a
constant if we perform the triquadratic interpolations, as we can read ih the
following tables:
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TRILINEAR INTERPOLATION PROCEDURES

[ Nain =20, N = 40 [ 50015, 1) [ 1053 1) | 10055 1) |
H | 03022 | 01041 [0.4237 107" |

TRIQUADRATIC INTERPOLATION PROCEDURES

| Nunin = 20, Nuwax =40 [ si(IS; 1) [ si(1S5"l2) [ st(lISh ) |
[ s | 0.4195 1071 | —0.2785 10~ | —0.4022 107! |

Finally we show the behaviors of the consistency error and of the error,
choosing the same equation of the Dirichlet problem, but imposing Dirichlet
boundary conditions in the area to the right of the center and Neumann
boundary conditions in the area to the left of the center.

Behavior of the consistency error 7,

TRILINEAR INTERPOLATION PROCEDURES

The following figure (Figure 2.27) shows the behavior of the norm of 7, as
a function of N in the case in which we perform the trilinear interpolation
procedures. We can read the values of the best-fit slope in the table below,
which shows that

ITallzr ~ O(R?), [I7allze ~ O(h2), |17l ~ O(h).

| Nowin = 33, Nuwaxe =66 | sl(([mullz2) | stlllmnllze) | si(limallz=) |
H | 20711 | -1.7737 | -0.8195 |

TRIQUADRATIC INTERPOLATION PROCEDURES

In the case in which we perform the triquadratic interpolation procedures
the table shows that ||7,|/z» ~ O(h?), p = 1,2, 00

| Nonin = 24, Nosaxe = 60 | sl(7llzr) | stClmallz2) [ si(limmlle) |
H | 20080 | -1.9981 | -1.9194 |

These results were obtained choosing z. = y. = 2. = 0.500001 and R = 0.3.
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10
10—4.3
=
I
10-4.8 é 10_5
1016 101.8 1016 101.8
N N
[ i —

Figure 2.27: p - Norm of the consistency error 75, as a function of the number
of the grid points: p =1 (top left), p = 2 (top right), p = co (bottom left)

Behavior of the error e,

We continue showing the numerical results on the norm of the error as a
function of N, choosing o = y. = 2z = 0.500001 and R = 0.3.

TRILINEAR INTERPOLATION PROCEDURES

The following figure (Figure 2.28) shows the behavior of the norm of e, as
a function of N in the case in which we perform the trilinear interpolation
procedures. We can read the values of the best-fit slope in the table below,
which shows that ||ey||» ~ O(h), p = 1,2, 00:

| Ninin = 27, Nax = 66 || si(llenllzr) [ si(llenllze) [ siClenll) |
H | -1.1307 | -1.0496 | -1.0444 |
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Figure 2.28: p - Norm of the error e, as a function of the number of the grid
points: p =1 (top left), p = 2 (top right), p = oo (bottom left)

TRIQUADRATIC INTERPOLATION PROCEDURES

In the case we perform the triquadratic interpolation procedures we have
llenllze ~ O(R?) (p = 1,2,0), as we can read in the following table:

| Ninin = 40, Nax = 66 || si(llenllzr) [ si(llenllze) [ siClenllo) |
H | -1.9855 | -1.9463 | -2.0210 |
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Conclusions
Dirichlet problem

We itemize the numerical results on the Dirichlet problem (1.30). The nu-
merical results are similar to the 2D case and are the following;:

o [|A; [l ~ O(N®):

e p(A; ") — ¢, where c is a constant;

o [IS; | ~ O(N?);
o lI7uller ~ O(R?), p=1,2,00;
o llenllzr ~ O(h?), p=1,2,00.

Mixed problem

We itemize the numerical results on the mized problem (1.32). The numerical
results are the following:

o A3 loo ~ O(N);
° p(A,jl) — ¢, where c is a constant;
o (IS5 oo ~ O(N®).

The accuracy orders of ||7,]|z» and of ||ep||z» depend on the procedure with
which we impose the Neumann boundary conditions. If we perform the
trilinear interpolation procedures we have:

o [7allr ~ OR2), [|7allz2 ~ O(h2), ||74]lLoe ~ O(h);
e |lenllr ~ O(h), p=1,2, 00,

because the Neumann conditions confers a first-order accuracy at the border
in the case in which we perform the trilinear interpolations. If we perform
the triquadratic interpolation procedures we have:

o ||7n]lzr ~ O(R?), p=1,2,0c0;

o |len|lr ~ O(R?), p=1,2,c0.



Convergence analysis for the Coco-Russo
method

We conclude the analysis of the Coco-Russo method addressing the question
of the stability and convergence of the numerical method.

The consistency errors for Dirichlet and mixed problems are computed in
one, two and three spatial dimensions. We have one proof of the stability and
one of the convergence of the numerical method only in the one-dimensional
case. We will see that the extension of the proofs to the two-dimensional
case is quite complex due to the arbitrary nature of the domain in 2D.

We start analyzing the consistency, the convergence and the stability of the
numerical method in the one-dimensional case.

3.1 Consistency for the Dirichlet problem in
1D

We consider the Dirichlet problems (1.8) and (1.12), in which the domain is
[a, 1].

We prove that the numerical method is consistent and we determine that

in the internal points the numerical solution is consistent with second-order
accuracy.

124
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We calculate the consistency error 7, = Apu — Au.

In the internal points, if u € C*([z¢, 2,]), we have:
h2
7, = h(z;) = Apu(z;) — Au(z;) = Euw(&) i=1,...,n—1,
for some &; € [x;_1,x;11]. Therefore,

h2 n—1

n—1 h2
Iralles = [ 1mlda & 3 (@ lh = 5 37 [ @)l0 = Tl ~ O(R2),
i=1 =1

Hﬁhﬂ=</hﬂ%M>%u<§;m@QWO

1
2

h2 = v 2 %
- 55 (Z o)

h2
~ T~ O(R),
h? v Wy
Thllpe = max || = — max |u (&) = —|lu w ~ O(h?).
Iallie = max [l = 35 max V(€)= = ~ O(h?)

In the only ghost point z, if we impose the Dirichlet condition through the
linear interpolation procedure, we have:

m:T@QZLé@a—@m%%@lwom%

for some £ € [min{xg, z1,a}, max{zg, x1,a}], while if we impose the Dirichlet
condition through the quadratic interpolation procedure, we have:

1 "
To = T(I()) - ‘603(1 - 9a)(1 + ga)h?)u (5)‘ ~ O(hs)a
for some £ € [min{xg, x1, o, a}, max{z, 1, x2, a}]|.
With the symmetry of the matrix A; (through the formula (1.9)), in the
case in which we impose the Dirichlet condition in a through the linear in-
terpolation procedure, we have:

n = 7lw) = (€ ~ (Y,

for some ¢ € [min{xg, z1,a}, max{xg, x1,a}|.
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If we consider the Dirichlet problems (1.13) and (1.14) in which the domain
is [a,b] C [0, 1], the consistency error in the ghost point z,, is calculated in
a similar way to the consistency error in the ghost point xg.

To study the stability of the numerical method just try that [|A,'|, has
an upper bound. We consider the simplest case in which the domain is [a, 1]

and we perform the linear interpolation to impose the boundary condition in
a (Problem (1.8)).

3.2 Stability for the Dirichlet problem in 1D

This proof will appear in the joint paper in preparation Spectral and norm
estimates for matrix sequences arising from a Finite Difference of approxima-
tion of elliptic operators with Stefano Serra-Capizzano, Sven-Erik Ekstrom
and Giovanni Russo. This is a proof of stability of the numerical method,
since an approximation of the norm of the inverse matrix of the numerical
method is given.

1. Introduction

Let T,, be a Toeplitz matrix of order n

ao DY a/fa
Ao
Tn = )
a—q
Qg e ag
where the coefficients ai, k = —a, ..., a, are complex numbers and let o < n

be a positive integer.

Let f € L'(—m,7) and let T,(f) be the Toeplitz matrix generated by f
that is (T,.(f)),, = as—«(f), s,t = 1,...,n, with f indicated as generating
function of {T,(f)} and with ax(f) being the k-th Fourier coefficient of f
that is 1

ax(f) / FO) e Mde, =1, keZ

~2r )



CHAPTER 3. CONVERGENCE ANALYSIS 127
2. Problem formulation and notation in 1D

We can decompose Ay, as follows:

9 _1 002 —2 (1—0,)h2+1 0 0
-1 92 -1 0 0 0 0
Ap = 2 U +ﬁ :
-1 2 -1 :
-1 2 0 0 0 0
0.h%2 -2 (1—0,)h2+1 0 0
0 0 0 0
1 1 :
= ﬁTn(Q — 2cos()) + e :
0 0 0 0
\
1 1 0
= ﬁTn(Q —2cos(0)) + wlo
0

= Sn+ 3501V,

where T,,(f) is the Toeplitz matrix generated by f according to (3.2), with
f(0) = 2 —2cos(0) so that, in the matrix in (3.2), we have o = 1, ag =

2,@1 = a_1 = —1.

From the Sherman-Morrison-Woodbury formula [28, 29],we obtain an ex-
plicit expression of the inverse matrix of Ay:

1 -1
-1 1, T -1
Ah = I"—ﬁsn 81Vh> Sn
—g! %S;lelvgsgl
S 1+ #v}fS;lel
=S 'R,
We want to estimate quite accurately ||A; ||, with p € [1, 0] and with || - ||,

being the matrix norm induced by the vector norm ||x||, = (3 |xj|p)1/p. We
consider only the cases p = 1,2, 00, since the other estimates can be obtained

via classical interpolation techniques.
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Being A; ' = S ' —R,,, we start by estimating [|S;, ! ||1, [, [loes |Rnll1; [Ralloo,
that will be used to give quite precise bounds on ||A; (|, and ||A;*||e. From
the estimate on [|A;']|; and ||A; || and from the inequality ||A;'(2 <

VIAL A oo we will give an estimate for [|A; |2
2.1. Estimating ||S, ", with p =1, 00

We have S = h*T, ! where T,, = T,,(2 — 2cos(#)) and

TURMCIIG
1) 42 (n)
T ty’ ts .. 1 :[t(l) t@ g
t7(11) tg?) t%n)
with
, 1—nr)k
o L=k s
n+1
t(T):<n+1_k)T k=r n
A n—l—]_ ) 9 s 10y
and symmetrically
, 1—k
tl(c):(n%— )7"7 =1,... k=1, k>1,
n+1
r L—r)k
t](q;):(n_’_ T) 9 :k7- 7n
n+1

Therefore
(T”Zl)k r - t’(:)

All terms of S;;' (and T, ') are positive and real, and they are symmetric.
Hence by using the explicit expressions of the considered norms, we find

e = {3 (5,7, f = mpe {232 (1),

r=

(1 (1), } = 55 559, =51

=1

so we limit ourselves only to obtain an estimate for ||S” ||
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Numerically it is obvious that the highest row sum for matrices T " with n
even is for index % (or § + 1, they are equal). For odd n, the highest row

sum is for row ”T“

Thus for n even:

n Al & (i l—r)t
n+2 n/2—1 n M n n
= — 7”—|—* 1—7 T
2(n+1) ; 2T:Zn/2 2(n+1)1:2n/2
n+ 2 (3—1)3+n(n+1)_ n (nm+1) (5-1)3
C2(n+1) 2 2 \2 2(n+1) 2 2
_ n+2 (n—2)n+n(n—|—2) n dn(n+1) (n—2)n
2(n+1) 8 4 2(n+1) 8 8
. on+2 (n—2)n+n(n—|—2) n 3n(n+2)
2(n+1) 8 4 2(n+1) 8
n(n+ 2)
= —5((n—2)+4 1)—-3
n(n + 2)
= —52 1
TICES R
~ n(n+2)
-8
_ 2h+1
o 8R?
from which:

157 oo = B2 T3 oo
14 2h
= h?

8h?
_1+2h
=5

and as h — 0 we have [|S, || — .
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While for n odd:

—1)/2 (n—l—l il)r " o (n+1-7)
ITn oo = Ztnﬂ Z Y
r=1 n+tl r=(n+1)/2 n+1
B A Rl &
=t e n+1

102 e 2 1 &

=3 r 5 Z 1—= Z r
r=1 r=(n+1)/2 r=(n+1)/2

1%1(”771""1) n+1 (n+1 1))
= — n — —_

2 2 2 2

1 n(n—l—l)_nTH(nTH_l)

2 2 2

=D+l  (n+1)?* 1 dnn+1) (r+1D(n—1)
B 16 4 2 8 8
=D+ 1)  (n+1)?* Brt+lnr+1)
B 16 4 16
_(n+1)* 2(n+1)(n+1)
4 16
~An+1)? ~2(n+ 1)?
16 16
(n4+1?*  (h+1)?
8 8hr 7

from which:

1S, oo = P21 T, oo
(b4 1)?
=h ]h?2

_(h+1)2

8

and as h — 0 we have [|S; [l — .

Therefore, from the symmetry, for all n we obtain:

1
T 118l = Jim 187 = .
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2.2. Estimating ||R,||, for p=1,00

Since S;!' = h*T, ! and T, 'e; =tV we find that:

%Sglelvgsgl
1+ 5viS, le
T, 'e;vis;*
1+vIT, e
§(y TS

1+ vt

R, =

Moreover:

(1) n—i—l—k k
t, ' =—=1— — k=1,...
K n+1 n+1’ e

Vi =002 =2 (1=0)h%+1 0 ... 0]
:{’Ul (%) 0 ... O},

Vgt(l) = vltgl) + Ugtél)

:(Gah2_2>(1_n_1|_]_)+((1_ea>h2+1) (1_ 2 )

n—+1
0,.h? 2
2 —_— 1—6,)h?+1
n+1+n+1+< ) *

2
1—6,)h*—
( ) n+1

= (=24 1)+ (0. +1—0,)h% + (=0, — 2+ 20,)

=0,h%—2—

2
n+1

h2

n+1

2
+h% -1,

h
—(03—2)n+1

1+ vit® =1 4 vyt + vyt

h? 9
= (6, — 2 h
( )n—|—1+

:(93_2+1>h2,
n+1
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VES:Ll = hQVET;Ll = hzzz,
Z’}IL‘ = [Ultgl) + ’Uthl) Ultg2) + U2t§2)
ot utd? ot 0tV
(vis,!) = h? (ot + vatd”) |

(tvisyt), =60 (ot + atd”)

Being:

k

1

t,(C) 1_n+1’ k=1,....,n, r=1,

tﬁ”): - , k=1,r=1, 1,
n+1

(1) 2

ty' =1——, k=2 r=1,
n+1

- T

tg): - TL+1, k_ 77':27 , I,

we obtain, for r = 1:

/N

EOVTSY) = 08 (ot + ) = AV

k1

(el )

h?
=[1—= 2 -9 2_1
( n+1>h<(9a >n+1+h )’

and for r > 1:

o

(60078, 1), = 02 (0t + entd)
__k 9 2 T - 9 (_27”)}
_<1 n+1>h“%h 2“# n+1>+«1 0u)h? +1) (2 "
k r
=—(1- 1— 20, — 2
( n+1>< n+1)h<9a )
k

+1—-r 1
——(1- W6, - 2" (1= ).
( n+1> ( ) n n+1
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Thus:
—(1_%>h2((9a—2)#j1+h2—1) i
(Rn)k,l_ (6:;12+1) . o
() (02
! =
k 1
:<1_n+1>0ﬁ_%ﬁ+4>,
W2 (1—22) (0. —2) (1 - o -
<R”)km:_ ( +129;J:12+1 ( +1)n—|—:b r o
R (-E) .- (- ) () (1- )
N i Tl P

Numerically it is obvious that ||R,||; and ||R, |« are always for the first col-
umn and first row.

Now we compute ||R,].

We have:

n

Rall =

(1= :5) (6. —2):2 + h2 = 1)

0,—2
= wi Tl
(@2 ey ek
N e k=1 n+l

(0= 41 =1) [ wne
B2 1] 2(n+1)
_ (-2 +rt 1)
2 a2 41 ’

n+1
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because of

> 0,

|3

2

0, — 2
( )n+1
h?—1<0,
0, — 2

+1>0.
n+1

Now we can compute ||A; ;.

Numerically it is obvious that ||A;*||; is computed on the first column. Being
A;' =S ' — R, and since the first column of S;* has all positive elements
and the the first column of R, has all negative elements, indeed, they are
respectively:

k
>>0, k=1,...,n,
n+1

(51 )en = (1 -
1— 2 (0, —2) 2% + 02 -1
o - L)

< 0,

we can compute the norm directly for A;'.

The sum of the positive elements of the first column of T, ' is equal to 5
h?n

and thus the sum for the first column of S, ' is “5*, therefore we have:

R on (0. —2)2 +h2—1)

1A I = -5 7
2 2 nrt 11
—”(h2 ((ea—2)7f+21+h2—1))
) o 0a—2
2 | +1
n 1 n(n+ 1)
28241 2(n+6, 1) Q

We now compute ||R, ||, by taking into consideration that all coefficients
are positive except the first in the first column.
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We have:
1 h2 2
o, (=2 (@)
n)1,1 = a2 | 1 ’
n+1
R Chte=) 1 (e et ) L B
n/1lr T a— ’
R '
_ 1 B N/
P =9 (s )
n || oo 0.—2
n+1+1
2
+(1—7;1)((ea—2)7f+1—h20a+2h2) L
0;7_;12"’1 r=2 n
2
_ (o) (102038 472 1)
it 1
L) (B =235 = W04 20) [m+ 0 =1) 1 (n(n+D)
= " "N
L Vs a1 ) (0025 - 2)
:_(1— 1>h + 53 + 0a—2 < 2 >
n+ bl nrt Tl
1y, -2 (=) (=285 + 1) -1
:_(1— 1>h + 5= + 0a—2 ( 2 )
n+ n+1+1 n+1+1
+(1—7;1)h2(1—9a) n—1
Oa—2+1 2
n+1
1 2
= n+1 2 2 +1 2
nrl n+1

() [P

+1 i
1oy [R2=3) (2524 1) 24 12(1 - 6,)(n — 1)
- ( n+1> +

1 —
. 2 (621 1) 2 (2 1)

_ 2(10__2nill) lhz(n —3) (9;12 + 1) +2+ h;(?— 0.)(n — 1)1 .

n
n+1 +
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Now we can compute ||A; " ||s.
We know A;' =SS! — R,,. Being:

(r) r
ty) =1-— , r=1,...,n,
! n+1

(s:1),, = o) =2 (1 - nil) ,

1 ) 1
et — R S S ——— :1
(Rn)yy (1 n—+1> (h %42—r1>’ e

n+1
2
W20, -2) (1-+5) (1- )
(Rn)y, = — 0. —2 s nt (n+1), r=2,...,n,
’ nit 1 n

we have:

(A1), = 4 — (R,

) () (o
n+1 n+1 %j+1

from which:
Itk = (A1), -2 (A0),,
2
Ll w1t )+h2(”“><9a—2>(1—ﬁ+1> (1- )
2 L n+1 ] n
_ _n}rl_zn:ff(l— ) 1y =2 0= )
e e n+tl w1

1 n

-4 6, — 1
— n+1_Zh2<1_ r ) a
21 IS n+1) %24
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1- 4 ) b= "R G, -1

:_7%1_}12( Z S -
=R f;;fﬂ SRRV
i n+1 n2og, -1
_‘%Tl_h( 10a—2 1
n+1+ n+1 n+ n—i-l+
1 1 (nh2—2’il)(9a—1)
= [1- —h3(n—1)(, —1 s
n+—12+1< pr1 - DD+ 2
“az o \'Taa 2
n+1—|—1 n +
1
= — 2(1— - h2ea—1}
ed—2+1 {( >+{< n+1) n] ( )
= ( (2—n—1h* (0. — 1)) ~O(n).

0372
n+1

Finally we have:

[ PE= 92 19_2”“ 2+ (2—n—1)h%0, —1))
2<n+1+1)2(§+1+1)
n 1
= 2+ (2—n—1)h%(0, — 1
2(%+1)JH1< ( (6.~ 1))

NI

\/2 n+1)+(2—n—1)(n+1)h2(0, — 1) ~O(n2).

9—1

Remark 3.1: The estimates for ||A, |, are tight and the growth is like ne.
Thus, if we refer to the numerical results on the norm of the inverse matrix,
we show a stability only in the infinite norm. However the numerical growth
of the error seems to be bounded by a constant independently of p. This
is because there are vectors, in our case e, which guarantee convergence
despite ||A; ||, grows.

Remark 3.2: These analytical results confirm the numerical results seen
in the previous Chapter.
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3.3 Convergence for the Dirichlet problem in
1D

We prove that the method is convergent and we determine that the numerical
solution converges with second-order accuracy to the exact solution.

We always consider the case in which the domain is [a, 1] and we perform the
linear interpolation to impose the boundary condition in a (Problem (1.8)).
We provide two different convergence proof.

First proof
This proof is due to Lisl Weynans ! and it is based on the following steps:

1. Prove that the matrix Aj, is "almost" monotonic. That is, we want to
prove that all coefficients of all the rows of A; ', except the first row
possibly, are positive.

2. Deduce from this "almost" monotonicity property a variant of a dis-
crete maximum principle, which will lead us to obtain estimates of the
coefficients of A, .

Remark 3.3: We cannot simply prove that Aj, is monotonic, because the
point x( is located outside of the domain €2 where the elliptic problem is
defined, and thus no maximum principle related to this elliptic problem can
be applied on z.

1. A, is "almost" monotonic

We consider an array V such that A,V > 0, coefficient by coefficient. We
define the index 7o such that V,, is the minimum of all coefficients V; with
1<i<n—1(Vy, = min—i  p—1 V;).

o If 2 < iy < n—2 (indices relative at internal points that have internal
neighbors):
We hayve:
—Vip—1+2V,;, =V
12
IMB , INRIA Bordeaux Sud-Ouest, Bordeaux University, 351 cours de la Liberation,
33405 Talence

ot > 0 — Vip—1 + Vig41 > 2V, > Vi1 + Vi
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This is possible only if V,,-1 = V;, = V;,+1. We apply the same
reasoning on V;,_1, V;,4+1 and their successive neighbours and conclude
that all V; are equal. It leads us to the next case.

Ifig=n—1:
We have:

_vn72 + 2Vn71

12 > 0= 2vn—2 > 2vn—1 > Vn—Q-

This is possible only if V,,_5 > 0 and consequently V,,_; > 0.

If io =1:
We have: Ve 49V, — V
0 e ! 2 ZO:>2V1 2V0+V2, (31)
1-6,
0. Vo + (1 — Ha)\/l >0=Vy>— 9 V. (32)

If Vi <0 from (3.2) we have Vo > 0. Being Vo > Vy, from (3.1) we
have 2V, > V; + V,, so V; > V5, which is not possible.

We conclude that V;, > 0, and consequently, all coefficients of V, except

maybe Vj, are positive.
It means that all coefficients of all the rows of A}, except possibly the first

row, are positive.

2. Discrete maximum principle

We denote by G* the i — th column of A,_L1 for 0 < ¢ < n—1. It satis-

fies:

0

AGE =

S = O

where the element 1 is in ¢ — th location.
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First, we define the array W such that W; = M for all j, with y; =
270 " We can observe that W > 0 and it satisfies:

0, Wo + (1 — 6,)W, >0,

Wi+ 2W; — W,
h2
2Wn—1 - Wn—2
h2

=1,1<j<n-2

=1.

Therefore:

— O

n—1
AW>| | =A, <Z Gi> .
: i=1
1

We have proven before that all the rows of A, ', except the first one, con-
tain only positive coefficients. Consequently, when we multiply the previous
inequality by A; ', we obtain for each row of the resulting array, except Wy:

n—1

W; >3 Gl 1<j<n-—1,
=1

i
L

1
i< < -, <i53<n-—1.
J_1<rl£1<aT>L(1Wk 8’ I<jsn-1

G

@
Il
—_

To calculate max;<g<p,—1 Wy

oWy _ 1=2y; _1 —
8yjk = L =0 = Yj = 5 SO MaXji<k<n—1 W, =

1
5
We define the local error e; = wu(z;) — w;. It satisfies the same linear sys-
tem as the numerical solution wu;,, with the truncation error 7 as a source
term:

Ahe =T,

and therefore:

fi1<i<n-1:

|6]|—|U(ZL‘] _UJ| T] <ZGZ |TJ|<ZGZ maX|T]|) O(h )

OO\»—l

Therefore, the numerical solution converges with second-order accuracy to
the exact solution.



CHAPTER 3. CONVERGENCE ANALYSIS 141

Second proof

Based on the previous proof, we provide an alternative proof of point 1 of
the proof proposed by Lisl Weynans. This proof is based on the use of M-

matrices.

We consider an array V such that A,V > 0, we want to prove that V > 0.
We write the linear system in this way:

Ay Ay \Y Z
AV = gg g g | _ g ) >0
" (Aig Aii><vi> (Zi>_’
where V, and V; are the vectors of the ghost points and of the internal points

respectively. We have:

v, 1

h2
: 0
Vi = € R”_l, Ve, =VyeR, Aj, = ) c R”*,
vn—l O
A =0 €R, A= (1-0, 0 0) e RIX(),
2 1
R R2
1 2 1
T hR2 RZ h2
A, = _% % L € R(—1)x(n—1)
) ' s
) 2
1 2
TR h2
Therefore:
0, |1-—26, Vo
| F # v
ALV = : > 0.
1 2 1 :
) 72 :
_% % vn—l
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Being:
AiVi+ ARV, = % > 0, (3.3)
AgVit AggVy = 2, > 0=V, = A (2, — A Vi), (3.4)
replacing (3.4) in (3.3) we have
2z = (A — AigAgglAgi)Vi + AigA;glzg > 0.

. -1 Zg T Zg
Since AigAgg 2g = ( — G 0 --- 0 ) and —g2 < 0, we have

(Asi — AigAg_glAgi)Vi >0,

that is:
1 1-0, 1
(2 5E) Vi
1 1 .
— 72 W T
1 2
—n : =0
. S Vo s
1 2

—n e Vi1

We denote this matrix with A and we observe that it is a tridiagonal, sym-
metric and strictly diagonally dominant matrix.

We put W; = AV; > 0, whence V; = A™'W,,i=2,...,n—1. Therefore, if we
prove that A is an invertible matrix and A~" > 0, we have the thesis (Vi >0).

To prove this we use the following theorem:

Theorem 1 Let A be a matrix € R™™ with positive diagonal elements and
let D = diag(aiy,...an,). If B=D— A >0 and p(D"'B) < 1 then exists
AV and A7 > 0.

We apply this result to our matrix A:

0
2 .
aii:ﬁ>0,z7é1;

1. al = 2+ 715921 = fatl > O,
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0 5
1 1
o 0 52
B=D-A= L0 > 0;
oL
1
iT?O
3. ,
?06111
;3 0 3
—1p _ 1
DB = 1o
1
2
L

2
For the First and the Third Gershgorin’s Theorem we are sure that
p(D7'B) < 1. Indeed for the first theorem the eigenvalues of the matrix
D™'B are located in the region of the complex plane identified by the
intersection between the union of the row circles (which are circles
centered in the origin and radius 1, % and efil + %) and the union of
the column circles (which are circles centered in the origin and radius
1, L and ;%) with ;% < 1. Moreover, for the third Gershgorin

2 fat1 fat1 2
theorem, the eigenvalues can not be on the border, thus p(D™'B) < 1.

Therefore, we can conclude that A™' > 0, whence V; > 0.
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3.4 Consistency for the mixed problem in 1D

Now, we consider the mixed problems and we prove that the method is con-
sistent.

The consistent in the internal points and in the ghost point zy has already
been described in the Section 3.1. Now we calculate the consistency error in
the ghost point x,,.
In the case in which we perform the linear interpolation procedure to impose
the boundary condition in b, if u € C*([zp_1, 2,)):

w(zy) — (1)

T = T(2) = : — /() = hu"(€)(1 — 26,) ~ O(h), (3.5)

for some £ € [x,_1, z,)].
The formula (3.5) derived from:

u(z,) = u(b) +u'(b)(z, —b) + (z, —b)?, (3.6)

u”(§")
2
for some 1 € [b, z,], and
w(@n_1) = u(b) +u'(b)(z,-1 —b) + u(2§_)(xn1 —b)?,
for some £~ € [z,_1, b], thus

“”(2@ (b— 2p1)? (3.7)

u"(€7)
2

w(ry,_1) =u(b) —u'(b)(b—x, 1)+

= u(b) —u'(b)[h — (z,, — b)] + (b—m,1)* (3.8)

Subtracting member to member (3.6) and (3.8) we obtain for some ¢ €

[xnfh xn]:

u(ty) = w(@n_1) = hu'(b) +u(§) [h2(1 = 6,)* — h?6}]
= hu'(b) + h2u"(€)(1 — 26,).

With the symmetry of the matrix Aj (through the formula (1.18)) in the
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case in which we impose the Neumann condition in b through the linear
interpolation procedure, we have:

T = 7(z,) = 0" (€)(1 — 26,) ~ O(RY),
for some £ € [x,_1, z,)].

Now, we calculate the consistency error 7, in the case in which we perform
the quadratic interpolation procedure to impose the boundary condition in
b.

If u € C*([x 2, 7,)):

() = () /() s~ 1)+ P (b 4 T, by
= u(b) —u'(b)(1+ 6p)h + u/éb) (14 6,)*h* — umg_) (14 6,)°n?,

for some £~ € [x,_9,b],

(1) = u(b) + 1 (b) (zn 1 —b) 4+ P (2 “”'(6§+) (41 — b)?

' u'(b) 5,5 u"({7) 313

= u(b) —u'(b)f,h + 5 Oih” — 6 Ouh”,

for some £t € [z,-1,b], and

) = () (), =)+ 2, = b

— u(b) + ' (b)(1 — ) + u”éb> (1— 60,)%h2 + “"/6(5) (1— 60,)%h,

for some € € [b, ;).

Thus we have:

1
= ﬁ(
u’”(f)

12

B u”’({)
12

Tn

20y, — Du(z,_2) — zebu(xn_l) + i(29b + Du(z,) — u'(b)

2h
WE) s | WE)
12

(20, — 1)(1 + 6,)°h* + —=200h* +
(—(205 = 1)(1 + 6) + 46} + (260, + 1)(1 — 6,)*) h* ~ O(h?),

2 (20, + 1)(1 — 6,)°h?

for some & € [1,,_2, T,].
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3.5 Consistency for the Dirichlet problem in
2D

We consider the Dirichlet problems in two-dimensional case and we prove
that the method is consistent.

We calculate the consistency error 7, = Ajyu — Au.
In the internal points, if u € C*(Q}, QY), we have:

2
Tij = Th(ﬂiz‘,yj) = Ahu($i7yj) - Au(l‘i;yj) = 7UIV(§7L7NJ'); (ivj) € Q;u

12
for some & € [xi—1, Tit1], 15 € [Yj—1,Yj41]-
Therefore,
2 h2 v 2
Iralles = [ [ 1mlazdy = 3 Jra(anyp)lh® = 55 X Jt (&)l
i,j€Q, i,J€Q,

h2 v 2
~ Tl ~ 00),

1
1 2
| 7alle = <//\Th]2dxdy> ~ ( > |Th(:cl-,yj)|2h2)
i,J€Q,
1

h? v 272 P v 2
=35 | 2 WG )PP = Sl e ~ O,

12 1,5€Q),

2 2

h
Imullz = max |7a] = 5 masc [u™ (& )| = Fllu™ e ~ O(R).
P h . h

Proceeding as in the one-dimensional case, in each ghost point, if we perform
the bilinear interpolation procedure, from the formula (1.22) of the interpo-
lation error, we obtain:

Ta ~ O(h2),

instead, if we perform the biquadratic interpolation procedure, from the for-
mula of the interpolation error, we obtain:

Ta ~ O(h?’).
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3.6 Attempts to proof of convergence for the
Dirichlet problem in 2D

In this Section we show the attempts to proof the convergence of the numer-
ical method for the Dirichlet problems in 2D. However, the problem is still
open.

In a first attempt we tried to extend the proof of Lisl Weynans (Section
3.3) to two-dimensional case. As in the one-dimensional case, we consider
an array V such that A,V > 0 and we want to prove that V > 0. However,
unlike the one-dimensional case, in this case the equation (3.2) for the ghost
point is a system of coupled equations (because the equation for a ghost point
can involve other ghost points) too complex to resolve.

In a second attempt we have tried to extend the convergence proof of Sec-
tion 3.3 to two-dimensional case, which is based on the use of M-matrices.
However, as we will see, in 2D the matrix A is not a M-matrix.

A matrix B € R™" is a M-matrix if b; ; < 0 with ¢ # j and B! >0.
Consider the simple case in which there is an only one ghost point G as shown
in the following figure (Figure 3.1)

Figure 3.1: Portion of a two-dimensional arbitrary domain with only one
ghost point (green dot)

and we write the system in this way:

Agg Agi Ug . 'L_I,G
() o) =)
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or equivalently
Aggug + Agiui = ﬂG

that it is the equation for the ghost point and
Ajgug + Ajju; = f

that are the equations for the internal points, where . is the exact value
that assumes the function v at the ghost point G.

In particular, the first of the two equations is equivalent to a linear combina-
tion of the values that the function u assumes at the points involved in the
bilinear interpolation:

Qele + Qg + Qs + azuz = Ug, with — 1 < ag, aq, ag, ag < 1.
We have:
o A, = (a), therefore Ag‘g1 - (L)

Qg

® Agi:(al 0 ... 0 Qg (3 0 ... )
1
h2
0
0
[ Aig = 1
T h?
0
e A; is the classical block matrix obtained on a two-dimensional domain

in the absence of ghost points

oz 0 ... 0 3% -5 0
0 0 0
B 0 0 0 C
[ ] AigAgg Agi - _ azé}lﬂ 0 0 — azéig - a(()j?l2 0
0 0 O




CHAPTER 3. CONVERGENCE ANALYSIS 149

o Ay —AigAg_glAgi has the elements % out of the main diagonal which

may not be negative. Thus A; — Ai’gAgglAgi isn’t a M-matrix.

3.7 Consistency for the mixed problem in 2D

We consider the mixed problems in two-dimensional case and we prove that
the method is consistent.

In the internal points we have already tried that ||73]|z» ~ O(h?), p = 1,2, 00.
We have already also studied the consistency error in the ghost points in
which we impose the Dirichlet boundary conditions.

For each ghost point G in which we impose the Neumann boundary condi-
tions, from the formulas of the errors in the bilinear and biquadratic inter-

polations, we obtain:
Te ~ O(h)

if we perform the bilinear interpolation procedure, and

if we perform the biquadratic interpolation procedure.

3.8 Consistency for the Dirichlet problem in
3D

We proceed with the consistency of the method for the Dirichlet problems in
three-dimensional case.

We calculate the consistency error 7, = Aju — Au.

In the internal points, if u € C*(Q}, QY), we have:

h? ..
Tijk = Th(xhyjazk) = Ahuijk - Auijk = Eulv(gia,ujvgc)a (%]Jf) € QZ,

for some &; € [;_1, iy1], IS [?Jj—l,yjﬂ], Ck € [2h-1, 2kt1]-
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Therefore,
Iralles = [ [ [ 1muldadydz ~ 32 Jra(as, g, 20 0°
i,5,k€Q,
h‘2 v 3 h2 v 2
= Y (G GRS~ O(R2),
i,j,kes,
1
% 2
Iz = ([ [ [ 1mPdedydz) z( ) \Th(xi,yj,zk)\%?’)
i\j, ke
1
h2 v 273 ’ h2 1Y 2
=S W PR = S ~ 0,
i,5,k€Q,
h2 1Y h2 v 2
Il = mae [l = 35 mae [ (66 s Gl = T30 e~ O(BY).

Proceeding as in one-dimensional case, in each ghost point G, if we perform
the trilinear interpolation procedure, from the formula of the interpolation
error, we obtain:

7o ~ O(h?);
if we perform the triquadratic interpolation procedure we obtain:

7o ~ O(h?).

3.9 Consistency for the mixed problem in 3D

Finally, we prove the consistency of the method for the mixed problems in
three-dimensional case.

In the internal points we have already tried that ||73]|z» ~ O(h?), p = 1,2, 00.
We have already also studied the consistency error in the ghost points in
which we impose the Dirichlet boundary conditions.
For each ghost point G in which we impose the Neumann boundary condi-
tion, from the formula of the interpolation error in the trilinear interpolation
procedure, we obtain:

Ta ~ O(h);

if we perform the triquadratic interpolation procedure, we have:



Shock capturing schemes for compressible Gas
Dynamics

In order to apply the Coco-Russo method to Full Euler equations of Gas
Dynamics on two-dimensional arbitrary domains, in this Chapter we present
explicit shock capturing schemes for the numerical resolution of hyperbolic
systems of conservation laws.

We introduce the theory on hyperbolic systems of conservation laws [14,
17, 18, 34].

Huyperbolic systems of conservation laws
Introduction

A system of conservation laws is a system of partial differential equations
which depends on time and which takes on a particular form.
In one spatial dimension the equations take the form

0 0
au(aj,t) + %f(u(x, t)) =0, (4.1)

in which v : RxR — R™ is an m-dimensional vector of conserved quantities
or state variables and f : R™ — R™ is the flux function or simply flux
for the system of conservation laws. This function is supposed to be known
and regular.

The particular form of the system (4.1) derives from physical considera-
tions. In fact, supposed that u is regular and that the various components u;

151
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represent the densities of certain quantities that are conserved, the integral
f;’ u(z,t)dx is the total quantity of this state variables in the interval [a, b]
at time t. The hypothesis that this quantity is conserved implies that its
temporal variation in [a, b] is governed by a flux function f which controls

the variation of u through the border. This translates into the formula:

jt/abu(x,t)dx = f(u(t,a)) — f(u(t,b)).

The system (4.1) is hyperbolic if, for each value of u, the eigenvalues of f'(u)
are real and the matrix is diagonalizable, where f’(u) is the m x m Jacobian
matrix of the flux function.

In two spatial dimensions a system of conservation laws takes the form

0 0 0
in which u : R?> x R — R™ is the vector of state variables and f, g : R™ —
R™ are the two flux functions.

Applications

The hyperbolic systems of conservation laws are central in many applications
such as metereology, astrophysical modeling, the physics of the plasmas, mod-
els for the flow of traffic, aerodynamics.

A system that is of particular importance in the field of systems of conserva-
tion laws is the system of Euler equations of gas dynamics, concerning
the equations of the conservation of mass, energy and momentum in each

A2 =u-nand \3 =u-n+ %, where € and ¢, are the Mach number [6] and

direction. This system is hyperbolic and the eigenvalues are: A\ =u-n—
the sound speed respectively and n is the normal unit vector to the boundary.

In one spatial dimension the system of the Euler equations takes the fol-
lowing form:

o’ of M
~ |pul|+ | pu"+p [ =0,

ot E Or u(E + p)
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where p = p(x,t) is the density, u is the velocity, pu is the momentum, F is
the energy and p is the pressure. The pressure p is calculated as a function
of the other variables, according to the equation of state.

Much of the theory of conservation laws has been developed with such equa-
tions and many numerical methods have been developed specifically for this
system. Therefore, good knowledge of Euler equations is needed to read
much of the available literature and take advantage of these developments.

Analytical solution

The classical method for solving hyperbolic systems of conservation laws
is given by the method of characteristics. However, difficulties may arise:
discontinuities can be developed in finite time. Discontinuous solutions do
not satisfy the systems in the classical sense at all points, since the derivatives
are not defined at discontinuities. To overcome this problem is introduced
a "weak form" of the differential equations that will be fundamental in the
development of numerical methods. When are considered weak solutions,
however, the uniqueness is less. Among all the (infinite) weak solutions
possible for a given problem with initial conditions, the physically possible
one is the only one that satisfies the entropy condition, obtained as the limit

for ¢ — 0 of a family of solutions (u.) of the convection-diffusion equation
ou 4 Of(w) _ 0%
ot ox T Ooz2"

Numerical solution

These problems can also occur on the numerical solution, for this reason
numerical methods have been developed that are increasingly adapted to re-
solve the presence of possible discontinuities.

Linear problem The classical finite difference methods for linear problems
(obtained by substituting the partial derivatives with the differences in the
punctual values of the approximate solution) do not take into consideration
the presence of possible discontinuity, therefore they can work well for smooth
solutions but they may not give excellent results not even on a particular fine
grid when the numerical method is applied to a linear problem with discon-
tinuous initial data, for example a Riemann problem. A Riemann problem
is a conservation law together with piecewise constant data having a single
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discontinuity. For example the Riemann problem for the scalar advection
equation [17] is:

u+au, =0, —oo<x <400, t>0

u0($):{1 z <0

0 >0

The typical behavior is as follows: the first order methods give very smeared
solutions while the second order methods give oscillations. For more details
see [17].

Nonlinear problem When trying to solve numerically the non-linear con-
servation laws, there are additional difficulties. However, for smooth solu-
tions to non-linear problems, the numerical method can often be linearized.
We focus therefore our attention instead on discontinuous solutions for non-
linear problems. The additional problem that occurs in the case of non-linear
problems is that the method might converge to a function that is not a weak
solution or this solution not satisfy the entropy condition. So that the nu-
merical solution converges to a weak solution of the problem, we consider a
conservative form that ensures convergence to a weak solution in the case in
which the scheme is consistent and convergent. However, it does not ensure
that this solution is the entropy solution, in fact there are many examples of
conservative numerical methods that converge to weak solutions but they do
not satisfy the entropy condition.

We discretize the z-t plane and we define the discrete mesh points (x;, ") by
rj=jAz, j=...,—1,0,1,...
t=nAt, n=0,1,2,....

A numerical scheme is conservative if there is a function h (called numerical
flux function and that depends both on the flux function f(u) and on the
type of discretization)

= h(Uj—pirs - Ufg)s
such that it is possible to write the scheme of the differences in the form
(called conservative)

Ut =ur - =

At
7 Ax (

fis - i), (4.3)
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where U} is the numerical solution at the time n in the point ;.

In general, for a first order scheme we choose f; 41 = h(uj, wjs1).

This difference scheme is a non-linear, explicit and two-level scheme, where
the non-linearity is present in the function f(u) and/or in the numerical flux
function.

It is possible to show that, so that the scheme (4.3) is consistent, it is suffi-
cient that the following property is satisfied

Conservative schemes are considered because it is proved that they tend to
capture any discontinuities present in the solution in an appropriate man-
ner, however, as already mentioned, they do not ensure convergence to the
entropy solution. Another problem of conservative methods is that the con-
vergence of the numerical scheme appears as a hypothesis of the theorem,
and therefore must be verified by other means. For more details about the
conservative schemes and the choice of the correct numerical flux function
see [17].

An alternative to the conservative methods is provided by the monotone
schemes [17]. The monotone methods for the conservation laws are TVD
(Total Variation Diminishing) [17]. This property allow the oscillations to
not grow over time and the non-oscillatory convergence to the entropy solu-
tion. However, monotone methods are at most first order accurate, giving
poor accuracy solutions in the smooth regions of the flow. Moreover, shocks
tend to be heavily smeared and poorly resolved on the grid. These effects
are due to the large amount of numerical dissipation in monotone methods.
Some dissipation is needed to give nonoscillatory shocks but monotone meth-
ods go overboard in this direction.

As already mentioned in the case of linear problems, the first order accu-
rate numerical methods have a large amount of "numerical viscosity" that
smoothes the solution (as physical viscosity). Thus, this methods give re-
sults that are smeared in the regions near the discontinuities. If instead we
use a second order method we eliminate this numerical viscosity but intro-
duce dispersive effects that lead to large oscillations in the numerical solution
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itself.

Therefore numerical methods have been developed that produce sharp ap-
proximations to discontinuous solutions automatically. These methods are
called "shock capturing" methods (or high resolution methods). These
methods use a high order method, at least second order accurate on the
smooth solutions, and increase the amount of numerical dissipation in the
neighborhood of a discontinuity to give nonoscillatory solutions. Further-
more, they present an appropriate form of consistency with the weak form of
the conservation law, required to converge to weak solutions, and a discrete
form of the entropy condition, to alows the convergence at the physically
correct weak solution.

We can define high order approximations to the flux at a cell boundary,
using a piecewise linear approximation in defining the flux f; 1 using slope

L
limiters: fj+1 = h(ut Ui 1s U Jrl P!

the right and left of z; 1 an(f are determined from the reconstruction in cells

uf? L1 ), where uX , and uf , are the values of u on

jand j+1, respectlvely See [17] for a discussion on TVD slope limiters.
Semi-discrete schemes

The discretization of the equations can be done through fully discrete schemes
or semi-discrete schemes.

In the fully discrete schemes the discretizations of spatial and temporal
derivatives occur simultaneously. It is obtained a scheme of differences with
the following structure:

n+1 n
UjJr :H(UJ .. Uj+q)

where H depends on the particular numerical method with which we have
discretized the equations. These schemes allow to immediately calculate the
solution to the node (or cell) j in terms of the values known at the previous
time.

It is possible to consider the discretization process in two stages: first we
discretize only in space, leaving the problem continuous in time and obtain-
ing a system of ordinary differential equations (in time) and then we discretize
in time using any standard numerical method for systems of ordinary differ-
ential equations.
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The advantage in using semi-discrete methods lies in the fact that it is possi-
ble to obtain schemes with order of accuracy greater than 2, since it allows us
to decouple the issues of spatial and temporal accuracy. Indeed, to improve
the accuracy in time we can replaced the first order accurate Euler method
with a higher order method and to improve the accuracy in space we can
define high order approximations to the flux at a cell boundary. The classic
approach to avoiding the onset of oscillations in semi-discrete schemes is to
impose constraints on the reconstruction process to satisfy, for example, the
TVD condition. In recent years have been developed modern schemes such
as ENO (Essentially Non-Oscillatory) [17, 31] and WENO (Weighted Essen-
tially Non-Oscillatory) [31].

In this Chapter we present explicit shock-capturing semi-discrete schemes
for compressible Gas Dynamics, using first and second order accurate recon-
structions both in time and space.

Ezxplicit time discretization Most schemes used to compute the numeri-
cal solution of the systems of conservation laws are obtained by explicit time
discretization, and the time step has to satisfy a stability condition, known
as CFL condition, which states that the time step should be limited by the
space step divided by the fastest wave speed:

Az

At
< )\max

~ O(eAz), (4.4)

where A\jpax = maxq (|u| + %), u is the velocity wave, ¢5, = | /% is the sound
speed, p; and p; are the density and pressure at the time step i respectively
and e represents a global Mach number. For low Mach number in the Gas
Dynamics equations, the compressible case tends to a incompressible case.

We present two different approaches present in [17, 18, 24].
Methods for hyperbolic systems of conservation laws

There are schemes based on cell avarages (finite volume approach) and schemes
based on point values (finite difference approach).

For semplicity, we consider the case of the single scalar equation

u + f(u), = 0. (4.5)
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Let Az and At be the mesh widths. We introduce the grid points z; = jAz,

r.o1=a;+ <Az, j=...,—1,0,1,..., and we use the standard notations
J+3 J 2
1 T, 1
U;L = u(%j,tn), ﬂ? = 7/ ok u(:c,t”)dx
Ax T, 1
2

Finite volumes (FV) methods

One of the most widely used methods of solving these problems is that of
the finite volumes method in conservative form.

The inside of the domain is subdivided into many elementary volumes (called
cells) I; = {%e%a T %}, identifying with the index j the center of each cell.
Through the integral form of the equations of the problem considered, are
written the relationships between the various neighboring volumes.

There are two ways to discretize (4.5). The first way is to develop fully
discrete (one-step) schemes, which is obtained by integrating both in space
and in time.

Another way to discretize (4.5) is to keep the time variable ¢ continuous
and consider semi-discrete schemes. Integrating (4.5) with respect to x only
we obtain the following system:

S,(1) =~ [Py 1) — Py, )]

To convert this expression into a numerical scheme, it must be approximated
on right hand side with a function of the cell averages {u(t)};, which are the
unknowns of the problem.

As already stated in the previous paragraphs, it is necessary to carry out
a reconstruction of the unknown function w(z,t) by a piecewise polynomial
starting from cell averages @;(t), and that must take into consider any discon-
tinuities of the function u(z,t). The accuracy order of the method depends
on the order of the polynomial. The higher the order of the polynomial, the
more accurate the numerical method is. For example, for first order schemes
the reconstruction is piecewise constant, while second order schemes can be
obtained by a piecewise linear reconstruction.
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A piecewise polynomial reconstruction is obtained as follows:
R(x) = > Pi(x)x (),
J

where Pj(x) is a polynomial satisfying some accuracy and non-oscillatory
property and x;(x) is the indicator function of cell /.

The flux function at the edge of the cell can be computed by using a suitable
numerical flux function, consistent with the analytical flux.
As already stated in the previous paragraphs, for a first order (in space)
semi-discrete scheme we choose:

flulz;y 1, 1) = F(ig, U41),
and thus the scheme is:

d _ F(uj, 1) — Fuj 1, u;)

&uj - Ax

An example of first order accurate numerical flux is the Local Lax-Friedrichs
flux [17], which we will discuss later.
For a second order (in space) scheme we choose:

~ - +

where the quantities u;.—:_ , are obtained from the reconstruction in this way
2

ur , =lim, , + 7R(z). For example,

It3 its

Uu.

Jt3 J

where the slope u} is a first order approximation of the space derivative of
u(z,t), and can be computed by suitable slope limiters [17]. Later we will
introduce the generalized minmod limiter.

Thus, the scheme is:

d_ F(ujjr%,qu )= F(u. y,ut )
dt

Uj:—
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Finite-difference (FD) methods

We consider now a finite difference scheme in which the unknown is the point-
wise value of the function, rather than its cell average.

We want to get a finite difference scheme in a conservative form (4.3). There-
fore, given the equation (4.5), we write:

o (e 30~ Fla(e- ).
%(u(x,t)): N .

To convert this expression into a numerical scheme we want to approximate
the quantity f (u (3: + %) ,t) —f (u (x — %) ,t).

To do this, we find the relation between f and f . In this regard, we consider
the average operator

i) = — /HAQZU(f,t)dg

AJZ :c—%

and differentiate it with respect to x, we obtain:

n- (b6 $)9- (-5

From the previous expressions we can observe that the relation between f and
f is the same relation that there is between u(x,t) and u(x,t), namely, the
flux function f is the cell average of the function f. Therefore to compute
f(u(a:j+%,t)) from f(u(z;,t)) we use the same technique used to compute

w; 1 from u;.

IIJ1+t2he finite difference method it is the flux function which is computed at
z; and then reconstructed at z;, 1. But the reconstruction at z;, 1 may be
discontinuous. To solve this problem we consider flux functions that can be
split

flu) = f"(u) + f~(u)

with the condition that

df*(u) df(u)
du =0, du <0,

which defines a monotone consistent flux. For example, the local Lax-
Friedrichs flux satisfies this condition.
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A finite difference scheme therefore takes the following form

s
Az ’

=

d I
dt 7

where fj% = f*(u;r%) +f_(u;r+%).

The quantity f*(uj;l) is obtained by
2

e computing f*(u;) and interpret it as cell average of f+

e performing pointwise reconstruction of f+ in cell 7, and evaluate it in

r_ + . .
and f (uj 1) is obtained by

N

e computing f~(u;) and interpret it as cell average of f B

e performing pointwise reconstruction of f ~ in cell j, and evaluate it in

a:H%.

Remark 4.1: Both methods, discussed for the scalar equation, can be ex-
tended to systems, and both present advantages. The finite volumes meth-
ods, unlike the finite difference methods, can also be applied in the case of
non-uniform grids. However, since the source is evaluated pointwise, finite
difference schemes do not couple the cells, unlike the finite volumes schemes.
This is a big advantage in the case we use a implicit step. Given these con-
siderations, because in the next chapter we will present the semi-implicit
methods on a regular Cartesian grid, we use the finite difference methods.

We apply the finite difference methods to the gas-dynamics equations both
for the Isentropic Fuler Equations and for the Full Fuler Equations.

We start considering the isentropic gas dynamics case and successively we
extend the results to the case of the full Euler system.
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4.1 Isentropic Euler Equations

The Isentropic Euler equations in a d-dimensional space, with z € Q C R
and t > 0, are given by:

pr+V-(pu)=0
{(Pu)t—l-V-(pu@u) +% =0 (4.6)

where p is the density of the fluid, u is the velocity of the fluid and p is the
pressure. To close the system we consider a equation of state, which in the
case of a polytropic gas is:

p=r,
where v = % > 1 is the polytropic constant.
The parameter ¢ is the dimensionless reference Mach number.

Let m = pu be the momentum, the system (4.6) can be written in this

way:
+V-m=0
pr . (4.7)
m;+V-(meu)+ £ =0
4.1.1 Isentropic Euler Equations in 1D
In one-dimensional space the system (4.7) is:
+mg =10
e | (4.8)
mot+ (% + %), =0
and it is closed by the equation of state p = p(p) = p”.
4.1.2 Isentropic Euler Equations in 2D
In two-dimensional space the system (4.7) is:
pr +mk+ mz =0
1 ml2 1m? _
My +<p+§>w+(m %), =0 (4.9)
2
m2 + (m?m) + (mz +%> =0
¢ ( p )x P =)y

where m! and m? are the momentum along the z-axis and the momentum
along the y-axis respectively, and it is closed by the equation of state p =

p(p) = p".
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4.2 Full Euler Equations

The Full Euler equations in a d-dimensional space, with z € Q@ C R? and
t > 0, are given by:
pe+V-(pu)=0
(pw); + V- (pu@u)+F =0 (4.10)
E,+ V- -[(E+pu]=0
where p is the density of the fluid, u is the velocity of the fluid, p is the

pressure and F is the energy. To close the system we consider the equation
of state, which for a polytropic gas is:
2
D €
E = o + 5p|u|2.

Placing m = pu the momentum and h = % the total enthalpy, the system
(4.10) can be written in this way:

pe+V-m=0

m+V- - meu)+¥%=0 . (4.11)

E;+V-(hm)=0

4.2.1 Full Euler Equations in 1D

In one-dimensional space the system (4.11) is:

pr+my =0
m+ (T +5) =0, (4.12)
Et + (hm)x =0

and it is closed by the equation of state p = (y — 1) (E - %62%2)

4.2.2 Full Euler Equations in 2D

In two-dimensional space the system (4.11) is:
pe+mL+m2=0

mi + ("‘;Z)—l—p + m1m2>y:O

o
) ) , (4.13)
m2 + (mzm—)x + (’nz + %) =0
m
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2 2
and it is closed by the equation of state p = (v —1) (E — %52 (ml 4 om2 >)

We apply the explicit finite-difference methods to the Euler gas-dynamics
equations, both in the one-dimensional case and in the two-dimensional case.

4.3 FD shock-capturing methods for Gas
Dynamics Equations in 1D

We discretize in 1D the Euler systems (4.8) and (4.12) of conservation laws,
that we can write in the following form:

U, + F(U), = 0.

with initial and boundary conditions. Here U(x,t) is the vector of unknown
conservative variables and F(U) is the physical flux vector.

In the system (4.8)

U= <£> and F(U) = (mﬁp> ,

p m
U=|[m| and F(U)=| ™+ &
E (E+p)u

Discretization in space

First we discretize the space © = [0, 1] through a uniform grid characterized
by a spatial step Az = ;41 —x;, Vj (Am = %) At even time step n we have
N cells of size Az, with cell j centered at z; = (j — %) Az, j=1,...,N.
The following figure (Figure 4.1) shows the discretization of the domain :
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& O
0 1

Figure 4.1: Discretization of the domain [0, 1] with N = 5: the blue dots are
the internal points, the red dots are the ghost points, in black diamonds we
evaluate the numerical fluxes

The values of the numerical solution on the internal points U, (t) ~ U(x;,t)
evolve in time using the following semi-discrete scheme:
du;  firi —fie

1 1
= 2 2 i=1,2,...,N.
dt Al‘ y )< )

The numerical fluxes {f, n %} are computed as follows. We denote by D,f

the flux derivatives that will be discretized as the difference of the numerical

1

fluxes between 7 + % and 7 — 2

First-order scheme

If we use a first-order scheme, to compute the numerical fluxes in D, f we
use the local Laz-Friedrichs fluxes. We first split the flux function F as
[31, 32, 33]
1
F(U;)=F/ +F;, F/ = 5 (F(U) +a,Uy),

where o; = |u;| + 2 is the spectral radius of the Jacobian matrix at z = x;,

c; = ,/% is the sound speed and ¢ is the dimensionless reference Mach
number.
The numerical fluxes are given by: f; 1= F/ +F;,,, that is:

F(U,.1) + F(Uy) Ui — U

3 i g

fir

N|=

with
;.1 = max {a, i1}

Then the discrete derivatives are given by:

N
Duf= "2

where Az is the space step discretization.

[SIE
N|=
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Second-order scheme

Second-order schemes in space are obtained by using a piecewise conser-
vative linear reconstruction.

We refer to the scheme in [3, 8, 11].

For each conservative field u, we use the following reconstruction in cell j:

uj(x) = uj + uj(x — x;),

where the approximation of the derivative ’; is computed using the general-
ized minmod limiter. The minmod function is defined by:

min(vy, vg,...), ifwv; >0Vi
minmod(vy, v, . ..) := { max(vy,ve,...), ifv; <0Vi.

0 otherwise

Like in the previous case, we split the flux function F as [31, 32, 33]

1
F(U;)=F/ +F;, F/ = 5 (F(U) +a,U;).
To compute the values of F™ and F~ at the cell interfaces x; 11 We use, as
already mentioned, the non-oscillatory generalized minmod reconstruction,
that is: A A
Fi =+ (R FY = F = S5(F.);
where the slopes are computed using the generalized minmod limiter:

JFE—Fi, Bh,_Ff, F%, - FF
Ax 2Ax ’ Ax '

(F,)¥ = minmod

Finally, the numerical fluxes are given by:

};Jr% =F/ +F,.

Remark 4.2: In [8] the authors explain how the choice of the values of ¢
and of «; is fundamental to prevent oscillations. It is convenient not to use
a high value of 6 € [1,2], because it can control the amount of numerical
dissipation: larger values of # allow sharper resolution of discontinuities, but
may cause some oscillations. In the same way, it is convenient replacing «;
with max; «;, as this choice allows an increase in the quantity of numerical
diffusion.
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Discretization in time

First-order scheme

If we use a first-order scheme, to compute the numerical solutions at time
t"*1 we discretize time by a first order Euler method:

U™t = U" — AtF(U"),.
Second-order scheme

High order schemes in time are obtained through use of suitable implicit-
explicit Runge-Kutta schemes. We use the technique described in [3, 5].
We define

U, = S(U,, Uy, At),

the function that is the solution of the problem

where Uy, is the vector of the explicit variables of the system.
The method can be implemented in the following way:

Ul =un
UWY = S(U", U™, BAL)
e\, @

U® = (1 — 5) U" + EUI(”
26 —1 1-5

U® = U+ —~uW

B g
UP = sUuP?, U, pae),

Whereﬁzl—%andé:%.

Finally, the numerical solution is computed as U™ = UI(Q).

We apply such discretizations to the Isentropic Euler equations and Full
Euler equations in 1D.



CHAPTER 4. SHOCK CAPTURING SCHEMES 168

Isentropic Euler Equations
Discretization of the system (4.8)
Finite-difference methods with a first-order scheme in time

ot = pr — AtD,m"
e b, (2 +8)
Pl = (pn+1)7‘

We can compute D, f using a first or a second-order scheme in space.

Full Euler Equations
Discretization of the system (4.12)
Finite-difference methods with a first-order scheme in time

ot = pr — AtD,m"
e s () %)

E™t = B — AtD, (h"m™")

+1 1, (m? "
=y —-1)|E" — = :
p (v=1) 5¢ ( p)

We can compute D, f using a first or a second-order scheme in space.

Finite-difference methods with a second-order scheme in time

In the case of Full Euler Equations we also used a second-order discretization
in time.
First, we compute:

pE _p ’
ml(al) - mnv
E]gl) — En,
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Now, we can write the equations for the density:
pt) = p" = pALDmY,
¢\ , ¢
) = (1 - 5) AR
@ _ 20—1 1-=0

Py = p"+ P
B g

for the momentum:

nf? = (1= 5 )+ Sl
26 -1 1-—
m® = 2 m" + 5ml(1),
B )

and for the energy:
EM = E" = BAtD, (h{"m{V)

E® = <1 - ;) E" ;EI(I),

26—-1_ 1-5
E® = E"+ —EEW,

" s s

Finally, we can compute:

p? = p = BALD,mY,
o e
m® =m® — BALD, | —s + - |,
@ T2
PE

E® = E®) — BAtD, (hPm?),

and thus: p"t = p@ mn+l = m® and B+t = B@.

We can compute D, f using a first or a second-order scheme in space.

Such methods can easily be extended to the two-dimensional case.

169
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4.4 FD shock-capturing methods for Gas
Dynamics Equations in 2D

We discretize in 2D the hyperbolic systems (4.9) and (4.13) of conservation
laws, that we can write in the following form:

U, +F(U), + G(U), = 0.

In the system (4.9)

P ml m2
U= |m'|, F(U)= 2=+ 5| and G(U) = | m'™ |,
m2 mzmTl mp22 4 E%
while in the system (4.13)
mt m2
U - 2 ; F(U) - p 2 152 aIld G(U) - 22 P
" e 2y g
E hm* hm?

Discretization in space

We discretize the space 2 = [0, 1] through a uniform grid characterized by a
spatial step Ax = x; 1 — x;, Vi along ¥ axis (Ax = N%) and by a spatial step
Ay = y;+1 — y;, Vj along y axis (Ay = N%) In general Ny = N, = N. At
even time step n we have N? cells, in which each cell is centered at (z;,v;),
with z; = (z — %) Az and y; = (j — %) Ay, 1,7 =1,...,N. The following
figure (Figure 4.2) shows the discretization of the domain €
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Figure 4.2: Discretization of the domain [0,1]> with N =5

The values of the numerical solution on the internal points U, ;(¢) ~ U(z;, y;, t)
evolve in time using the following semi-discrete scheme:

AUy fiy =iy G =9y o
dt ALL‘ Ay Y 7._7 Y VAR *

The numerical fluxes {7, 41 }and {g;, 1 } are computed as follows. We denote

by D, fthe flux derivatives that will be discretized as the difference of the nu-
merical fluxes between i+% and i—% and by ﬁy g the flux derivatives that will
be discretized as the difference of the numerical fluxes between j —1—% and j— %

First-order scheme

To compute the numerical fluxes in D, f and in ﬁy g we use the local Laz-
Friedrichs fluxes. We first split the flux functions F and G as

F(U,;) =F;+F,;, F =

Z?J’

(F(Ui;) + i ;Ui ),

N | —

. 1

G(Ui,j) = G;,rj + Gi,ja Gz:‘,tj = 5 (G(Ui,j) + 5i,jUi7j) )

where o, ; = |u;;| + % and f§;; = |v;| + <2, u and v are the velocities of the
7P

fluid along the z-axis and along the y-axis respectively, ¢;; = ,/p—fj is the
ij
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sound speed and ¢ is the dimensionless reference Mach number.
The numerical fluxes are given by:

fz‘+% = F;r +F gz‘+% = G;r + G;+17

that are:
» _ F(Uiy) +F(U) Ui, — Ui,
firi; = 5 T YsiT g o
. = G(Uij41) + G(Uyy) Uiy — Uiy
9ijrt = 5 By

In classical explicit schemes are chosen:
;p 1 = max {a, i)
5i7j+% = max { Sy, Biji1}
Then the discrete derivatives are given by:

D,f— firss —Ficti Doae s~ i3
a Az I Ay ’

where Ax and Ay are the space step discretization.
Second-order scheme

In the second order scheme the numerical fluxes }; 11 and g; ;, 1 are com-
puted as follows.
Like in the first-order scheme, we split the flux functions F and G as

F(U, ) =F,+F,;, F =

/L?]’

(F(Ui;) + a; ;U ),

DO | —

~ 1
G(U,;) =G}, + G, G = 3 (G(U;;) + Bi;Us,) -

To evaluate the values of F¥ and G* at the cell interfaces (xz +%,yj) and
(:L‘i, Yjtd ) respectively, we use a non-oscillatory generalized minmod recon-

struction, that are:

A A
By, o=l 4+ (R, B = Fp - TI(F””);J"

2 4,57 4,J
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N Ay — Ay _
Gi,j = Gz—'t_j + 7<Gy>i+,j7 st,j = Gi,j - T(Gy)i,ja

where the slopes are computed using the generalized minmod limiter:

Ff _F+  F:. _F:f  Ft  _FE
F, + _ dp=—22 i—1,j T it+lj izlj g itly i,
( )” HHATHO < Ax ’ 2Ax ’ Ax ’
+ + + + + +
Gi,j — Gi,jfl Gi,jJrl _ Gi,jfl eGi,jJrl _ Gi,j) )

(Gy)ii’j = minmod (9

Ay ’ 2Ay Ay

The numerical fluxes are given by:
7 _ TE w ~ (N S
firri =Vt Fi 9010 =Gy + Gy

Remark 4.3: As already discussed in the 1D case it is convenient to replace
a; ; with max; ; o, ; and f3; ; with max; ; 8; ; to prevent oscillations.

Discretization in time

First-order scheme

If we use a first-order scheme, to compute the numerical solutions at time

t"*! we discretize time by a first order Euler method:

U™t = U" - AtF(U"), — AtG(U"),,.

Second-order scheme

High order schemes in time can be constructed as follows, according to the
scheme present in [3, 5].

We define
U, = S(U,, Uy, At),

the function that is the solution of the problem
U, = U, — AtF(Uy), — AtG(Uy),,

where Uy, is the vector of explicit variables of the system.
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Then, the method can be implemented in the following way:

Ul =un

E
UM = S(U", U™, BAL)
e\ oo, ©
U® = <1 - B) U" + BUI(”
26 — 1 1-8
U® = U+ ——ul
B g
UP = s(UP?, ul, pae),

Whereﬁzl—\%andé:%.

At the end, the numerical solution is computed as U™ = UI(Q).

We apply such discretizations to the Isentropic Euler equations and Full
Euler equations in 2D.

Isentropic Euler Equations
Discretization of the system (4.9)
Finite-difference methods with a first-order scheme in time
Pt = pt — AtD,m'" — AtD,m?"
m" = ml" — AtD, <<mp12>n 4 I;’;) _ AtDy (m1m72>

it =¥ = aed, ()~ o, () + )

P 5
pn+1 _ (pn+1)7 .

We can compute D, fand D, g using a first or a second-order scheme in space.

S
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Full Euler Equations
Discretization of the system (4.13)
Finite-Difference methods with a first-order scheme in time
We proceed as in the 1D case:

ot = pn — AtD,m" — AtD,m?*"
m"™ = ml" — Atf)z (
m2" = m?" — AtD, (m2m—1)n — AtD, (
E™ = B" — AtD, (h"m*") — AtD, (h"m?")

1 12 22 n+1
pn+1 _ (’V _ 1) Ertl 22 (m + m) )
2 p P

We can compute D, fand D, g using a first or a second-order scheme in space.

Finite-difference methods with a second-order scheme in time

First we compute:

o = p",
mé(l) mln,
mg(l) - m2n7

Eél) — En,

Now, we can write the equations for the density:
pV = p" — BALDm!M — 5Atl§ym§(l),

&\ , e
pg):(l—ﬁ)p 50
28-1, 1-7
() _ ny 128 0
P = P Y,

g g
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for the momentums:

o (ORI e TE
mt® =m!" — BALD, ——+ B - BALD, | m2W = | |
PO oD

" R m2W . (m2O7 W
m12(1) =m?" — BAtD, mé(l)T — BALDy | ——— +— | ,
p

E /)1(31) e

my? = (1 - ;) m'" + ;mll(l)7
2 = (1 _ ;) ¥+ S
1) =L e (1268
p p
m2® 2 2= e (120 a0y
p p

and for the energy:
EM = E" — BAtD, (hmg™) — BALD, (hmm2™M),
e\ ., ¢
E® = (1 - 5) E" + EEI(”,
o 222t 1280
g B

Finally, we can compute:

(2)

p? = p® — BAtD,m*® — BAtﬁymg(Q),

(@7 @ R 1@
P

B0
E E
R m2® . (m2®F @
mi® = m2® — gAtD, | mp® ]?2) — PALD, E(z) + % )
PE PE €

E® = E® — gAtD, (h"m;@)) — BALD, (h"m2<2>) ,

and thus: pn-l—l _ ,01(2)7 m1n+1 _ m11(2)7 m2n+1 _ m12(2)

We can compute D, f and D,g using a first or a second-order scheme in
space.
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Boundary conditions The boundary conditions depend on the particu-
lar test under consideration, and thus on the initial conditions. We have
dealt with the case in which there is the presence of a wall, that includes:

e Dirichlet boundary conditions: in general on the x component of the
momentum (because the fluid comes back as soon as it meets an ob-
stacle, like a wall)

e Neumann boundary conditions: in general on the density, on the pres-
sure (and thus on the energy) and on the y component of the momen-
tum (for the 2D problems - to prevent the fluid from leaking from the
duct in which it moves)

We close this Chapter dedicated to the finite-difference methods, applying it
to the case in which the domain is arbitrary. As already seen in Chapter 1,
in this case it is possible that the border does not adapt to the grid. It is
therefore necessary a particular discretization of the boundary conditions.

4.5 Coco-Russo method for the Full Euler
Equations on arbitrary domains

In this Section we present an application of the Coco-Russo method to the
Full Euler equations. This application is present in [8], in which the authors
describe how to construct a second-order finite-difference shock-capturing
method for the numerical solution of the Euler equations of gas dynamics on
arbitrary two dimensional domain ). This domain can be fixed or moving.
We limit ourselves to dealing the case of a fixed domain.

A similar work is presented in [4], in which the authors have developed a
finite difference method based on the discretization of the equations on a
normal Cartesian grid and on the application of Lagrange interpolation with
a filter for the detection of discontinuities that permits a data dependent
extrapolation, with higher order at smooth regions and essentially non os-
cillatory properties near discontinuities. In [8] the authors use a different
extrapolation technique, which is similar to that adopted in the context of
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elliptic problems [9, 10], and that we present below.

We discretize the domain €2 with a uniform Cartesian grid with a size mesh
h along the two axes respectively (N = %) We identify internal and ghost
points. We indicate with N; and N the number of internal points and of
ghost points respectively. The following figure (Figure 4.3) shows the dis-
cretization of a square domain with a circular obstacle:

H89009900900004

-
%
A

&

B A A A A A A A A A A ACACACACACS

~

NN NN AN AN AN A A AN AN AN AN A

Figure 4.3: Discretization of a domain Q C [0,1]*> with N = 16: the blue
dots are the internal point, the red dots are the ghost points. We impose the
boundary conditions in the blue circles

We discretize the Full Euler equations for each internal point (see system
(4.13)). As already seen in Chapter 1 for the Poisson equation, the discretized
equations on the internal points involve the values of the numerical solution
on the neighboring ghost points. In this way we obtain a system of 4}V,
equations with 4(N, + Ng) unknowns. To close the system we proceed as
in the Coco-Russo method, thus we write the 4N, equations for the N
ghost points, which come from the discretization of the boundary conditions.
For each ghost point G we consider its projection F on the border of the
domain and in this point F we impose the boundary conditions appropriately
discretized on the density, on the momentums and on the energy.

e For each ghost point G outside the square domain (whose projection is
precisely on the border of the unit square) the boundary conditions are
imposed in the usual way:
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1. Dirichlet: U(zq,yq) = —U(zy, y) (on the  component of the mo-

mentum),

2. Neumann: U(zg,ye) = U(zy,y) (on the density, pressure, energy

and y component of the momentum),

where U(zq,ye) is the value of the numerical solution on the ghost

point G(z¢,ye) and U(zy,y) is the value of the numerical solution on

the neighbor internal point 1(z;, ).

e For each ghost point G inside the circular obstacle we describe how

the boundary conditions are set and discretized in the case of a fixed
boundary. For more details see [8].

We denote by n and 7 the normal and tangential unit vectors to the boundary
092, respectively, and by x the signed curvature of 992 (see Figure 4.4). In

the case of a circular domain (our obstacle) k = &, where R is the radius of

the circumference.

Figure 4.4:

projection of the ghost point

Normal and tangential
unit vectors to the boundary 0f in the

We denote by u := (u,v)" the
velocity vector and by u, = u -
n and u, = u - 7 its normal

and tangential components, respec-
tively.

We consider the simpler case of
a fixed boundary and set four
boundary conditions on the nor-
mal and tangential components of
the velocity, pressure and den-

sity.

1. Condition on the normal component of the velocity

U, =0

2. Condition on the pressure

dp

on

= Kpu?
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3. Condition on the density

9 _» o
on  ~ypdn
4. Condition on the tangential component of the velocity
ou,
= —KlU,
on

We see now how it is possible to discretize numerically the boundary con-
ditions 1., 2., 3. and 4.. In [8] the authors indicated with Q[¢;S] the
biquadratic interpolant (described in Chapter 1) of a grid function ;; in
the stencil S. The discretization of the boundary conditions is obtained by
approximating in the equations 1., 2., 8. and 4. the values of pressure,
density, normal and tangential components of the velocity at point F with
the corresponding biquadratic interpolants:

Qluuy: So)(F) = 0 (4.14)
Q90 Sel 1) — el () (Qlur: 1)’ (4.15
99|p; S _ Qlp; Scl(¥) 99Q[p; S
on (F)__thnSJ(F) om ) (4.16)
W(F) — —kQ[uy: Se](F) (4.17)

We can observe that we cannot solve separately the 4 x 4 systems obtained
from the equations (4.14), (4.15), (4.16) and (4.17) for each ghost point G,
since each 4 x 4 system may be coupled with the corresponding 4 x 4 systems
obtained at other ghost points.

To solve this problem, in [8], the authors use an iterative scheme. They first
transform the system of boundary conditions into a time-dependent problem
with a fictitious time o:

Bau; = —u,

B =~ (B +nur)

op _ dp 2 ’ (4'18)
90— H (a? - KPUT)

%y (%~ L 2)

90 — M3\ on cZ On
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where uq, ue and pz are suitable constants. Then, to obtain the iterative
scheme, they discretize the system (4.18) in space and time. The partial
derivatives with respect to o are discretized at the ghost point G using the
first-order forward Euler method. Therefore, the iterative scheme is:

u"(6) = ™ () — Ao Qu™; Sl(F),

ugmﬂ)(G) = uS — Ao <8 Qus™; Sol(F) + kQlu () )

() = p™ (@) — Ao (ag (F) — KQ[p™); So(F (Q )2> :
[ pm),

in which the time step Ao and the constants pu;, i = 1,2, 3, are chosen so as
to satisfy the CFL conditions:

Ao < 1 and p;Ac < min(Az, Ay), i =1,2,3.

However, the FD methods described in this Chapter have a limit: the time
step must satisfy the CFL condition. In the following Chapter we will present
a class of numerical methods for systems of conservation laws which, as we
shall see, will be stable also for larger time steps.



Semi-Implicit Methods for the Gas Dynamics
Equations

In this Chapter we present the idea of [3] for the construction of alternative
methods for the Gas Dynamics that do not suffer the usual CFL stability re-
striction of explicit schemes proposed in the previous Chapter. Such methods
are known as Semi-Implicit methods.

Semi-Implicit methods

All hyperbolic systems of conservation laws develop waves that propagate at
finite speeds. Therefore, if we want to accurately compute all the waves in a
hyperbolic system, is necessary to resolve all the space and time scales that
characterize it.

We have seen that in the explicit methods for the hyperbolic systems of
conservation laws the time step must satisfy the CFL condition (4.4). If
the order of accuracy in time is the same of the order of accuracy in space,
accuracy and stability restrictions are almost the same, and the systems are
not stiff. However, there are cases in which some of the waves are not par-
ticularly relevant and one is not interested in resolving them. For example,
if we consider the Euler equations of compressible gas dynamics, in the low
Mach number regimes the acoustic waves carry a negligible amount of energy
and thus have a negligible influence on the solution, but since classical CFL
condition on the time step is determined by the acoustic waves, they impose
a very restrictive CFL condition if one uses an explicit scheme to solve them.

182
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The system becomes stiff. This restriction on the time step results in an
increasingly large computational time for smaller and smaller ¢.

Implicit time discretization To remedy the problem of stiffness, it can
possible consider implicit time discretizations, which avoid the acoustic CFL
restriction and allow the use of a much larger time step. However, the implicit
schemes to solve the systems present two problems.

e They are more difficult to solve because they are highly nonlinear.

e They may introduce an excessive numerical dissipation on the slow
wave, causing loss of accuracy.

To solve the problems given by both explicit and implicit techniques, the
strategy is to use semi-implicit methods. A semi-implicit scheme avoids the
CFL condition for the acoustic waves and maintains a good accuracy on the
more important features of the flow.

In [3] the authors propose a family of second-order accurate schemes for
the numerical solution of Euler equations of gas dynamics that are (linearly)
implicit in the acoustic waves, eliminating the acoustic CFL restriction on
the time step. In [3] the explicit differential operators in space relative to
convective or material speeds are discretized by local Lax-Friedrics fluxes and
the linear implicit operators, pertaining to acoustic waves, are discretized by
central differences. The results show that these schemes do not introduce
excessive numerical dissipation at low Mach number providing an accurate
solution in such regimes. They perform reasonably well also when the Mach
number are not too small.

Therefore, if for the standard explicit schemes is necessary that CFL < %, for
these semi-implicit schemes CFL can be quite large than 1. However, since

the material wave is treated explicitly, we have a restriction on the material
CFL, that is, CFL, < %, where

max [u|At  CFLmax |u]
Ar dpax

CFL, =
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5.1 Semi-Implicit methods for Gas Dynamics
Equations in 1D

We discretize in 1D the hyperbolic systems (4.8) and (4.12) of conservation
laws, that we can write in the following form:

U, + F(U), = 0.

We discretize the space as in the Section 4.3.

In the case of semi-implicit methods, we denote by D, f the flux derivatives
for non-stiff terms that will be discretized as the difference of the numerical
fluxes between 7 + % and 7 — % and by D, fthe flux derivatives for stiff terms
discretized with a centered scheme. Both in the case of a first-order scheme
and in the case of a second-order scheme in space, for non-stiff terms, the
numerical fluxes {}l +%} are computed as in the Section 4.3.

Therefore, for non-stiff terms, the discrete derivatives are given by:

For stiff terms, instead, we have:

D.f= ﬁ*% _fi*% _ S — Jia
“ Ax 2Ax

Since the acoustic waves are treated implicitly, we use a proportional to the
material speed. We expect that for very low Mach number, o & |u| should
be sufficient, while for Mach number larger than one, the speed of sound is
bounded by the fluid speed. For this reason, we choose

o = ’uz’7

for low Mach number.
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Discretization in time

First-order scheme

If we use a first-order scheme, to compute the numerical solutions at time
t"*t1 we discretize time by a first order Euler method: stiff terms are eval-
uated at time ¢"!, while non-stiff terms are evaluated at time t" = nAt,
n=20,1,...

U™t = U" - AtF(Uy, Ut

where Uy, is the vector of non-stiff terms and Uj is the vector of stiff terms
of the system.

Second-order scheme

High order schemes in time are obtained with the same technique proposed
by [3, 5] and described in the previous chapter for explicit methods. Now, it
is only a question of adapting the technique to semi-implicit methods.
We define

U, = S(U,, Uy, At),

the function that is the solution of the problem
U, = U, — AtF (U, U)),.
Then, the method can be implemented in the following way:

Ul =un

E
Ul = S(U", U, pAL)
e\ .., &
U = (1 — ﬁ> U" + BUI(I)
261

1-8
u® U” +
B B

U® = S(U® UY gAY,

U

Whereﬁzl—%andé:%.

Finally, the numerical solution is computed as U"™! = UI(Q).
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We apply such discretizations to the Isentropic Euler equations and Full Eu-
ler equations in 1D.

Isentropic Euler Equations
Discretization of the system (4.8)

Semi-Implicit methods with a first-order scheme in time

Y

P = pt — AtD,m" ! (a)
m" 1 =m" — AtD, ((m?z)n + pnﬂ) (b)

£2

-
pn+1 — (anrl) )
We consider the equation (b) on the momentum:

5 2\ n+1
m"tt = m" — AtD, <(m> + p 5 )
p €

n+1
£

with m* = m"™ — Atﬁw (%2)”
Plugging this expression in the equation (a) on the density, we obtain:

n+1 n 2 * At 2 n+1
At?
=0+ D (5.2)

with p* = p" — AtD,m".
pn—l—l

and plugged into the momentum equation to find m™*!. To solve the system,

can now be computed by solving the non-linear tridiagonal system (5.2)

we use a system linearization method:
op™
DQ n+l _ Dz 7Dz n+1
2P(p) ( op PP
=D, (v (0" Dap™")
=D, ((p")! Dap™)
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and thus we have:

ot — ”V‘Stz(<p">”‘1<pﬂ+l-—-pﬂ+1>——<p”>”‘1<pﬂ+1-—-pn+l>) —
i 22 Ag2 i+% i+1 i i—% i i—1 (R

N (A0 A 210 W R 0 VAN 0 Ve
1= OO g (et = GO o known terms
2

where (p") i 5
2
from the previous step (at time n).

Therefore, the algorithm is:
e Compute m* at time n
e Compute p* at time n
e Compute p"*!
e Compute p"*!

+1

e Compute m”"

We can compute D, f using a first or a second-order scheme in space.

Full Euler Equations
Discretization of the system (4.12)
Semi-Implicit methods with a first-order scheme in time

We present an approach described in [3] called "Pressure splitting" and that
is based on an explicit treatment of the convective terms and an implicit
treatment of the pressure terms:

Pt = pr — AtD,m" (a)
mtt =t — AD, () +22) (1)
Ertl = E" — AtD, (h"m"t) (c)

1 m2\"
n+1 _ . 1 En—l—l o2 ]
p (v=1 2° 5

In this scheme p"*! is computed explicity, while E""! and p"*™! are linearly
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linked through the equation of state, thus it is possible solve the system both
on the energy and on the pressure. In [3] the authors explored the use of
scheme obtained by solving the linear system on the pressure, and they found
it to be less accurate and more oscillatory.

First, we replace the equation of state p"*! in the equation (b) of the mo-
mentum:

3— A \" -1
m™ =t — 2= IAD, (m> — 1 AtD,E™
2 p €
v—1

=m* — AtD,E™ (d)

2

: * n 3— 2 m2\"
with m* = m" — =51 AtD, (7) )
Plugging this expression in the equation (¢) on the energy, we obtain:
. —1
E™ = E" — AtD, (h"m*) + L= ARD,(h"(D,E"™))  (5.3)

52
-1
— B+ L A#D,(h"(D,E™)), (5.4)
€

with E* = E" — AtD, (h"m*).

To compute E™*! we solve the tridiagonal system (5.4):

EnJrl Y= 1 At2 e En+1 EnJrl L En+1 En+1 — F*
i T2 AxQ( i+%( i — BT — i_%< T 7 ))— i
E; - 22 A2 2 + (Ew:rll — E; H) - 712 (Ez - Ez—+11) =E;.

We now insert £"! into the momentum equation (d) to find m™*!.

Therefore the algorithm is:
e Compute m* at time n
e Compute E* at time n
e Compute E"*!

e Compute p*!
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e Compute p"*!
e Compute m"*!

We can compute D, f using a first or a second-order scheme in space.

We also propose the case in which we solve the system on the pressure,
just do not replace the equation of state in the equation of the momentum.
The alghoritm in this case is:

e Compute m* = m" — AtD, (%2)” at time n

Compute E* = E" — AtD, (h"m*) — L& (m?z)n at time n

Compute p"+! solving the tridiagonal system 2 — %Di (hmp™tt) =

v—1
E*

Compute E"*!

Compute p™* = p» — AtD,m"
e Compute m"H!

This method can be extended to the two-dimensional case and also to the
case in which we use second-order reconstructions in time. However, unless
otherwise specified, in our numerical tests we will use the method based on
the energy.

Semi-Implicit methods with a second-order scheme in time

In the case of Full Euler Equations we also used a second-order discretization
in time.
First, we compute:

pl) = p",
m(El) m",
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We can write the equations for the density:
pt) = p" = BALD,mY,

@ _ e n ¢
pr =(1——)p"+5m"s

=2 1B
p B

We write now the equation for the momentum. As we have already described

for the first-order scheme replacing the equation of state in the equation of
the momentum we obtain:

2
3~ . my) ~1
m® = mn — mtT”Dxm% - mﬂgz D,EW

E
1
- M @Aﬂ?DxEI(U,
2

L)
with ME(l) =m" — BAt?’_T”Dx—m%U )
Pk

Plugging this expression in the equation on the energy, we obtain:

1

E® = " — pAtD, (hMV) + 2A T =D, (h (D,ED))  (5.5)

e2

— B+ B2 'p, (h (D.EM)), (5.6)

52
with B* = E" — BAtD, (hM").

El(l) can now be computed by solving the tridiagonal system (5.6) and plugged
into the momentum equation to find ml(l), and thus:

s B
_ 281 1-8

m" + mV

" B g

= (1Yo )

EO) — (1 _ C) Bt Cp0)
s
1-p
( E"+ —LEW,
B g
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To compute mI(Q) and EI(Q) we use the same procedure used to compute ml(l)

and El(l). We have:

(2)
m® —m® AT p gAY p
1 * D) (2) g2 !
PE
— Mé2) _ /BAt,y_Q DIEI(Q)’
€

v—1

E® = E®) — BAtD, (hMP)) + B*At? 5_2 D, (h (D.E®))
" Ap, (n(D.E®)),

— E** +/62At2

52
with £** = E* — BAtD, (hM{).

Therefore the algorithm is:

e Compute pg), mg), Eél)

Compute pl(l), ,01(32), p&z)

Compute Mél), E*, El(l)

Compute ml(l), m,(f), mg), pr), EéQ), E?

Compute Mé2), E*, EI(2), ml(z)

Compute E"*! = E®

Compute p™t!

Compute p"*t = p?

e Compute m"t! = m?

We can compute D, f using a first or a second-order scheme in space.

Such methods can easily be extended to the two-dimensional case.
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5.2 Semi-Implicit methods for Gas Dynamics

Equations in 2D

We discretize in 2D the hyperbolic systems (4.9) and (4.13) of conservation
laws, that we can write in the following form:

U, +F(U), + G(U), = 0.

We discretize the space as in the Section 4.4.

In the case of semi-implicit methods we denote by D,f and ﬁyg the flux
derivatives for non-stiff terms that will be discretized as the difference of the
numerical fluxes between z'—l—% and 7 — % and by D,fand D, g the flux deriva-
tives for stiff terms discretized with a centered scheme. Both in the case of
a first-order scheme and in the case of a second-order scheme in space, for
non-stiff terms, the numerical fluxes {7, +%} and {g; +%} are computed as in
the Section 4.4.

Therefore, for non-stiff terms, the discrete derivatives are given by:
fsi —Fiti - 9ij+3 — 9ij-3
Ay , Dyg= .

D.f=

For stiff terms, instead, we have:

x Ax 2Ax ’

Dog— 9ij+i — 9ij-1 _ 9ij+1 — 9ij—1

v9 Ay 2Ay

As in 1D case, for high Mach number we choose:

aig = fuigl + =27,

C. .
Bij = |vij| + =,
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Discretization in time

First-order scheme

If we use a first-order scheme, to compute the numerical solutions at time
t"*t1 we discretize time by a first order Euler method: stiff terms are eval-
uated at time ¢"!, while non-stiff terms are evaluated at time t" = nAt,
n=20,1,...

U™t = U" — AtF(UL, UM, — AtG(UZ, UM,

where Uy is the vector of non-stiff terms and U, is the vector of stiff terms
of the system.

Second-order scheme

High order schemes in time are obtained like in 1D case.
We define
U, = S(U,, Uy, At),

the function that is the solution of the problem
Then, the method can be implemented in the following way:

O §i

E
UM = S(U", U™, BAL)
e\ .., @&
Iﬁ”:<1—ﬁ>u +BU9
26 —1 1-5
U® = U+ —-=ul
B R
U = SUP?, U, pae),

Whereﬁzl—\% andé:%.
Finally, the numerical solution is computed as U"™! = Ul(z).
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We apply such discretizations to the Isentropic Euler equations and Full Eu-

ler equations in 2D.

In 2D the CFL condition is CFL = )\lmax% + Ao ﬁ;, from which

CFL

Almax + >‘2max )
Ay

At =

Isentropic Euler Equations
Discretization of the system (4.9)

Semi-Implicit methods with a first-order scheme in time

Pttt = pt — AtD,m*"" — AtD,m?"" (a)
~ 12\ " n+1 2\
mln+1 _ mln o Ath ((mp ) + p;— ) AtD ( 7) (b) ,
n+1 m2> n n+1
m2" = — AtD, (m 71) — AtD, <( ; > + B > (c)

pn+1 _ (pn+1)7 '

First, we consider the equation (b) and (¢) on the momentums:

R 12\ " n+1 2\ "
mln+1 _ m]_n i AtDm <<m> + p 5 ) AtD (m m>
p £ p

- pn+1
1\ " _ 22\ " n+1
o b ()~ sap, () 422
p p £

n+1

=m? — AtD, p , (e)

mmmfzm”—mﬁ%ﬁj — AtD, (mtz2)"

amm?:mw—ma@ﬁWY—Amym>.
P
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Plugging these expressions in the equation (@) on the density, we obtain:

n+1 n a 1* a 2* AtQ 2 n+1 AtQ 2. n+1
Pt =p" = AtDym" — AtDym* + —-D;p"" + —-D,p (5.7)
g 5
At? At?
_ p* + 82 l)ilfk+1 + 62 l)ilfl+17 (5‘8)

with p* = p" — AtD,m*" — Atﬁymz*.

p" ™ can now be computed by solving the tridiagonal system (5.8) and

1n+1

plugged into the momentums equations to find m and m2""". As in

1D case, we use a system linearization method to solve the system (5.8).

Therefore, the algorithm is:

e Compute m'" and m?" at time n
e Compute p* at time n
e Compute p"*!
e Compute p**!
e Compute m*""" and m2""

We can compute D, fand D, g using a first or a second-order scheme in space.

Full Euler Equations
Discretization of the system (4.13)
Semi-Implicit methods with a first-order scheme in time

We proceed as in the 1D case:

Pt = pt — AtD,m'" — AtD,m?" (a)
Ut — AtD, ( mpl2>n + ”ZZI) AtD, (m*22)"  (b)
m2" = m?2" — AtD, (mzm?lyl — AtD, ((m:a)n + pz:1> (c) 7
E™ = B — AtD, (h'm*"") — AtD, (h"m?"") (d)
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1 12 22 n
pn+1 — (7_ 1) (En+1 o §€2 (m 4 m) > .

p p

1

In this case p"*! is computed explicity. First, we replace the equation of

state p"*! in the equations (b) and (c¢) of the momentums:

n n A 3 - 12 1 - 22 " A 2 " - 1
mA" =t~ AtD, ( TR 2O ) A, () — Al —p,Ert
P €

2 p 2 p 2
* - 1
—m! - AtL_—D,E",
€
n n o 1 " A 3 - 22 1 - 12 " - 1
m? " =m? — AtD, (m?"—) —ah, (2T 2T ) A S p
0 2 p 2 p g2
* - 1
—m? — Atl—_—D,E",
€
A 2 2\ " ~ n
with mt* = mt* — AtD, (2" 4 1) - ub, ()
2 __an  ALP 2mI\" AR [3eym? | 1ymt® )
and m* =m Ath(m p) AtDy<2 3 p).
Plugging these expressions in the equation (d) on the energy, we obtain:
E™ =E" — AtD, (h"m'") — AtD, (h"m?*") + (5.9)
Y 1 n n n n
S Ar (Do (A" (Do E™Y)) + Dy(h™(D, E™+))) (5.10)

=B 4 S A (Do (W (DLE™) + Dy ("(D,E™)) . (5.11)
with B* = E" — AtD, (h"m1") — AtD, (h"m?").

E™1 can now be computed by solving the tridiagonal system (5.11) and

1n+1 2n+1

plugged into the momentums equations to find m and m

Therefore the algorithm is:
e Compute m!'" and m?" at time n
e Compute E* at time n
e Compute E"*!

e Compute p"*!
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e Compute p"*!
e Compute m*""" and m2""

We can compute D, fand D, g using a first or a second-order scheme in space.

Semi-Implicit methods with a second-order scheme in time

First we compute:

Py’ =P,

mA® — ",

20 = m?",
EY = En

We can write the equations for the density:

pl(l) =p" - BALD, ml(l) — BAtﬁymg(l),

Y = (1 - B) Pt BP(I)
28-1, 1-7
() _ " 1)
Py = P+ Py
g g

We write now the equations for the momentums. As we have already de-
scribed for the first-order scheme replacing the equation of state in the equa-

tions of the momentums we obtain:

2 2
3—7 mé(l) 1—7 mz(l) )

2 Y 2 p

mll(l) =m!'" — BAtﬁx (

2(1)
E

) 1
BAtD, (m;ﬂ)m( ) BAt D,EW

B

1
=M 6At—D EW.

2 2
) g2 1)
m2 =m?" — BALD, ( 7 M ¥ e _

2 p 2 p

A 1) 4
BALD, (m§<l>mz)) - mﬂ?DyEﬁﬂ

B

1
=20 BAt—D EW.
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2 202 m2®
with MY = m" — BALD, (3 iy o 15 My ) BALD, ( 2 b)

2(1)2 1(1)2 (1)
and M2D = m2" _ BAtD, (3 1 ) BALD, (m§<” e >

Plugging these expressions in the equation on the energy, we obtain:
EM =E" — BAD, (hMIV) — BALD, (hM2ZD) + (5.12)

5%527;1 (D (h (D=ED)) + Dy (h (D,EM))) (5.13)

—FE* + 52At”; ! (Do (h (D=ED)) + Dy (h(D,EM))),  (5.14)
with B* = B — BAtD, (hM:") — pAtD, (hdZ™).

El(l) can now be computed by solving the tridiagonal system (5.14) and

plugged into the momentums equations to find my M) and m? M, Thus, we
can compute:
1(2) _ ¢ o, C 1(1)
my ) = 1—=]|m +-m ",
2(2) _ ¢ 2, C o)
mg” = 1——=|m* +-m",
i@ = 202 e 120 )
g g
2 2 2=t e 1B e
5 g
P = pl2 — BAtD, my 12) _ ﬁAtD m?2 @),
@ _ (1 _ C) o 7E(1),
E /6 /6 I
E® = 20l 120 5E1<1>.
g g
To compute my (2), m? @) and EI(Q) we use the same procedure used to compute

mll(l), m12(1) and EI(I).
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We have:
(2)2 2(2)2
mi® —l® _ gach, (2T IZ e )
2 pé) 2
R 2(2) 1
BALD, m;@)m?i
PE

1
=M1 ﬁAtiD E®.

. (3—~ m2® N mi®?
m?® =m2® — BALD, Gt | -
2 p(E : 2

1(2)
- m
BALD, (m§<2> ?)
Pr

_M2

1(2)2 2(2)2 N 2(2)
with MEl( = mi® BAtD < 5t m;(z) + Hm;@)> — BALD, (mé@) n;%2) )>

M2 _ _ BALD, (3 wzi(;ﬂ 4 Mm§(2)2> — BALD, (mg(”"i;?)) and
B® =E® — AtD, (hME®) — BALD, (hM2?) +
ﬁzAtQV; 1 (D, (b (D.E®)) + D, (1 (D,E)))

=B 4 AL = (D (1 (D.E®)) + D, (0 (D,E2)))

with B** = E* — BAtD, (hM:®) — pAtD, (hMZ™).

Therefore the algorithm is:

e Compute pg), mé(l) 2(1) E(l)

Compute pl(l), ,01(;2), p&z)

Compute MEl(l), ME2(1), E*, El(l)

o Compute m'®, ml® i@ 20 20 20) @) pe) pe)
e Compute MEIQ), .ME , B, EI (2) , My 2

Compute E"*1 = 5@
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e Compute p**!

e Compute p"+! = pi?

n+1 1(2 n+1 2(2
e Compute m!"~ = mi ), m2 " = 2

We can compute D, fand D, g using a first or a second-order scheme in space.

Now, just as with the finite-difference methods, we want to apply the Semi-
Implicit methods at the Full Euler equations on a bidimensional arbitrary
domains. We will therefore eliminate the time step restriction present in [8].

5.3 Coco-Russo method for the Full Euler
Equations on arbitrary domains

In this last Section, we apply the semi-implicit methods, discussed in the
previous Section, to the Full Euler equations on bidimensional domains in
presence of obstacles, eliminating the restriction on the time step present in
[8], of which we have already spoken in the Section 4.5.

In addition to presenting the advantage of eliminating the restriction on
the time step, in this method we provide an alternative technique to that
proposed in [8] to impose the boundary conditions on the obstacle. Instead
of using the iterative method (4.18) we will solve a simple linear system,
which turns out to be computationally faster.

In this regard, we rewrite the equations (4.14), (4.15), (4.16) and (4.17)
so that only the quantities Qlu; S|, Qlv; Ssl, Q[p; Se] and Q[p; S¢] appear.
Unlike the method proposed in [8], we have used bilinear interpolations,
which we indicate with B[i;;; S¢|, rather than biquadratic interpolations.

To do this, we make the following considerations.

The condition (4.14) is equivalent to Blu; Sg](F)n, + B[v; S¢|(F)n, = 0, where
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n, and n, are computed as follows. We define the level set function [23, 27]:

o(z,y) = {—d((x,y),ag) (z,y) € Q'
| d((z,y),09) (z,y) ¢ Q

Given the two upwind close points to G, Q, and Q, (see Figure 5.1), we have:

_— 06 ¢u
BN
L9 by
Yooy et er
with
Pc — ¢q, @ _ ()
o . sgn (G Q, ) ,
Pc — Pq,
b, = ; sen (G(y) _ Qz(/y))

Figure 5.1: Upwind close points to G

While 7 = (%, —%ﬁ) and u, = Blu; S¢|n, — Blv; S¢n,.

In the condition (4.17) the term %(F) is approximated for simplicity
with the following formula which still ensures a first-order accuracy:

) = (= 1, ) Il - (i, =, ) )

In the conditions (4.15) and (4.16) the non-linear terms (B[u,; Sg](F))* and
B[p;Sa](F)
VB[p;Sa] (F)
closest to the ghost point in question. That is, if 1 is the internal point clos-

are approximated with the values they assume at the internal point

est to ghost point G, the two quantities are approximated respectively with

u-(1)? and L.

In this way the equations, for each ghost point, become:

Blu; S¢|(F)n, + Blv; S¢l(F)n, =0 (5.15)

66[51’18(;](1:) = kB|p; SG](F)UT(I)Q (5.16)
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IBlp;Sa], . p(1) 9B[p; Sd]
On (F)_yp(l) On (F)

(5.17)

ou,
on

which is a linear system with unknowns the values of tangential and normal

(F) = —k (Blu; Sg](F)n, — Blv; Sc](F)n,) (5.18)

velocities, pressure and density on the ghost point G.

As already discussed in Section 4.5, we can observe that we cannot solve
separately the 4 x 4 systems obtained from the equations (5.15), (5.16),
(5.17) and (5.18) for each ghost point G, since each 4 x 4 system may be
coupled with the corresponding 4 x 4 systems obtained at other ghost points.
Thus, to extend the numerical solution on the ghost points, we solve a linear
system of 4N, equations in 4N, unknowns, whose unknowns are u, v, p and
p on the ghost points. While, the known terms are the values of normal
and tangential components of velocity, pressure and density on the internal
points involved in the stencils.

We denote with U; and U, the vectors of numerical solution on internal
points and on ghost points, respectively. The numerical method has the fol-
lowing form.

If we develop an explicit method, we have:
Urtt = U — AtF(U", U2 — AtG(U!, UP),
where U as computed solving the linear system
AU; = b(UY),

and A € R¥Wex4Ne ig the matrix of coefficients, b(U") is the vector of known

terms.

If we develop a semi-implicit method, we have:
U = U - AMR(UTL U - ARG(UT, UL,
where U™ as computed solving the linear system

AU = H(U™),
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We close this Chapter by showing some numerical results that highlight the
stability characteristics of Semi-Implicit methods.

5.4 Numerical tests for the Semi-Implicit
methods

In this Section we present some numerical tests to highlight the robust char-
acteristics of the Semi-Implicit method for the Gas Dynamics equations even
for low Mach number values. The schemes are accurate for a wide range of
values of the Mach number.

For each test we monitor the classical Courant number

)\maXAt

FL =
¢ Ax

(5.19)

For all the numerical tests we give well prepared initial values and unlike the
texts proposed in [3] and [6] we will not adopt periodic boundary conditions
but we suppose there is a wall.

5.4.1 Numerical tests for the Isentropic Gas Dynamics

We start by presenting the numerical results for the Isentropic Gas Dynam-
ics, in which we use a first-order reconstruction in time and a second-order
reconstruction in space with # = 1.5.

Example 1: Two colliding acoustic waves

Consider the evolution of two colliding acoustic waves, with the following
well prepared initial data:

p(pe) = pl with v = 1.4,

po(z,0) = 0.955 + % (1 — cos(2mz)), ue(x,0) = —sgn(z)/7 (1 — cos(2rz)).
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time =0 time =0
1.06
M\ A\ 2
1.04 [\
[ [ ;
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= / \ / \ 2
g \‘ r‘j“’ \ é 0
© / Vo 2
0.98 / \ \ 1
0.961/ \/ \
-2
0.94
-1 -05 0 0.5 1 -1 -05 0 0.5 1

Figure 5.2: Initial Conditions: density (left panel) and momentum (right

panel)

These acoustic pulses, one right-running and one left-running, collide and
superpose and then separate again and during the whole procedure no shock
forms. We present the numerical results choosing, as in [6], the spatial step

Axr = 5—10, ¢ = 0.1 and the following boundary conditions:
1. void Neumann boundary conditions on the density and thus on the

pressure
2. void Dirichlet boundary conditions on the momentum

The time step is computed by (5.19) with CFL = 0.5.

In [6] the authors use a staggered grid, with which a second-order accu-

racy in space is automatically guaranteed.

The following figures show the numerical results on the density (left panel)
and on the momentum (right panel) for different final times T'.



CHAPTER 5. SEMI-IMPLICIT METHODS 205

time = 0.01 time = 0.01
1.15
2
1.1
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\ //\ e 1
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Figure 5.3: Density (left panel) and momentum (right panel) at final time
T =001, N=50,e=0.1, CFL = 0.5

time = 0.02 time = 0.02
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> 1.05 / \ 2
2 / 5 o0
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© 1 / \ S
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-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Figure 5.4: Density (left panel) and momentum (right panel) at final time
T'=0.02, N =50, =0.1, CFL=0.5
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time = 0.04

0.2
0.1
0
-0.1
-0.2
-0.3

-0.4
-1

-

-0.5 0 0.5

Figure 5.5: Density (left panel) and momentum (right panel) at final time
T =004, N =50, =0.1, CFL = 0.5

time = 0.06
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time = 0.06

momentum
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-1
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Figure 5.6: Density (left panel) and momentum (right panel) at final time
T =0.06, N=50,=0.1, CFL=0.5
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time = 0.08 time = 0.08
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Figure 5.7: Density (left panel) and momentum (right panel) at final time
T =0.08, N=50,e=0.1, CFL=0.5

Example 2: 2D Isentropic Problem

We focus on a two dimensional case with p(p) = p?. The computational
domain is Q = [0, 1]>. We consider the numerical test with initial conditions:

(z—0.5)24(y—0.5)2

p(z,y,0)=e  or
p(z,y,0)u(z,y,0) =0
p(z,y,0)v(z,y,0) =0

We present the numerical results by choosing the spatial step Az = Ay = ﬁ,

CFL = 0.5, ¢ = 0.05, final time 7" = 0.002 and the following boundary

conditions:

1. void Neumann boundary conditions on the density and thus on the

pressure

2. void Dirichlet boundary conditions on the momentums



CHAPTER 5. SEMI-IMPLICIT METHODS 208

time = 0.002 time = 0.002

density
X momentum

time = 0.002 time = 0.002

y momentum
pressure

Figure 5.8: Numerical results at final time 7" = 0.002, N = 100, € = 0.05,
CFL =0.5

5.4.2 Numerical tests for the Full Euler Equations

We proceed by presenting the numerical results for the Full Euler Equations,
in which we use a second-order reconstruction both in time and in space with
0=1.

Example 1: Two Colliding Acoustic Pulses

We consider two colliding acoustic pulses in a weakly compressible regime.
This test is present in [3] and [6]. The initial conditions are:

4rrx

p=(2,0) = po + %,01 (1 — COS (L)) , po =0.955, p1 =2,

drx

us(z,0) = —;uosgn(x) (1 — CoS <L>> . U = 24/7,

15 drx
p(z,0) = po + o (1 — cos (L)> . po=1, p1 =27,
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where L is the length of the domain, that in this case is [_g 2}.

ele
We impose the following boundary conditions: void Neumann boundary con-
ditions on the density, on the energy and thus on the pressure and void

Dirichlet boundary conditions on the momentum.

We consider the numerical results obtained with N = 440 at different times
= 0.815 and 7 = 1.63. We choose ¢ = X and ¢ = 107*, v = 1.4 and

11
CFL = 0.5.
time = 0.815 time = 1.63
16 : : ‘ ‘ 13 : :
/\\
15 // \ 1.25
/ \
[
1.4 [ 1.2
| \
2 1.3} © 1.15
>
512 a 1.1
1.4} 1.05
T 1
0. : ; : : ' ‘
20 20 -10 0 10 20 30 09 =20 -10 0 10 20 30

Figure 5.9: Pressure at two different final times 7' = 0.815 (left panel) and
T = 1.63 (right panel), N =440, ¢ = &, CFL = 0.5

11°



CHAPTER 5. SEMI-IMPLICIT METHODS 210

time = 0.815

time = 1.63

1.0003

1.0002

pressure

1.0001

Figure 5.10: Pressure at two different final times 7' = 0.815 (left panel) and
T = 1.63 (right panel), N = 440, e = 107*, CFL = 0.5

In the case of a semi-implicit method we can choose a CFL higher than 1. If
we choose CFL = 3 which corresponds to a CFL, = 0.44 we obtain:
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time = 1.63
1.3— ;

1.25

1.2

1.15

1.1

pressure

1.05

0.95

0.9—

Figure 5.11: Pressure at final time 7= 1.63, N =440, ¢ = 1, CFL =3

117

The black line in the figures above is the initial condition.

Remark 5.1 - on the stability of semi-implicit methods: Now we
suppose to move the right wall to the left. The situation is shown in the
following figure (Figure 5.12):

8, A

N N+1 N+2

(1-6p)A%

20, AT
Figure 5.12: The wall has moved into the blue diamond

In this case to impose the Dirichlet boundary condition in the right wall we
consider the interpolation procedure at the nodes xyio and zpyy1:

U, j(xny2) + (1 —0,)Us5(xng1) = 0,

from which:
1-—06y

TULJ(QTNH), (5.20)
b

Uij(wny2) = —
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b—zni1
JAV

When 6, = 0.5 we have the classic case that we discussed previously.

where 6, =

We can observe that in the condition (5.20) when 6, is very small, stability

problems can occur. For example, if we choose 6, = 0.005, N = 440, ¢ = 1—11,

we have stability problems. To remedy this problem due to small values of
6y,, we perform the linear interpolation at the nodes x .o and xy:

‘9{)Ui,j($N+2) + (1 - eé)Ui,j(xN) =0,

from which: L
Uij(onse) = ——5— PU, (n),
b
in which the new value of 6, is 6 = b; %, that it is bigger than 6y, thus

eliminating the problem of stability.
For example, if 6, = 0.005, 6] = 0.5025.

Example 2: 2D Sod Shock Tube Problem

Finally, we show the results obtained on a problem with radial symmetry
[20]. We consider a shock tube initial condition with radial symmetry, that

1S

(1,0,0,1) (x —0.5)*+ (y — 0.5)? < (0.2)?

puU,v,p Jf,y,O =
( : ) {(0-125,070,0-1) otherwise

We have imposed the following boundary conditions:

e void Dirichlet boundary conditions on the momentums

e void Neumann boundary conditions on the density, energy end pressure

The computational domain is [0,1]?. The Figure 5.13 shows the achieved
results at final time 7" = 0.1 choosing N = 100 (on the top) and N = 200
(on the bottom) grid points in each direction and CFL = 0.5. The scat-
ter plots are computed rewriting the solution (p,u,v,p) as a function of

r=1/(z =052+ (y—0.5)2

This numerical test has been proposed by [20], in which the authors present
a fourth-order central scheme for two-dimensional hyperbolic systems of con-
servation laws.
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time =0.1
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Figure 5.13: Solution with circular symmetry at final time 7" = 0.1. Scatter
plots (left panels) and contour plots (right panels) for the density, for N = 100
(top panels) and N = 200 (bottom panels), CFL = 0.5, ¢ = 1. The contour
plots have 30 equally spaced contour lines

We performed all the numerical tests mentioned above also solving with
respect to the pressure. This is to make sure that numerical results are not
altered, bacause in the next Section, when working on arbitrary domains, it
is more convenient to work on pressure rather than energy. We obtained the
same behavior.
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5.5 Numerical tests for the Semi-Implicit
methods on arbitrary domains

In this last Section we show the numerical results for the Full Euler Equa-
tions on two-dimensional arbitrary domains, which we talked about in the
Section 5.3.

We consider the example present in [8], that is a simple wave that prop-
agates around a steady disk with z¢ = 0.6 and yo = 0.5.

time = 0 time = 0 time =0
0.8 = £
=) =}
c c
06 [0} @
: :
0.4 = b=
x >
0.2

02 04 06 08

pressure

Figure 5.14: Initial conditions with a circular obstacle. The first figure on
the upper left shows the contour plots of density

The initial conditions are given by:

(P, ,0,p)(x,y) |o—035]<0.25

5.21
(p0,0,0,p0) otherwise (5:21)

(p,u,v,p)(z,y,0) = {

where
(z—0.35)2

qj(m’ y) = (.5e¢~ " 0.005
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2

_ v—1la(z,y)\ "

p(:v,y)zpo<1+2 ( )> :
Co

5z,9) = 1o (’3(“””’”)7.

Po

We set pg =po =1 and ¢y = ,/% =+/1.4.

Absence of the obstacle

We have first solved the problem in the absence of the obstacle. We use
a second-order reconstruction both in time and in space with ¢ = 1. The
following figure shows the results obtained choosing N = 100 along each axis,
¢ =1, CFL = 0.5 and final time 7" = 0.1:

time = 0.1 time = 0.1

;

0204 06 08

time =0.1
-15
x10 .

-

0.

o
X momentum
y momentum

time = 0.1

pressure

Figure 5.15: Solution at final time T" = 0.1. The first figure on the upper left
shows the contour plots of density. The contour plots have 10 equally spaced
contour lines



CHAPTER 5. SEMI-IMPLICIT METHODS 216

We have imposed void Neumann boundary conditions on the momentums,
density, energy and pressure.

We now introduce an obstacle. We found the numerical results by first intro-
ducing a square obstacle and then a circular obstacle. In particular, we have
solved the problem on the pressure and not on the energy, to more easily
impose the boundary conditions (5.15), (5.16), (5.17) and (5.18). We have
imposed the following boundary conditions.

1. For the ghost points inside the obstacle we have imposed the conditions

(5.15), (5.16), (5.17) and (5.18)
2. For the ghost points outside the unit square we have imposed

e void Neumann boundary conditions on the energy, pressure, den-
sity and v (tangential velocity)

e void Dirichlet boundary conditions on u (normal velocity)

We use a second-order reconstruction both in time and in space, with 6 = 1.

Square obstacle

We first solved the problem by considering a square obstacle. This is because
in the case of a square obstacle the conditions (5.15), (5.16), (5.17) and (5.18)
are much simpler (they coincide with the boundary conditions that we impose
on the border of the unitary square). This is an example of a square obstacle:

e | e o e e o o o | e

° ooiﬁ/\:k:éh)c e | e
° o;oGDo] ;.G)o:o °

LNOQ
.@)o.
@

Figure 5.16: Square obstacle
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In the case of the square obstacle for the ghost points that we have indicated
with 1, 2, 3 and 4 we have two unknowns: one along the z axis and one
along the y axis.

We have verified that the explicit method and the semi-implicit method give
similar results.

The following figure shows the results obtained choosing N = 100 along each
axis, ¢ = 1, CFL = 0.5 and final time 7" = 0.2, in case we use a semi-implicit
method:

time = 0.2 time = 0.2 time = 0.2
1
0.8 £ £
= =
0.6 © o
: :
0.4
S S
0.2 = >
0

02 04 06 08

time=0.2

pressure

Figure 5.17: Numerical solution at final time 7" = 0.2 with a square obstacle,
N =100, ¢ = 1, CFL = 0.5. The first figure on the upper left shows the
contour plots of density. The contour plots have 10 equally spaced contour
lines



CHAPTER 5. SEMI-IMPLICIT METHODS 218

Circular obstacle

Finally, we have solved the problem in a domain with a circular obstacle
whose initial conditions are the (5.21).

We have verified that the explicit method and the semi-implicit method give
similar results.

The following figure shows the results obtained choosing N = 100 along each
axis, ¢ = 1, CFL = 0.5 and final time T = 0.2, in case we use a semi-implicit
method:

time = 0.2 time =0.2 time = 0.2

0.8

0.6

0.4

X momentum
y momentum

0.2

02 04 06

time=0.2

pressure

Figure 5.18: Numerical solution at final time 7" = 0.2 with a circular obstacle,
N =100, ¢ = 1, CFL = 0.5. The first figure on the upper left shows the
contour plots of density. The contour plots have 10 equally spaced contour
lines
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We show that the method works well for CFL higher than one. In the
following figure we show a comparison between the results obtained with
CFL = 0.5 (left panel) and those obtained with CFL = 2 (right panel).

Figure 5.19: Density at final time 7" = 0.2 with CFL = 0.5 (left panel) and
CFL = 2 (right panel), N =50, e =1

To compute the accuracy order of this method, we proceed as follows. We

first compute the solutions on 3 uniform grids with Az = %, Axr = 1—(1)0
and Az = ﬁ. Then we compute the L'- and L*®-norms of the differences

between the solutions computed on two consecutive grids. Thus, to compute
the experimental rates of convergence at the uniform grid of size Ax we use
the Aitken’s formula [2]:

—1 HPQAQJ - p4AmHLP o
Tp - ng , P= 17 .
||pAz _p2AzHLp

In the following table we show the experimental rates of convergence at final
time T'= 0.1, with ¢ = 1 and CFL = 0.5:

Ax = Ay H r1 ‘ Too ‘
@ - -
300 1.2010 | 0.6402

First, we can note that the L™ convergence rate is lower with respect the L!
convergence rate. This can be explained by the clipping phenomenon typical
for the generalized minmod reconstruction.
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The table shows that the method is first-order accurate. Probably this loss of
accuracy compared to the method proposed in [8] is due to the use of bilinear
interpolations rather than biquadratic interpolations. Maybe increasing the
number of grid points to 400 (for each axis) we could get a value that is close
to 2 also with bilinear interpolations, but the method turns out to be slow
computationally due to the high number of grid points. For greater precision
on the accuracy order of the method it is therefore advisable to work using
biquadratic interpolations.

Remark 5.2: Thanks to d’Alembert’s solution we know the exact so-
lution in the case of an irrotational and stationary current of a perfect fluid
in uniform motion on an object immersed in this fluid, in the absence of
external forces. For simplicity we present the two-dimensional case with the
object of circular shape, but the results are independent of the shape of the
object.

Suppose we have a perfect two-dimensional incompressible fluid with the
boundary conditions:

v(z,y) = Ue if (z,y) — oo,

v -n = 0 on the border of the obstacle.

Assuming the circular-shaped obstacle of radius R and introducing the polar
coordinates (centered in the center of the obstacle) we have:

lim v(r,9) = U(cosde, — sindey), v.(R,J) = 0.

=00

The irrotationality of the motion leads us to introduce the kinetic potential
©(r,9) and for the incompressibility we have A¢ = 0. The solution is

2
o(r,9)=U (R + r) cos v.
r

From this the components of the velocity are derived:

2

2
v, (r,9)=U <1 - R) cosv, vy(r,d) =U <1 + R2> sin 9.
r

r2
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Now we want to find an approximation of exact solution (in Cartesian co-
ordinates) supposing that the solution repeats itself periodically (periodic
conditions).

We place ¢; j(z,y) := p(x—27i,y —27j) : [—mi, 7j]*> — R and we consider,
fixed a certain value n, the following function:

Cu(zy) = D wigley) = [2n+1)° = 1. (5.22)

In doing so we have extended (periodically) the solution ¢ of the d’Alembert
Paradox in (2n + 1)? squares of width 27 along each axis. The following
figure show the extension of d’Alembert’s solution on nine squares (n = 1):

Q.41 | P01 | P1p
Qa0 | Poo | Pro
Qa1 | Qo1 | Pr1

Figure 5.20: Extension of d’Alembert’s solution on nine squares (n = 1)

We can suppose that the function ®,, (n — 00) is an approximation of exact
solution with periodic conditions. In the following figure (Figure 5.21), we
shows the velocity plot (quiver) with n = 50:
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Figure 5.21: Velocity plot with n = 50 (N = 30: number of grid points along
each axes on each square)

Our future aim is to prove that the the error given by the difference be-
tween ®,, (which we think is an approximation of the exact solution) and the
numerical solution tends to zero as n increases.



Conclusions and future works

In this thesis we have presented a finite-difference ghost-point method to
solve elliptic and hyperbolic equations on arbitrary domains. The equations
are discretized on a uniform Cartesian grid.

At first we applied the Coco-Russo method, which represents a generalization
of the finite-difference method for the elliptic equations on arbitrary domains,
at the resolution of the Poisson equation. This method proposes a polyno-
mial interpolation technique to impose boundary conditions and therefore
the interpolation error can influence the accuracy order of the method it-
self. We have proposed linear and bilinear interpolation techniques. These
conditions are imposed on the projections of the ghost points on the bor-
der of the domain. We have also presented a rigorous proof of the stability
and convergence of the numerical method in the one-dimensional case. The
proof of the stability of the Coco-Russo method in the two-dimensional case
is instead a still open problem, since the matrix associated to the method
does not have a well-defined structure. Even the extension of the proofs seen
in the one-dimensional case to the two-dimensional case has not obtained
results because the matrix in the two-dimensional case is not a M-matrix as
is the matrix associated to the method in the one-dimensional case. How-
ever, the numerical tests performed on the behaviors of the inverse matrix of
the method, of the inverse of the Schur complement, of the error and of the
consistency error confirm the stability and convergence of the Coco-Russo
method in 1D, 2D and 3D, in the case of Dirichlet problems and in the case
of mixed problems. The results obtained suggest us to look for the stability
of the method in the co-norm, since we have obtained:

223
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o A3 oo ~ O(NY),
° p(A,:l) — ¢, where c is a constant,

o [IS; "l ~ O(N?),

where Sj, is the Schur complement and N = % In particular in the one-

dimensional case numerical and theoretical results show that ||A;"|ls ~
O(hfi), p=1,2 00.

The results on the behaviors of the error and of the consistency error depend
instead on the problem (Dirichlet or mixed) and on the interpolation proce-
dures performed.

For the Dirichlet problems we have obtained:

o |[7|lzr ~ O(R?), p=1,2,00;
o |len|lrr ~ O(R?), p=1,2, 00,

both in the case of linear interpolations and in the case of quadratic interpo-
lations.

For the mixed problems the accuracy orders of ||7]|r» and of ||ey||z» depend
on the procedure with which we impose the Neumann boundary conditions.
If we perform the trilinear interpolation procedures we have:

o ||[7ullet ~ O(h2), ||7n]|z2 ~ O(R3), |[mllre ~ O(h);
e |lenllr ~ O(h), p=1,2,00,

because the Neumann conditions confers a first-order accuracy at the border
in the case in which we perform the trilinear interpolations. If we perform
the triquadratic interpolation procedures we have:

o ||7nllze ~ O(R?), p=1,2,00;
o |len]lzr ~ O(h?), p=1,2, 0.

Therefore, in the Dirichlet problem both the linear interpolations and the
quadratic interpolations provide a second-order accuracy, while in mixed
problem only the quadratic interpolations provide such accuracy.

Once we certain of the convergence and stability of the Coco-Russo method,



CHAPTER 5. SEMI-IMPLICIT METHODS 225

our interest it has moved to the study of the Euler equations of the gas dy-
namic. This is because in the last decades many numerical methods have
been developed for the resolution of hyperbolic systems of conservation laws.
A recent work [3] we have referred to has presented semi-implicit methods for
the resolution of such systems, which have the advantage of eliminating the
restriction on the spatial step for the acoustic waves that suffer the explicit
methods. They also have advantages with respect implicit methods, since
the completely implicit methods are more complex to solve and introduce
excessive numerical dissipation. In the semi-implicit methods the differen-
tial operators in space relative to convective of material fluxes are explicitely
discretized with Lax-Friedrichs fluxes and the operators relative to acoustic
waves are discretized implicitely with central differences.

These methods have suggested the development of semi-implicit methods for
Euler equations on domains that have obstacles, in which the Coco-Russo
method is applied to impose boundary conditions in a manner similar to el-
liptic equations. This method being semi-implicit overcomes the problem of
spatial restriction present in [8], in which the authors apply the Coco-Russo
method for the resolution of Euler equations on domains with obstacles but
applying explicit methods.

Future works
The future developments of the present thesis are different.

As regards the first part of the thesis is concerned, as we have already said,
the problem of the stability of the Coco-Russo method in the two-dimensional
case is still open. A rigorous proof of the stability of the method is necessary
to confirm the numerical evidence.

As regards the second part of the thesis, it is possible to substitute the bi-
linear interpolations with the biquadratic interpolations in the semi-implicit
method for hyperbolic equations on arbitrary domains described in Section
5.3. We want also to prove that the solution (5.22) found as an extension of
d’Alembert’s solution is actually an approximation of the exact solution of
Euler equations on a domain with a circular obstacle in the incompressible
regime. That is to say, it must be proved, that for a sufficiently large value of
the final time, the error between numerical solution and exact solution tends
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to zero as the spatial step decreases.

It is also possible to find an application of the semi-implied methods in [1],
in which the author develops completely implicit methods for the simulation
of flows of compressible materials, both fluid and elastic solids. The author
discretize the equations on a regular Cartesian grid.

Finally, it is possible to further improve the stability and precision properties
of semi-implicit methods by performing an automatic step control technique
[2, 16], since the error committed in the discretization method primarily de-
pends on the time-step size, which is varied along the solution in order to
minimize the computational effort.
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