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Introduction

Morrey spaces were introduced by C. Morrey in 1938. They appeared to be quite
useful in the study of local behaviour of the solutions of elliptic partial differential
equations. Let () C R" be a bounded domain with diameter 0 < diam () < co. For
1 < p < ooand A > 0, the Morrey space LP*(Q) is the subspace of L7 (Q) defined via

L' Q) = {u € LP(Q) : |||y < oo},

where

P

ey = | sup o7 [ Iy

s e
The theory of boundedness of classical operators of Real Analysis, such as maxi-
mal operator, fractional maximal operator, Riesz potential, singular integral operator
etc, is by now well studied. These results can be applied fruitful in the theory of par-
tial differential equations. It should be noted that in the theory of partial differential
equations, in the last years, general Morrey-type spaces play an important role.

In the nineties of the XX century an extensive study of general Morrey type spaces,
characterized by a functional parameter, started. In particular, V.S. Guliyev in his doc-
toral thesis (1994) introduced local and complementary local Morrey-type spaces and
studied the boundedness in these spaces of fractional integral operators and singu-
lar integral operators defined on homogeneous Lie groups. A number of results on

boundedness of classical operators in general Morrey type spaces were obtained by
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several authors. However in all these results only sufficient conditions on the func-
tional parameters, characterizing general Morrey-type spaces, ensuring boundedness,
were obtained.

At the beginning of the XXI century there were new deep developments in this
research area. In particular, V.S. Guliyev, jointly with V.I. Burenkov, has developed a
new perspective trend in harmonic analysis, related to the study of classical operators
in general spaces of Morrey type. The significance of the developed methods lies in the
fact that they allow to obtain necessary and sufficient conditions for the boundedness of
classes of singular type operators with the subsequent application to regularity theory
for solutions to elliptic and parabolic partial differential equations. As a result, for
a certain range of the numerical parameters necessary and sufficient conditions were
obtained on the functional parameters ensuring boundedness of classical operators of
Real Analysis (maximal operator, fractional maximal operator, Riesz potential, genuine
singular integrals) from one general local Morrey-type space to another one. Results of
such type are very important for the development of contemporary Real Analysis and
its applications, first of all, to Partial Differential Equations.

In this thesis, after a brief introduction of the classical operators of Real Analy-
sis, the author treats the boundedness of some integral operators on generalized local
Morrey spaces, on mixed Morrey spaces and on generalized local modified Morrey
spaces and investigates some regularity properties of solutions to partial differential
equations.

Precisely, the work is organized as follows.

Chapter 1. For the sake of completeness, we summarize without proofs the rele-
vant material on some classical integral operators and functional spaces. In particular,
we briefly recall some important results from the standard L7 —theory and many of
them will be obtained again in the next chapters in the framework of various Morrey-

type spaces.

Chapter 2. This chapter is devoted to the study of the boundedness of Hardy-
Littlewood maximal operator in terms of the sharp maximal function and, as a conse-
quence, the boundedness of commutators generated by a Calderén-Zygmund singular

integral operator and a bounded mean oscillation function is obtained.

Chapter 3. This chapter provides a detailed exposition of a new Morrey-type space,
defined by M.A. Ragusa and A. Scapellato. In particular, this chapter deals with mixed
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Morrey spaces and, at first, we show some embedding results; later, in this new func-
tional class, we discuss the boundedness of several classical integral operators and, as

a consequence, we obtain a regularity result for solutions to parabolic equations.

Chapter 4. Aim of this chapter is to show boundedness results for a particular
integral operator that occurs in the study of regularity of the solutions to elliptic partial
differential equations in divergence form. The functional spaces under consideration
are recently defined, represent a refinement of the generalized local Morrey spaces and
are called modified local generalized Morrey spaces. We emphasize that the results proved
in this chapter are new and unpublished.

All the results, except the ones contained in Chapter 4 that are completely new, have
been present during conferences and workshops and some questions are still topic of

research and further improvements.

Catania, November 2017 Andrea Scapellato
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CHAPTER 1

Classical results on integral operators and Morrey spaces

In this chapter we collect some classical definitions and results dealing with

various kind of integral operators and useful functional classes.

Namely, as integral operators, we introduce the Hardy-Littlewood maximal
function and some its variants, Calderén-Zygmund singular integral opera-
tors and the Riesz potential. Furthermore, in the framework of BMO class,
we discuss about the commutators of singular and fractional integral opera-
tors and introduce the Sarason class VMO. Last but not least, we introduce

the classical Morrey spaces and some embedding results.

1. Hardy-Littlewood maximal function

Let us give the definition of Hardy-Littlewood maximal function which plays a
very important role in harmonic analysis. There are a lot of definitions of the Hardy-
Littlewood maximal function. We now state the definition that we will use in the sequel

of the work.

Definition 1.1. Let f € L] (R") and x € R". The Hardy-Littlewood maximal function
Mf(x) of f is defined by

M) = sup s [ 1)1y,

r>0
B(x,r)

where B(x,r) denotes the ball having center at x and with radius .
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We point out that some authors define the Hardy-Littlewood maximal function as

Mf(x) = sup o [ 1£(w)ldy
B

B>x

where the supremum is taken over all balls B containing x.

However, it can be shown that, although these definition looks different at first,
they are actually pointwise comparable. Moreover, in literature the definitions above
are also formulated considering cubes instead of balls.

It is worth pointing out that the mapping M : f — Mf is not linear, but it satisfies
the sub-additive property, that is M(f1 + f2) < Mf1 + Mf,. Furthermore, the Hardy-
Littlewood maximal operator M is not a bounded operator from L!(R") to itself. Let

us show this fact only in the case n = 1. Take f(x) = x[o1)(x) then, for any x > 1, we

have .
MF() = o [ 1) ldy = 5
Hence N O .
/Mf(x)dxz /Mf(x)dxz /;xdx:oo.
R 1 0

Although M is not a bounded operator on L'(R), it is possible to show that M is a
bounded operator from L!(IR") to L'"*°(IR"), i.e., the weak L!(R") space. This remark

motivates the following definitions.

Definition 1.2. Let 1 < p < oo and let f be a measurable function on R". The function f is
said to belong to the weak LP space on R", if there is a constant C > 0 such that
1
sup A[{x e R" : |f(x)| > A}|r <C < o0.
A>0

Equivalently, the weak LF (R") is defined by

LPERY) = {f = ([ fllpeo < o0},
where
1
£ llpeo = sup Al{x € R™ : [f(x)[ > A}[?
A>0
denotes the seminorm of f in the weak L¥ (R™).

It is easy to verify that for 1 < p < oo, LP(R") & LP°(R").

Definition 1.3. Let T be a sublinear operator and 1 < p,q < oo.
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o T is said to be of weak type (p, q) if T is a bounded operator from LP (R") to L9 (R").
That is, there exists a constant C > 0 such that for any A > 0 and f € LP(R"),

q
xR TAW] > 1) < (A1) (RY

o T is said to be of (strong) type (p,q) if T is a bounded operator from LP(R") to
L9(IR™). That is, there exists a constant C > 0 such that for any f € LF(R")

ITllq < ClIAllp- (1.2)

It is easy to see that an operator of type (p,q) is also of weak type (p,q), but its
reverse doesn’t in general hold.

The following theorem summarize some important properties of the Hardy - Lit-
tlewood maximal function. Precisely, the theorem states that the Hardy-Littlewood

maximal operator M is of weak type (1,1) and type (p, p) for 1 < p < oo, respectively.

Theorem 1.4 ([84]). Let f be a function defined on R".

1) If f e LP(R"), 1 < p < co then, M(f) is finite almost everywhere.
2) If f € LY(IR") then, for every A > 0, there exists a constant C = C(n) > 0 such that

{re R Mf(x) > MY < 5 [ 1Fw)ld.
&

3 Iff e LPF(R"), 1 < p < oo then, Mf € LP(R") and there exists a constant
C = C(n,p) > 0 such that

IMfllp < Apllflp-

We emphasize that, by weak (1,1) boundedness of the Hardy-Littlewood maximal

operator M, the celebrated Lebesgue differentiation theorem follows.

Theorem 1.5 (Lebesgue differentiation theorem). Let f € L. (R"). Then

loc
11§6W / f(y)dy, ae. in R
B(x,r)

where B(x,r) denotes the ball with center x and radius r.
1.1. Sharp maximal function.

Definition 1.6. Let f € L. _(R") and x € R". The sharp maximal function M*f(x) of f is
defined by

M) = sup e | A0 o
er
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where B(x,r) denotes the ball having center at x and with radius r.

As for the Hardy-Littlewood maximal function, the supremum in the definition
above can be taken also over all balls B in R” which contain x.

There exist a lot of properties dealing with the Hardy-Littlewood maximal function
and the sharp maximal function but we restrict the attention to the celebrated Feffer-
man and Stein inequality that, as we show in the next chapters, was generalized in the

framework of generalized and mixed Morrey spaces.

Theorem 1.7 (Fefferman-Stein, [31]). Let 1 < py < oo. Then for any pg < p < oo, there

exists a constant C, independent of f, such that
IMfllp < CIMEF],

for any function f such that Mf € LPo(IR").

2. Singular integral operators

Singular integrals, as they are currently understood, are a natural outgrowth of the
Hilbert transform. This last operator has a long tradition in complex and harmonic
analysis. The generalization to n dimensions, due to Calderén and Zygmund in 1952,
revolutionized the subject. This made a whole new body of techniques available for
higher-dimensional analysis. Cauchy problems, commutators of operators, boundary
value problems, and many other natural contexts for analysis can be analyzed in con-
nection with some boundedness of singular integral operators.

The next simple example gives an elementary motivation to study singular integral
operators. It is well known that, when n > 3, the fundamental solution of the Laplacian

operator A is
1 1

I = 2= wn W2

Thus, when f has good properties, for example f € .(IR"), the convolution I  f is a

solution of the Poisson equation Au = f, that is
fy)
u() =T+ f0) =G, [ s ay.
R‘H

Formally, by taking partial derivatives of second order of u, we obtain that

Pu(x) [ Qi(x—y) o Qj(x —y)
e _/ g S Wy = lim gl

f(y)dy,
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where Q;(y) = Cy(1 — n|y|*2y]2-). If we denote by X,_; the unit sphere , it is easy to
prove that Q); satisfies the following properties:

(1) Q;(Ay) = Q;(y), for all A > 0;

@ [ o)de) =0

Z*n—l
(3) Q] € Ll(Zn,l).

If we set

then, L? regularity of solution of equation Au = f is converted on the L¥ boundedness

of the operator T;.
2.1. Calderén-Zygmund singular integral operators.

Definition 2.1. Let us assume that K(x) € Ll _(IR"\ {0}) and satisfies the following condi-
tions:
(1) |K(x)| < B|x|™", forall x # 0;
() / K(x)dx =0for0 <r < R < oo;
r<|x|<R

(3) / |K(x —y) — K(x)|dx < B forall y # 0.

x[=2ly|
Then K is said to be a Calderdén-Zygmund kernel, where B is a constant independent of x and

y. Condition (3) is called Hormander’s condition.

Theorem 2.2 ([50]). Let us assume that K is a Calderén-Zygmund kernel. For € > 0 and
felP(R"),1<p<oo,let

Tef(x) = / f(x—y)K(y) dy.

lyl=e
Then, the following statements hold:
o | Tefllp < Apllfllp, where Ay is independent of € and f.
e Forany f € LF(R"), eli>l‘(l;l+ Tef exists in the sense of LF norm. That is, there exists a

linear operator T such that

Tf(x) = P.V. [ fx=w)K(y) . 3)

]R)Z
hd HTfHP < APHfHP'
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The linear operator T defined by Theorem 2.2 is called the Calderén-Zygmund
singular integral operator. T, is also called the truncated operator of T.

Let us now consider a dilation . in R". Define é.f(x) = f(ex) for € > 0 and
x € R". Suppose that Tf = Kx* f, and T commute with the dilation, i.e., Td¢ = 7.
Then, the kernel K(x) of T satisfies

K(ex) = e "K(x). (24)

Formula (2.4) shows that K is homogeneous of degree —n. Thus, we can rewrite K(x) as
O(x)

[x[

for every A > 0 and x # 0. In this case, due to conditions (1) and (3), Q(x) in Definition
2.1, Q(x’) should satisfy:

o K(x)| <& <« |QK)| <B, foreveryx €%, 1;

. / K(:)lndxzo o / Q') do(x') = 0.

r<|x|<R P
e condition (3) will be changed to a stronger L*—Dini’s condition

1
/wm(é) dd < oo,
0

, where () satisfies the homogeneous condition of degree zero, i.e., Q(Ax) = Q(x),

)

where
we(d) = sup Q) — Q).

x',y/62n71
|2/ —y'|<é

Note that the condition

/ O(x')do(x') = 0
pIME

is a consequence of the following equality:

R
_ 0O(x) _ / /ﬂ: nB / .
/ K(x) dx / dx //Q(x)da(x)r I rzn/l Q(x') do(x)

x|
r<|x|<R r<|x|<R T Xuq

Theorem 2.3 ([50]). Let us assume that Q)(x) is a homogeneous bounded function of degree 0
on R" such that

/ Q(x') do(x) = 0 2.5)
DIV}

and

1
/ “"";5(5) ds < . (2.6)
0
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Let

Tef(x) = / ?y(ffz)f(x—y) dy

ly|ze
for f € LP(R"), 1 < p < oo. Then, the following three statements hold:

o | Tefllp < Apllfllp, where Ay is independent of € and f.

o There exists a linear operator T such that lir(r)l+ Tef(x) = Tf(x) in LP norm.
€—
o ITllp < Apllfllp-

If K(x) = ) \where Q is homogeneous of degree zero, then Tq, defined by

‘X|” 7

Tof(x) = P.v. [ T 5~ ) ay 27)

R"
is also called singular integral operator with homogeneous kernel.

Both Theorem 2.2 and Theorem 2.3 show that the L” —norm limit of Calderén-
Zygmund singular integral operator and singular integral operator with homogeneous
kernel exist while considering them as the truncated operator family, and they are both
operators of type (p,p), 1 < p < co.

A natural question is whether the limit of {T. f(x)} in pointwise sense exists for any
feLP(R"),1<p <oo. Itis possible to give an affirmative answer to the above ques-
tion introducing the maximal operator of singular integral operator. Precisely, suppose
that Tq, is the singular integral operator defined by (2.7) and let () be a homogeneous
function of degree 0 on R" and satisfy (2.5) and (2.6). For f € LP(R"), 1 < p < oo, let
us define the maximal singular integral operator as

Tof(x) = sup |Toef(x)],
€>0

where Tq ¢ is the truncated operator of T defined by

Taef(x) = / ?y(f,i)f (x—y)dy, €>0.

ly|>e

Furthermore, it is possible to show the weak (1,1) boundedness of Tq,.

For more details we refer the reader to [50].

3. Fractional integral operators

In the last decades there is a significant interest in the study of an important class
of convolution operators known as fractional integral operators. The behavior of these

operators on functions in the L? spaces is of particular interest. In addition, a number
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of closely related topics dealing with how far a function is from its integral average are
treated. The classes of Holder continuous functions as well as the class of functions
having bounded mean oscillation arise naturally in this context.

Let f be a real-valued measurable function on R"”, n > 1, and let 0 < &« < n. The

fractional integral or Riesz potential of f of order a is defined as follows:
_ [ _fW n
If(x) —]R[ =y dy, x €R

provided the integral above exists.

By allowing f to vary, the mapping defined by
In: f = Lf,

that is, the convolution operator with kernel |x|*~", is called the fractional integral oper-
ator of order .

The case « = 1 play an important role, although the theory for general a, with
0 < o < n, was extensively studied by a lot of authors and it is very interesting
nowadays.

Following [84], as a motivation for studying fractional integrals, we begin by deriv-
ing a subrepresentation formula for any sufficiently smooth function f in terms of the
Riesz potential of order & = 1 of the first partial derivatives of f.

In R the situation is very simple. It is well known that an absolutely continuous

function f defined on an interval [4,b] C R satisfies
f)-fw) = [Fa xyelab

In particular, taking the absolute value of both sides and integrating in y from a to b,

we obtain the inequality

b

b
bia/\f(x)—f(y)!dyé/\fﬂ, x € [a,b].

2

Moreover, since
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we also obtain the pointwise estimate

b b
f0) -5 [fwan < [Ir, xelb)

In order to derive analogues of these inequalities in IR", we initially assume that f

is a function defined in an open ball B C R" and that f belongs to the class C!(B) of
functions with continuous first partial derivatives in B. It is worth pointing out that
the C! restriction can be weakened (see Theorem 15.16 in [84]).

The gradient vector of such an f will be denoted, as usual, by

o= (%)

ox1” 7 9xy,

and its magnitude is
n af > 2
Vfl= = .
vi=\ L (5

We emphasize that since B is open, if f € C!(B), neither f nor |V f| may belong to
LY(B).

We have the following result.

Theorem 3.1 (Subrepresentation Formula, [84]). Let B be an open ball in R" and f € C'(B)
Then

1
|B|/|f(x)— |dy<cn/| |n 1dy, x € B, (3.8)
B
where ¢, is a constant that depends only on n. If in addition f € L'(B), then
Vi)l
|f(x)_fB| SCn/|x_y|n_1dy, x € B, (3.9)
B
where fp = % [ f(y) dy is the integral average of f on B.
B

We remark that the integrals on the right sides of (3.8) and (3.9), except that their
domain of integration is B and not R", are I;(|Vf])(x). Indeed, f is assumed to be
defined only on B. If g is a function defined on B, but not necessary outside B, it
is possible to extend g to R" defining it to be 0 outside B. It is usual to denote this

extension by gxp:
¢(x) ifxeB

(gxB)(x) = { -
0 ifxcR"\B
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Taking into account the extension above, the integrals on the right sides of (3.8) and
(3.9) are simply L (|V f|xs)(x).
Now, we state a corollary of Theorem 3.1 that gives analogues of the subrepresen-

tation formula (3.9) without the integral average fg on the left side.

Corollary 3.2 ([84]). Let us assume that B is an open ball in R" and f € C*(B).

(1) If f = 0 in a measurable set E C B satisfying |E| > «y|B| for some constant y > 0,

then

o [V 4 e

OIS e
B

where c,, is a constant that depends only on n.

(2) If f has compact support in B, then

fo) <an [ DL g v ep,

t)o =yt
B
where c,, is a constant that depends only on n.

The significance of the subrepresentation formulas in Theorem 3.1 and Corollary
3.2 can be understood considering, for instance, the behaviour of L7 norm of I, f when
f € LP. For example, it is possible to bound L7(B) norms of f — fp by LP(B) norms
of |Vf| for suitable values of p and g. These inequalities are very famous and are
called Poincaré-Sobolev estimates. We refer the reader to Chapter 15 of [84] for further
details on Poincaré-Sobolev estimates under less restrictive smoothness assumptions

on f than continuous differentiability.

3.1. L? —estimates for I,. The next well known theorem states that I, is a bounded
operator from L?(RR") to L7(IR"). As usual, we use the notation | f|, for the L¥(IR")
normof f,1 < p < oo.

Theorem 3.3 (Hardy-Littlewood, Sobolev, [84]). Let
1 1 «

Then, for every f € LP(R™), I, exists a.e. and is measurable in R". Moreover,
(1) if1<p <, then
HIDcqu < CHpr

for a constant c that depends only on «, n and p.
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2) if p =1, then

xR L) > A1 < (5IA)" (0=

n—uo

for a constant c that depends only on « and n.

Hardy and Littlewood considered the case n = 1 and Sobolev the case n > 1. When
p > 1, Thorin obtained estimates and the case p = 1 was studied by Zygmund.

It is possible to obtain some estimates in the case p = 7. Precisely, in [84] are
shown some variants of Theorem 3.3 for the case p = 7 either by restricting I, to the
subspace of compactly supported f € L"*(IR") or modifying the definition of I, for
general f € L™ (IR"). These results have been extensively studied and are often called
Trudinger estimates or Moser-Trudinger type estimates.

However, the norm inequality

lafllg < cllfllp,  Vf e LP(RY) (3.10)

for some constant ¢ independent of f, holds only for 1 < p < ¥ and % =1_2 Werefer

P
the reader to [84] for some comments and examples that explain why the restriction on

p and g mentioned above are necessary for the validity of (3.10).

3.2. Fractional maximal operator. Let us introduce the fractional maximal operator
M,. For0 < a <nand f € Ll _(R"), define M, by

loc

M) =sup e [ If =)y
lyl<r

An equivalent definition of M, is

M) = sup e [ Wl
B(x,r)

where the supremum is taken over all balls B(x,r) in R" with center x and radius .
The fractional maximal operator M, will be dominate by I, in some sense. Precisely,
(R") and x € R", we have

M, f(x) < L(|f])(x).

In fact, for fixed x € R"” and r > 0, we have that

B / e / Stz g [ el

for0<a<mn, felLl

loc
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The desired assertion follows from taking the supremum for » > 0 of the inequality
above.
The reverse inequality does not hold in general, but the two integral operators are

comparable in norm.

Theorem 3.4 ([55, 1, 2]). For 1 < p < coand 0 < a < n, there exists a constant C, , such
that

Hafllg < CapllMafllp-

The next theorem shows that M, is of type (p,q) and of weak type (1, 7).

n
n—u

Theorem 3.5 ([50]). Let us assume that 0 <« <n,1 < p <2 and % =

M) IffeLlP(R"), 1< p <L, then

=
3=

[Mafllg < ClIfIlp-

(2) If f € LY(R"), then for any A > 0,

n

C —x
xR Muf() > A1 < (S )
The above constant C only depends on «, n, p.

4. Bounded and Vanishing Mean Oscillation

4.1. BMO class. This section concerns with a class of functions that satisfy par-
ticular mean oscillation inequalities. Precisely, we list some well known properties of

functions f such that

1
|B|/|f—f3| dx<¢, BCR", (4.11)
B

where B range in the class of the balls of R".

Such f are said to belong to the class BMO(IR") of functions having (uniformly)
bounded mean oscillation on R". They can be characterized in terms of the size of the
distribution function of |f — fg| on B, rather than in terms of a pointwise condition.

Equivalently, if we denote

1
I = sup 5 / If — fal dx, 4.12)

BCIR"

where the supremum is taken over all balls B C R", then f € BMO(R") means that f
is locally integrable and || f||« < oo.
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Let us observe that by the definition of BMO and the sharp maximal function, if
f e Ll (R"),then

loc

fe€BMO(R") < MfeL®(R").

Note that if f and g are two generic locally integrable functions, then || f + g/« <
| fll« + 1gll« and |lcf|l« = |c|||f]|« for any constant c. However, || - ||« is not a norm
in the usual sense since || f||« = 0 if and only if f is constant a.e. on R". In order to
turn BMO into a complete normed space it is enough to quotient out these constant
functions and it is precisely this quotient space that in the sequel is understood by
BMO.

The space BMO was introduced by F. John and L. Nirenberg in [45] motivated by
earlier works of John on uniqueness of solutions to some nonlinear PDEs arising from
the theory of elasticity. It has since found a central position in analysis, particularly
in light of the discovery of C. Fefferman that identifies BMO as the dual of the Hardy
space H!(IR").

It easy to see that the following facts hold.

o If f € BMO(R") and h € R", then f(- — &), the translation of f, satisfies
f(-—h) € BMO(R") and

£ G =)l = M1 f 1l

o If f € BMO(R") and A > 0, then f(A-) € BMO(R") and

LF A = 11 £l

The next proposition shows that if f is measurable and (4.11) holds with the in-
tegral average fp replaced by a different constant depending on B, then f belongs to
BMO(R").

Proposition 4.1. Let f be a measurable function on R". If there is a constant C such that

,;/mx) —e(f,B)|dx < C
B

for every ball B C R" and for some constant c(f,B) depending on f and B, then f €
BMO(IR"). Moreover, ||f||« < 2C.

From Proposition 4.1, it follows that balls can be replaced by cubes in the defini-

tion on BMO(R"). Precisely, let us assume that f is a locally integrable function and
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satisfies the analogue of condition (4.11) for cubes,

1
111 2= sup o Q/ £(x) — fol dx < oo,

where the supremum is taken over all cubes Q with edges parallel to the coordinate

axes and, as usual, fo = ‘1@ | f. Then, given any ball B, by enclosing B in a cube Q
Q

with |Q| < ¢,,|B|, we obtain

[15 = faldx < [[1f = foldx < I1.1QI < calfl..[Bl.
B Q

It follows from Proposition 4.1 with ¢(f,B) = fo that f € BMO(R") and ||f]|« <
2cu || f|l+«. The converse is also true, that is, the definition of BMO(IR") using balls
implies the analogous definition using cubes and || f||.«« < c||f]|« for some constant ¢
that depends only on .

It is easy to see that L*(R") C BMO(R"). In fact, if f € L®(R"), then f is locally

integrable and, for any ball B, we have

|11%|/|f(x) — feldx < |If = fBlleo < [ flleo + /8] < 2] fl|co-
B

Hence, f € BMO(R") and || f||« < 2| f||co-

However, the inclusion L®(IR") C BMO(IR") is proper. For example, the essentially
unbounded function In|x| is of bounded mean oscillation on R". Furthermore, if A €
R\ {0}, then |x|* ¢ BMO(RR") and there are also functions having compact support
that belong to L”(IR") for all p, 0 < p < oo, but do not belong to BMO(RR").

We can now formulate a classical result dealing with functions with bounded mean

oscillation.

Theorem 4.2 (John-Nirenberg, [45]). There exist positive constants ci and c; depending only
on n such that if f € BMO(R"), B is a ball in R" and A > 0, then

[0 e B3 1)~ ful > A < oxp (20 )| 1B @.13)

In the Theorem 4.2 we have assumed that || ||« # 0; otherwise, f is constant a.e. in
R" and the left side of (4.13) is zero for all B and all A > 0.

Thus, from Theorem 4.2, it follows that when f lies in BMO(IR"), the distribution
function of f — fp decays exponentially as A — co. This fact implies the L” —integrability

of f and more, as the following corollaries show.
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Corollary 4.3 ([84]). Let f € BMO(RR") and 1 < p < oo. There exists a positive constant c
depending only on n and p such that for every ball B C R",

1

(; / ffB’”dx) <clfl..
B

In particular, f € LI, (R"), and for every ball B,

1

(;/f”dx) < c|[fll« + IfBl
B

Corollary 4.4 (Exponential integrability, [84]). Let c¢; and co be as in Theorem 4.2. If
f € BMO(R") and ¢ is a positive constant such that co||f||« < ca, then

1 CoC1
—_ ex C — dx<1+7
|B‘B/ p( 0|f fBD = CZ_COHfH*

or every ball B C R". In particular,
Y p

/exp(co\f])dx < o0
B

for every ball B C R™.

4.2. Commutators of singular integral operators. In 1965, Calderén defined the
Calderén commutator in studying the boundedness of the Cauchy integral on Lipschitz

curves, and its definition is

o) = b 1 (P 90) 00

where h € C®(R) and ¢ is a Lipschitz function on R.

It is clear that, if h(t) = (1+4it)~!, then Cj,,(f) is the Cauchy integral along the
curve y = ¢(x); if i = 1, then Gy, ,(f) is the Hilbert transform; if i (t) = t*, with k € N,
then Cj, ,(f) is the commutator of degree k of the Hilbert transform about ¢.

In 1976, Coifman, Rochberg and Weiss studied the L¥ boundedness, 1 < p < oo, of
the commutator [b, Tn| generated by the Calderén-Zygmund singular integral operator

T and a function b, where [b, Tq] is defined by

b, Tal () () = 2. [ S o) - vl ) 419
J

where () satisfies the condition of homogeneity of degree zero

Q(Ax) =Q(x), VA>0, Vx €R", (4.15)
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the vanishing condition on ¥, _4

/ Q(x') do(x) = 0, (4.16)
DI

moreover, () € Lipl(X,_1) and b € BMO(R"). Using the L? boundedness of the
commutator [b, Tn], Coifman, Rochberg and Weiss successfully gave a decomposition
of Hardy space H!(IR").

The commutator defined by (4.14) is often called CRW-type commutator and CRW-
commutator plays an important role in the study of the regularity of solutions of elliptic
partial differential equations of second order.

In this section, as an application of the properties of BMO class, we briefly state an
important result on L? boundedness, 1 < p < oo, of CRW-type commutator. Precisely,
the following theorem shows that LP boundedness of the commutator of singular in-
tegral operator T, where () is a Lipschitz function, can be used to characterize BMO

functions.

Theorem 4.5 ([81, 50]). Let us assume that ) € Lip1(X,_1) satisfies (4.15) and (4.16) and

let Tqy be a singular integral operator with kernel Q). Then the following two statements hold.

(1) If b € BMO(IR"), then [b, Tq)] is bounded on LP(R"), 1 < p < oo.
(2) Supposel < pg < ooandb € Uy L] (R"). If [b, Tq) is bounded on LPo(IR"), then
b € BMO(R").

4.3. Commutators of Riesz potential. In this section we show some (LF,L7)—
boundedness results of commutators of Riesz potential I,. We also emphasize that
boundedness of commutators of the integral operator I, can characterize BMO(RR")
space.

First we give the definition of the commutator [b, I, ].

Let us assume that b € L] (R"). The commutator generated by b and the Riesz
potential I, is defined by

6,17 (0) = b f ()~ (b)) = [ FE2 W p(y)
R”

The following result holds.

Theorem 4.6 ([50, 26]). Let us assume that 0 < « < n,1 < p < 7 and % =
[b, I,] is bounded from LP(IR") to L1(R") if and only if b € BMO(IR").

1 o
5~ Then
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The necessity of Theorem 4.6 with n — & being an even and the sufficiency of the
theorem were first proved by Chanillo ([14]) in 1982.
For the commutator [b, M, ] of fractional maximal operator M,, there exists an ana-
logue of Theorem 4.6. Precisely, [b, M,] is defined by
1
b M) (x) =sup e [ 16(0) — b7 ()]

r>0

ly—x|<r

Theorem 4.7 ([50]). Let us assume that 0 < a < n, 1 < p < 7 and % =
[b, My] is bounded from LF(R") to L7(R") if and only if b € BMO(IR").

4.4. VMO class. Now we introduce a proper subspace of BMO. Precisely we de-
fine the VMO class of functions having vanishing mean oscillation. This space was

defined firstly by Sarason in [70].
Definition 4.8 ([70]). Given a function f € BMO(IR"), let us set

1) = sup s [ 1)~ fl @17)
BP

p<r
where By, varies in the class of balls of radius p. We say that f € VMO(R") if

lim#(r) =0

r—0

and refer to n7(r) as V MO—modulus of the function f.

In a similar manner, we can set the spaces BMO(Q)) and VMO(Q) of functions
defined on a domain (3 C RR", replacing B in (4.11), (4.12) and B, in (4.17) by the
intersections of the respective balls with Q).

We emphasize that, given a function f € VMO(Q)), it is possible to extend it to
the whole R" preserving the VMO—modulus, if the boundary 9Q is C1"! —smooth (see
[46], [80]).

It is worth to point reader’s attention to some embeddings of VMO and BMO
into well known functional spaces. First of all, the space of bounded and uniformly
continuous functions belong to VMO. In fact, it suffices to take as VMO modulus the
modulus of continuity. Moreover, using the Poincaré inequality, we easily obtain that
WL (R") € VMO(R").

In fact,
57 1F) = foldx < Clo) ( / Df(x)”dX)
B B
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and the term on the right-hand side of the inequality above, tends to zero as |B| — 0

by the absolute continuity of the integral. The space W' is a proper subset of VMO

as shows the function f,(x) = |In|x||* for « € (0,1). Standard calculations yield
that f, € VMO for all « € (0,1), fu € W for « € (0,1 — 1), while f, ¢ W' for
well-1,1).

Further on, W9"/¢(R") C VMO for 0 < 6 < 1. In fact,

0/n
51 @~ foldx = | [ 1 fB”/de)
B B

n/o 0/n
1 1
= | / 5 B/(f(x)—f(y))dy dx
0/n
< \w/ s / £(x) = Flw) dxdy)
B

( )|n/9 0/n
< —y dxdy .

Since f € W9"/¢(IR") implies

0/n
o n/@
E=" dxdy) <o

R™” R"

by the absolute continuity of the integral, we infer f € VMO(R").
It is interesting to state a simple and useful criterion, due to Bramanti, to show that

a function belong to VMO.

Proposition 4.9. Let f(|x|) be a radially symmetric function, f(r) € C1(0,R) and let

lim rf'(r) = 0.

r—07t

Then, f(|x|) € VMO.

The next characterization of VMO belongs to Sarason.

Theorem 4.10 ([70]). For a function f € BMO, the following conditions are equivalent:

1) f € VMO;
2) f belongs to the BMO closure of the space of bounded and uniformly continuous

functions;
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@) im (- —h) = f()[ =0.

Let us observe that condition (3) implies the good behaviour of the mollifiers of
VMO functions. Precisely, for a given f € VMO with modulus #¢(r) we can find a
sequence { fi }xen € C*(IR") of functions with 74, (r) moduli, such that f; — f in BMO
as k — oo and 74, (r) < n4(r) for all integers k.

5. Morrey spaces

Morrey spaces were introduced by Morrey in 1938 ([54]) in his work on systems
of second order elliptic partial differential equations and together with the now well-
studied Sobolev spaces, constitute a very useful family of spaces useful for proving

regularity results for solutions to various partial differential equations.

Definition 5.1 ([54]). Let O C R" be a bounded domain with diameter 0 < diam () < oo.
For1 < p < coand A > 0, the Morrey space LP*(Q) is the subspace of LP(Q) defined via

LMQ) = {u e 17(Q) 1 lull ) < =},

where

P

il = | swp o [ Iy (5.18)
0<p;diam0 QﬂB(x,r)

Using standard arguments it is easy to see that the quantity defined by (5.18) de-
fines a norm on LP* and that the resulting normed space is complete, that is, it is a
Banach space.

In order to present some embedding results, it is convenient to fix the notation
used to indicate the embeddings. In general, if X and Y are two normed linear spaces
and there exists a continuous embedding from X into Y, as usual, we write X — Y. If

simultaneously X — Y and Y — X, then we shall write X = Y.

Theorem 5.2 ([61]). Let Q) be a bounded domain of R".
(1) Let p €]1, +co|. Then
LPY(Q) = LP(Q)).

(2) Let p €)1, 4+00[. Then
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(3) Let 1 < p < g < +oo, let A and v be nonnegative numbers. If

A—n v—n
< ’

p q
then

LY (Q)) = LPM(Q).

Remark 5.3. It is easy to see that LP*(Q)) = {0} for A > n. Further, it follows from Theorem
5.2 that the collection {LP*(Q)} Acloq for fixed p € [1, 400 generates a "scale of spaces”
between LP(Q)) and L*®(Q)).

A lot of authors extended the results on singular and fractional integral opera-
tor and their commutators in the framework of classical Morrey spaces. For instance,
Di Fazio and Ragusa in [23] generalized the classical Fefferman and Stein inequality,
studied the boundedness of the fractional maximal operator and, as a consequence,
obtained the boundedness of the commutator generated by a Calderén-Zygmund sin-
gular integral operator and a function having bounded mean oscillation. Furthermore,
in [23] the authors gave a strong condition that ensure the boundedness of a commu-
tators generated by a fractional integral operator of order «, I,, and a function with
bounded mean oscillation. Di Fazio and Ragusa in [23] obtained necessary and suf-
ficient conditions for which the commutator [b, I,] is bounded on Morrey spaces for
some «. Later, in [48], Komori and Mizuhara refined the results contained in [23] by
using the duality argument and the factorization theorem for H*(IR").

Precisely, the result on [b, I,] stated in [23] is the following.

Theorem 5.4 ([23]). Let1<p<oo,0<1x<n,0<)&<n—(xp,%:%—an.
Ifb € BMO(R"), then [b, 1] is a bounded operator from LPA(R") to L9 (R").
Conversely, if n — « is an even integer and [b, 1] is bounded from LP*(R") to L7 (IR™)
for some p, g, A as above, then b € BMO(IR").

As we can see easily, the conditions for the converse part of Theorem 5.4 are very
strong. In fact, when n = 1,2 there does not exist a satisfying the conditions. When
n = 3, the assumptions are satisfied only for « = 1. When n = 4, the assumptions are
satisfied for &« = 1, 2.

Komori and Mizuhara in [48] weakened the strong condition of Theorem 5.4.



CHAPTER 2

Integral operators on generalized Morrey spaces

This chapter is based on the following publications:

V.S. GuLiyev, M.N. OMAROVA, M.A. RAGUSA, A. SCAPELLATO,

Commutators and generalized local Morrey spaces,

J. Math. Anal. Appl. 457 (2018), 1388-1402, http://dx.doi.org/10.1016/j.jmaa.2016.09.070

A. SCAPELLATO,
Some properties of integral operators on generalized Morrey spaces,
AIP Conference Proceedings 1863, 510004 (2017); http:/ /doi.org/10.1063/1.4992662.

1. Introduction

In this chapter, we study in generalized local Morrey spaces LM?;g} (R") and gen-
eralized Morrey spaces M*?(RR") the boundedness of Hardy-Littlewood maximal op-
erator in terms of sharp maximal function and, as consequence, the boundedness of

Commutators of the type

[Q,K](f) = Q(K,f) - K(a/f)/

where K is a Calderén-Zygmund singular integral operator, f is in a Generalized Local
Morrey Space LM?:S} (R") and the function a belongs to the Bounded Mean Oscillation
class (B.M.O.) at first defined by John-Nirenberg.
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The Generalized Morrey Spaces MP?(IR") are obtained by replacing in the classical
Morrey Space LP(IR"), ! by a function ¢.

The classical Morrey spaces were introduced by Morrey [54] to study the local be-
havior of solutions to second order elliptic partial differential equations (see e.g.[49],
[62]). For the properties and applications of classical Morrey spaces, we refer the read-
ers to [24, 29, 37, 54]. Mizuhara [53] and Nakai [57] introduced generalized Morrey
spaces. Later, Guliyev [37] defined the generalized Morrey spaces MP¢(IR") with nor-
malized norm.

We point out that ¢ is a measurable non-negative function and no monotonicity
type condition is imposed on it.

We observe that in this chapter we extend results contained in [23], basic tool in the
subsequent study of regularity results of solutions of partial differential equations of
elliptic and parabolic type and systems (see e.g. [24], [25], [64], [65] and others). Also,
Remark 4.3 can be view as a generalization of a well known inequality by Fefferman
and Stein, see [31] p.153, and Theorem 4.5, is true under more general hypotheses that

can be found in literature, see [79] pp.417-418.

2. Definitions and useful tools

We set, throughout the chapter,
B(x,r) ={y eR": |x —y| <r}

a generic ball in R" centered at x with radius r.
We find it convenient to define the generalized Morrey spaces in the following

form.

Definition 2.1. Let ¢(x, 1) be a positive measurable function on R" x (0,00) and 1 < p < oo.
We denote by MP9 = MP-?(R") the generalized Morrey space, the space of all functions
f €Ll (R") with finite quasinorm

loc

_1
fllmre = sup ()7 BT ™7 | lLr(en)-

xeR",r>0

Also by WMP# = WMP-?(R") we denote the weak generalized Morrey space of all functions
f € WLPloc(IR") for which

_1
Ifllwmre = sup  @(x,7) " B, 7)| 7 || fllwee(ses) < o
x€R",r>0
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where WLP(B(x,r)) denotes the weak LP-space consisting of all measurable functions f for
which

| fllwer ) = FXBE lwee ey < -

According to this definition we recover, for 0 < A < n, the Morrey space MPA and

the weak Morrey space WMP* under the choice ¢(x,7) = P

MPA — MWP‘ s WMPA = WM”"”‘ .

plxr)=r 7 plxr)=r P
The vanishing Morrey space VLP*(IR") in its classical version was introduced in
[82], where applications to PDE were considered. We also refer to [17], [78] for some
properties of such spaces.
We are ready to give the following definition of Vanishing generalized Morrey
spaces, inspired by the classical one of Vanishing Morrey spaces gives by Vitanza and
deeply treated in [82] and [83].

Definition 2.2. (Vanishing generalized Morrey space) The vanishing generalized Morrey space
VMP?(R") is defined as the space of functions f € MP9(IR") such that

. 3 1
lim sup ¢(x,7) " |B(x,7)| 1A lerBxr)) = 0.

=0 xeR"”

Definition 2.3. (Vanishing weak generalized Morrey space) The vanishing weak generalized
Morrey space VWMP?(IR") is defined as the space of functions f € WMP-?(R") such that

‘ B _1
lim sup ¢(x,r) Y|B(x, )| HfHWLP(B(x,V)) =0.

r—0 xeR"

Everywhere in the sequel we assume that

lim— (2.19)
r—0 infyern @ (X, 7)

and
1

o P Infrere p ()~
which makes the spaces VMP?(R") and VWMPF?(R") non-trivial, because bounded
functions with compact support belong then to this space.
The spaces VMP?(R") and WV MP9(IR") are Banach spaces with respect to the
norm

_1
Iflvare = N fllmpe = sup @(x, 1) B, )77 [1fln(Bary)s

xeR",r>0
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_1
Ifllvwmee = | fllwmre = sup @(x,7) " B, 07 (| fllwer s

xe€R"r>0
respectively.

We also use the notation

1
M (f;x,1) = @(x, 1) B, )77 | fllLr (B
and
1
My, (f32,7) = @(x,1) " B0, )77 || fllwer e
for brevity, so that
VMP?(R") = {f € MP?(R") : lim sup MP?(f;x,r) = 0}
r%OerRn
and similarly for VIWMP¢(R").

Besides the modular 9P ?(f; x,r) we also use its least non-decreasing dominant

MPP(f;x,1) = sup MPP(f;x,1), (2.20)

o<t<r

which may be equivalently used in the definition of the vanishing spaces, since

lim sup PP (f;x,1) = 0 < lim sup MP?(f;x,7) = 0.

r—0 YERM r—0 xeR"

Let us consider, for f € L] (R"), the Hardy-Littlewood maximal function M as

Mf() = sup o [ £ ldy,

B(x,r)

where B(x,r) is the ball centered at x of radius r (see [76], pp. 8-9).

Remark 2.4. We observe that the properties stated for M hold for the larger "uncentred”
maximal function Mf defined by

where the supremum is taken, not just over all balls B centred in x but to all balls B containing
X.

It is true because, for every x, we can write

(M f)(x) < (Mf) ()

and also exists a constant ¢ greater than 1 such that

(Mf)(x) < c(Mf)(x).
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For this observations see [76] p.13 (also [79] p.80).

Two variants of Hardy-Littlewood Maximal function M, are the following sharp

maximal function

) = sup‘;, B/ ) — faldy,

x€B
where the supremum is taken over the balls B containing x (see [76], p.146) and the
fractional maximal function My, f used, for instance, by Muchkenhoupt and Wheeden in
their relevant results contained in [55]:

My f(x) = sup o [ 1) |4y,
B

x€eB

where f € L] (R"),0 <7 < 1and the supremum is taken over the balls B containing
X.

Let K be a Calderén-Zygmund singular integral operator (see e.g. [62]). Useful in
the sequel is the following commutator between the operator K and the multiplication

operator by a locally integrable function a on R":

[a, K] (f) x = a(x) (Kf)(x) = K(af)(x),

for suitable functions f. Later, is useful to consider the function a in the space BMO of

Bounded Mean Oscillation functions (see [45]).

Lemma 2.5. (see [23], Lemma 1). Let K be a Calderon-Zygmund singular integral operator,
1<g<s<p<+4+o0,0<A<n andaec BMO(R").

Then, there exists a constant ¢ > 0 independent of a and f such that

w =

(o, K" () < ellall { (MIKFT) T () + (mfr°)
fora. a. x € R" and every f € MP*(IR").

()}

The proof of this Lemma is similar to that one contained in [79], pg.418-419, due
to J.-O. Stromberg, it could be generalized for functions f € MP?(R").

In the sequel we need the following supremal inequalities.
Let v be a weight. We denote by L(0, c0) the space of all functions g(t), t > 0 with

finite norm

18111 (0,00) = sup v (£)[8(8)]

t>0

and L*®(0,00) = L$°(0, 00).



3 Generalized Local Morrey spaces and Vanishing Generalized Local Morrey spaces 26

Let M1(0, 00) be the set of all Lebesgue-measurable functions on (0, c0) and 991" (0, c0)
its subset of all nonnegative functions on (0, c0). We denote by 917(0, o0;1) the cone of

all functions in M* (0, c0) which are non-decreasing on (0, c0) and
A= {go € MT(0,00;1) : lim @(t) = 0} .
t—0+

Let u be a continuous and non-negative function on (0,00). We define the supremal

operator S, on g € M(0, ) by

(5u8)(t) := [ gl s(t,00), t € (0,00).

The following theorem was proved in [9].

Theorem 2.6. Let v1, vy be non-negative measurable functions satisfying 0 < [[01]1_(1,00) <
co for any t > 0 and let u be a continuous non-negative function on (0,00). Then the operator
Sy is bounded from Lg,, (0,00) to Lg,,(0,00) on the cone A if and only if

ngu (Hle{;(.m)) HLDQ(O,OO) < 00.

3. Generalized Local Morrey spaces and Vanishing Generalized Local Morrey

spaces

Definition 3.1. Let ¢(x,7) be a positive measurable function on R" x (0,00) and 1 < p <
co. We denote by LMP9 = LMP?(R") the local generalized Morrey space, the space of all
functions f € LI’ (R") with finite quasinorm

loc

_1
1 fllLare = sup @(0,7) " [B(O,7) ¥ || fll 1o (B(os))-

r>0

Also, by WLMP? = WLMP-?(IR") we denote the weak generalized Morrey space of all func-
tions f € WL (R") for which

loc

_1
1fllweaee = sup @(0,r) =" [B(O, 7)™ || fllwer(a(o,) < o

r>0

Definition 3.2. Let ¢(x, 1) be a positive measurable function on R" x (0,00) and 1 < p < oo.

For any fixed xo € R" we denote by LM?;Z} = LM?;E} (R") the local generalized Morrey
p

space as the class of all functions f € Lj (IR") with finite quasinorm

Hf”LM?;‘f)} = ||f(x0 + ')HLMW-
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Also, by WLM?;:’;} = WLM?;’;} (R"™) we denote the weak generalized Morrey space of all

functions f € WL (R") for which

loc
||fHWLM§'X‘g} = || f(x0 + ) lwrmpe < 0.

According to this definition we recover, for 0 < A < n, the local Morrey space

LM;{?;:;} and weak local Morrey space WLM?;:;} under the choice ¢(xo,7) = r
pA - pP® pA p.p
LM{X(]} — LM{XU} q)(xo,r):r)\;n; WLM{XO} — WLM{XO} (P(xom):r/\?n .

Wiener [85, 86] lookes for a way to describe the behavior of a function at the infinity.
The conditions he considers are related to appropriate weighted L7 spaces. Beurling
[7] extends this idea and defined a pair of dual Banach spaces A; and B, where
1/q9+41/q" = 1. To be precise, A, is a Banach algebra with respect to the convolution,
expressed as a union of certain weighted L7 spaces; the space By is expressed as the
intersection of the corresponding weighted L, spaces. Feichtinger [32] observes that

the space B, can be described by
_kn
1£llg, = sup2 7 || fxklla(rr)s (3.21)
k>0

where X is the characteristic function of the unit ball {x € R” : |x| < 1}, xj is the
characteristic function of the annulus {x € R" : 251 < |x| < 2}, k = 1,2,.... By
duality, the space A;(IR"), called Beurling algebra now, can be described by

[ee]

L
HfHAq =Y 2 7| fxellLare)- (3.22)
k=0

Let B;(IR") and A,(R") be the homogeneous versions of B;(IR") and A,(R") by
taking k € Z in (3.21) and (3.22) instead of k > 0 there.

If A <0, then LM?;:;} (R") = O, where O is the set of all functions equivalent to 0
on R”. Note that LMP?(R") = L (R") and LMP"*(R") = B,(R").

Alvarez, Guzman-Partida and Lakey [6] in order to study the relationship between
central BMO spaces and Morrey spaces, they introduced A-central bounded mean os-
cillation spaces and central Morrey spaces B, , (R").

The following lemma, useful in itself, shows that the quasi-norm of the local Morrey

space LMP*(R"), A > 0 is equivalent to the quasi-norm B, , (R") :
_k
1£1ls,, = sup2 ™7 £l
kez

where x; is the characteristic function of the annulus B(0,2¥) \ B(0,2°1), k € Z.
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Lemma 3.3. For 0 < p < oo, A > 0, the quasi-norm || f || yp is equivalent to the quasi-norm

1£1s,..

PrOOF. Let 0 < p < o0, A > 0and f € LMP*(R"). Then

_A _A
1f1ls,, < sup) 71 fllL, b2 < supr I fllL, o) = £l
keZ >0

On the other hand, for 0 < p < oo,

£l =sup_sup [ 15 Py
B(0,r)

k€Z 2k—1<y<2k

<2sup(2) [ [Py
kez
B(0,2F)

k
—2'sup2 Y 2 [y
kez m=—00
B(0,27)\B(0,2m~1)

k
<2(swp2 [ i) Pdy)sup (270 ) 2)
meZ kez m=—o0
B(0,2")\B(0,2"-1)
24 p
= 1— 2_/\ HfHBp’/\
Sofor0 <p <o

A
p

Hf”LMM <2

A similar argument shows that

_1
(1=2) Pl -

1 Fllzates < 1F 115,

O

The quasi-norms || f HBM in the case A = n were investigated by Beurling [7], Fe-
ichtinger [32] and others.
The following statement is proved in [35] (see also [36, 37, 38]).

Theorem 3.4. Let xo € R", 1 < p < co and (1, ¢2) satisfy the condition

i dt
/ q)l(xO,t)? < C¢a(xo,7), (3.23)

where C does not depend on r. Let also K be a Calderén-Zygmund singular integral operator.
Then tlhe operator K is bounded from LM?;& to LM?;:S% for p > 1 and from LM}’;?} to
WLM{;C‘ff} forp =1.
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The following statement, containing results obtained in [53], [57] is proved in [35]
(see also [36, 37]).

Corollary 3.5. Let 1 < p < oo and (@1, ¢2) satisfy the condition

i dt
/(Pl(x,t) 7= Cpa(x,7), (3.24)

where C does not depend on x and r. Let also K be a Calderon-Zygmund singular integral
operator. Then, the operator K is bounded from M, gy, to Mp, g, for p > 1 and from My, to
WMy, for p=1.

4. Results

Theorem 4.1. For any fixed xo € R",r >0, f € L] (R")and 1 < g < +o0

IMFlLaBxory) < €7t supt 0 || fllLaB(xos))

t>2r

<cri sup £ ”quLq(B(xo,t))/ (4.25)

t>2r

and forall xo € R", r > 0and f € LI _(R")

loc

IMFllwerBex,ry) < cr” supt™" || fll1 (s 0)

t>2r

<cr sup | £l i (s (4.26)

t>2r

where c is independent of f, xo and r.

ProoF. Inequalities (4.25) and (4.26) are consequence of Lemma 3.3 in [5] and the
following inequality
1o < P (B0

which is contained in [31].

O
Theorem 4.2. Let xo € R", 1 < g < co and the functions @1, ¢z satisfy the condition
ess inf @1 (xp, T) T
sup f<t<e < Ca(xo,71), (4.27)
r<t<oo ta

where C does not depend on r. Then, for 1 < q < co the maximal operator M is bounded from
LM?;’;;} (R™) to LM?;’;"’} (R") and for 1 < q < oo the operator M is bounded from LM?’;’;]} (R™)

to WLM?;’;Z} (R™). Moreover, for 1 < q < co

HMfHLM”""Z <c Hf”LM‘J"/’l <c HfﬁHLM'*'(/’l ’
{xo} {x0} {x0}
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where c does not depend on xo and f and for 1 < g < oo

HMfHWLMM"z S c HfHLM‘?'% S c HfﬁHLMq"“ /
{xo} {xo} {xo}

where ¢ does not depend on xo and f.

Proor. By Theorems 4.1 and 2.6 we get

IMFllpgyes < csup g2(xo, 7 )" sup 1 | flliasion)

r>0 t>2r

< ¢ sup g1 (x0,7) "1 || f | o B(xo,t))
r>0

— ! < ﬁ ’
¢ Hf”LM‘{’;’;l} <clf HLM?;?},

where ¢ does not depend on xp and f,if 1 < g < oo and

1MFllygrppen < € sup @a(xo, 7 r) "t sup b0 fllLagaion)
{x0 r>0 t>2r

< sup g1 (x0,7) 7 1 | fll o)
r>0

= HfHLMq"Pl <c HftHLMW"l ’
{xo} {xo}
where ¢ does not depend on xp and f,if 1 < g < cc. O
Remark 4.3. Let 1 < g < oo and the functions @1, @2 satisfy the condition
ess inf gy (x,7) T4

sup == < Coalx,1), (4.28)

7
r<t<co ta

where C does not depend on x and r. Then, for 1 < q < oo the maximal operator M is bounded
from M791(R") to M792(R") and for 1 < g < oo the operator M is bounded from M7%1(IR")
to WM192(IR"). Moreover, for 1 < q < o0

IMSfllagror < ellflamer < cllf¥llagnm,
where ¢ does not depend on f and for 1 < g < co
IMSfllwarer < €l fllmon < €l Lo,

where c does not depend on f.

Remark 4.4. Let us consider xo € R", 1 < p < 4+00,0 <A < n.

Then, there exists a nonnegative constant c independent of xo and f such that
IMfllppa < cllfllppa < clFFIl
{xo} {xo} {xo}

for every f € LMP

) IR™)-
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An improvement of the above theorem it the next result in the Vanishing General-

ized Morrey Spaces.

Theorem 4.5. Let us consider 1 < q < oo, @y satisfy the condition (2.19), the functions
@1, @2 satisfy the conditions
cs:= sup sup @i(x,t) < (4.29)
d<t<oo x€R"

for every & > 0 and

sup ¢1(x, )

relse <, 4.30
o) =G (4.30)

where Cy does not depend on x € R" and r > 0. Then, for 1 < q < oo the maximal operator
M is bounded from VM9 (R") to VM9 %2(R") and, for 1 < g < oo, from VMP91(R") to
VWMP92(R").

Proor. The norm inequalities follow from Remark 4.3, so we only have to prove
that
lim sup M (f;x,r) =0 = lim sup M¥?>(Mf;x,r) =0, (4.31)
r—0 x€R" r—0 xeR"
when 1 < g < o0, and
lim sup MV (f;x,7) =0 = lim sup M (Mf;x,7) =0, (4.32)
r—0 xeR" r—0 x€R"
when 1 < g < co. In this estimation we follow some ideas of [69], but base ourselves
on Theorem 4.1.

We start with (4.31). We rewrite the inequality (4.25) in the form

supyo, £ 1 | f | o(ares)

MIP2(MF;x, 1) < C 4.33
(Mf%7) e (439
To show that sup M9 ?2(Mf;x,r) < ¢ for small r, we split the right-hand side of
x€R”
(4.33):
MIP2(Mf;x,1) < C[Is, (x,7) + J5,(x,7)], (4.34)

where &y > 0 will be chosen as shown below (we may take Jp < 1) and

sup, ;5 b " 1 fllLaBexn)
@a2(x,71)

I, (x,7) =

4

sup,s t 1 |Lf Lo
Joo (1) i= — 2% ) (B(x)
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and it is supposed that r < Jy. Now we choose any fixed Jy > 0 such that

sup M1 (f;x,t) < , forall 0<t<dy,

€

reRy 2CGCo
where C and Cp are constants from (4.34) and (4.30), which is possible since f €
VMT?(R"). Then || f|lLi(x)) < zce ¢1(x,t) and we obtain the estimate of the first
term uniform in r € (0,4) :

sup Cl, (x,7) < E, 0<r<d
xeR” 2

by (4.30).
The estimation of the second term now may be made already by the choice of r
sufficiently small thanks to the condition (2.19). We have
sy ||fHM‘W1
(X, 1) < ——————
Jbr) < =gt
where c;, is the constant of (4.29) for § = 4.
Then, by (2.19) it suffices to choose r small enough such that
€
su < ,
ver 0105,7) ~ 20, [Tl

which completes the proof of (4.31).

The proof of (4.32) is, line by line, similar to the proof of (4.31).

The following theorem was proved by Guliyev in [38].

Theorem 4.6. Let xo € R", 1 < g < oo, K be a Calderon-Zygmund singular integral operator
and the functions @1, ¢y satisfy the condition

/°° ess inf @1 (xo, T) T

I<T<00 e dt < C ¢a(xo,7), (4.35)

r
where C does not depend on r. Then, for 1 < q < oo the operator K is bounded from

LM?X(’;:} (R") to LM?’;’;Z} (R") and for 1 < g < oo the operator K is bounded from LM?X(’;:} (R")

to WLM?;C% (R"). Moreover, for 1 < q < co

K o < o < c|lfFIl e
H f”LM‘zAf’[’]Z} =C Hf”LM?;’;l} >C Hf HLM‘{’;’(’)l}I
where c does not depend on xo and f and for 1 < g < oo
||Kf||WLM‘7'4’2 <c HfHLMWl <c HfﬁHLMq""l ’
{xo} {xo} {xo}

where ¢ does not depend on xqg and f.
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The following theorem is valid.

Theorem 4.7. Let xo € R", 1 < q < s < p < +oo, K be a Calderon-Zygmund singular

integral operator and the function ¢ satisfy the condition

ess inf ¢(xo, T) 7
sup =T=% < Co(x0,7), (4.36)

r<t<oo t

|8

ess inf ¢(xo, T) T
sup == < Co(xo,7) (4.37)
tr

r<t<oco

and

< ess inf ¢(xp, T) 7
/ adds dt < C ¢(xo,7), (4.38)

n
,Jr
r

where C does not depend on r.
If a € BMO(R") then, the commutator

[a,K](f) = aKf — K(af)

is a bounded operator from LM’E;:‘E

(R") in itself. Precisely, Vf € LMY X(’; (R"), we have

} {xo}

1 KO laare < cllalelf e, < e llalle | FFll e
x0} {xo} {xo}

for some constant ¢ > 0 independent on a and f.

Proor. Using Lemma 1 in [23] and Theorem 4.2 we get, for 1 < g <s < p < oo,

e K1l agee, < e 1M KDl ager

<l [ K llpgee
{x0}
1

<ol N(MIKST) 4 (MIFP) gy

4
Note that from the boundedness of the maximal operator M from LM?;Z)}(IR”) in

4
itself and from LM {S;OP} (R") initself, 1 < g < s < p < oo the sufficient conditions are
(4.36) and (4.37), consequently (see, Theorem 4.2).

Also, from the boundedness of the Calderén-Zygmund singular integral operator

K from LM?;:g} (R™) in itself the sufficient condition is (3.15) (see, Theorem 4.6).
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Then, we have

1

1 q
q)7 < q
I(MIKFIT) lloage, < (HM(\KfI )||LM5,q,>

1
q
<c (mewn )
LM/,
{xo}

< c|l[K flllLpgre
{x0}

< cll fllage,

and

1
I(M(IKFIT) ] e < e N f g -
{x0} {xo}

In the same way one can easily see that

1
ICMA S Nl < e fllimpe s
{xg {xg

} }

we get

Ha, K1) Ipagre . < cllall I flppgme -
{x0} {xo}

So, the theorem was proved. O

Corollary 4.8. Let xo € R", 1 < p < 400, K be a Calderon-Zygmund singular integral
operator and the function ¢(xp,-) : (0,00) — (0,00) be an decreasing function. Assume that
the mapping r — @(xo, 1) rv is almost increasing (there exists a constant c such that fors <r

we have ¢(xo, s) sr < c(xo, 1) rv). Let also

i dt
/fP(xo,t) 5 = C ¢(xo,7), (4.39)

where C does not depend on r.
If a € BMO(IR"), then the commutator [a, K| is a bounded operator from LM?;:E} (R") in
itself.

From Theorem 4.7 we get the following corollary.

Corollary 4.9. Let 1 < g < s < p < +oo, K be a Calderén-Zygmund singular integral

operator and the function ¢ satisfy the condition .

ess inf ¢(x, T) v
sup [<T<e0 < C (P(x/ 7’),

r<t<oo t

S
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essinf@(x,T) T v
sup < Co(x,r)

r<t<oo tr

and

t<T<00

/ ess inf @(x, T) T

prEs dt < Co(x,r),

r

where C does not depend on x and r.
If a € BMO(IR"), then the commutator [a,K] is a bounded operator from MP?(R") in
itself. Precisely, Vf € MP¢(IR"), we have

1o, K} (F)llare < cllalle NI fllaaee < ¢ Nalls £ lare,
for some constant ¢ > 0 independent on a and f.

Corollary 4.10. Let 1 < p < oo, K be a Calderén-Zygmund singular integral operator and
the function @(x,r) : R" x (0,00) — (0,00) be an decreasing function on r. Assume that the
mapping r — @(x,7) ri is almost increasing on r (there exists a constant ¢ such that for s < r

we have ¢(x,s) sr < co(x,r) r7). Let also

/(P(x,t) ? < Co(x,r), (4.40)

where C does not depend on x and r.
If a € BMO(IR"), then the commutator [a, K] is a bounded operator from MP-%(IR") in
itself.

Remark 4.11. Note that, Corollaries 4.8, 4.9 and 4.10 are news.

Remark 4.12. Note that the condition (4.28) in Theorem 4.3 is weaker than the condition (3.15)
in Theorem 4.6 and the condition (3.15) in Theorem 4.6 is weaker than the condition (4.39) in
Corollary 4.8. Indeed, if condition (4.39) holds, then

eiss inf ¢1(xo, s
<s<oo
/ T dt < [ ¢1(x0,t)—,

143

r

so conditions (3.15) holds.
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Also, if condition (3.15) holds, then for any T € (r,0)

n

ess inf ¢ (xo, s)s? ess inf ¢ (xo, s )
it > /

t<s<co t<s<oo
Cpa(xg,7) > / e, dt

r T

it

n

n/°° t ess inf ¢ (xo, s)s?
T

T<s<0

> ess inf ¢1(xo, 5)s?

T<5<00 T - ’
so that
ess inf @1 (xo, s sr > ess inf @1 (x,s)s ’
sup T<8< 00 . / t<s<oo — dt S C 902(350, 1’),
r<T<00 TP tr
so conditions (4.28) holds.
On the other hand , the functions
1 _n /S
¢1(r) = — @a(r) =717 (1+1P) (4.41)
X(l,oo) (r)rp

for 0 < B < % satisfy condition (4.28), for 0 < B < % satisfy condition (3.15), but for
0<pB< % do not satisfy condition (4.39). Also, for p = % the pair function (4.41) satisfy
condition (4.28), but do not satisfy condition (3.15).

5. Applications to partial differential equations

In the last thirty years a number of papers have been devoted to the study of local
and global regularity properties of strong solutions to elliptic equations with discon-

tinuous coefficients. To be more precise, let us consider the second order equation
Lu:= Y a;j(x)uyy, = f(x) for almostall x € O, (5.42)

where £ is a uniformly elliptic operator over the bounded domain O C R", n > 2.
Regularizing properties of £ in Holder spaces (i.e. Lu € C*(Q) implies u € C2t*(Q))
have been well studied in the case of Holder continuous coefficients a;;(x). Also, unique
classical solvability of the Dirichlet problem for (5.42) has been derived in this case (we
refer to [34] and the references therein). In the case of uniformly continuous coefficients
ajj, an LP—Schauder theory has been elaborated for the operator £ ([3, 4, 34]). In
particular, Lu € LP(Q)) always implies that the strong solution to (5.42) belongs to the
Sobolev space W2?(Q)) for each p € (1,00).
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However, the situation becomes rather difficults if one tries to allow discontinuity
at the principal coefficients of L. In general, it well known ([51]) that arbitrary discon-
tinuity of a;; implies that the LF —theory of £ and the strong solvability of the Dirichlet
problem for (5.42) break down.

A notable exception of that rule is the two-dimensional case (0 C RR?). It was
shown by G. Talenti ([77]) that the solely condition on measurability and boundedness
of a;i’s ensures isomorphic properties of £ considered as a mapping from W22(Q) N
W, (Q) into L2(Q).

To handle with the multidimensional case (n > 3) requires that additional proper-
ties on a;;(x) should be added to the uniform ellipticity in order to guarantee that £
possesses the regularizing property in Sobolev functional scales.

In particular, if a;;(x) € W' (Q) ([52]), or if the difference between the largest and
the smallest eigenvalues of {aij(x)} is small enough (the Cordes condition, [12]), then
Lu € L2(Q) yields that u € W>?(Q)) and these results can be extended to W7 (Q) for
p € (2—€,2+ €) with sufficiently small e.

Later (see e.g. [15] for an exhaustive presentation) the Sarason class VMO of func-
tions with vanishing mean oscillation was used in the study of local and global Sobolev
regularity of the strong solutions to (5.42).

This class of functions was considered by many others. At first, we recall the paper
by F. Chiarenza, M. Frasca and P. Longo [18], where the authors answer a question
raised thirty years before by C. Miranda in [52]. In his note he considers a linear
elliptic equation where the coefficients a;; of the higher order derivatives are in the
class W(Q)) and asks whether the gradient of the solution is bounded, if p > n. In
[18] the authors suppose that 4;; € VMO and prove that Du is Holder continuous for
all p € (1, +c0).

In this section we consider the equation (5.42), where f is assumed to be in some
Generalized Morrey space LM?;’;}(Q) and a;; € L*(Q) N VMO. Are known some
regularity results on Morrey spaces L (see [24]) of the second derivatives of a solu-
tion of the previous equation. In order to obtain local regularity results, we use the

boundedness of some integral operators on generalized local Morrey spaces.
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We assume the following regularity and ellipticity assumptions on the coefficients
of the partial differential equation under consideration:
a;i(x) € L*(Q)NVMO, Vi,j=1,..,n
aij(x) = a;i(x), Vi,j=1,.,n (5.43)
FA>0: ATYEP < a;5(x)8i8; < AlE)P VEER", aa. x e

1/2
Set 7;; for the VMO-modulus of the function a;;(x) and let #(r) = (Z;szl 1112]) .
Denote by B the subset of B where the second and the third conditions in (5.43) hold.

We set -
1 " 2
F(x, t) = T Z A,‘j(x)titj

(n — Z)wn (det aij(x)) 2 \ij=1
for a.a. x € B, and all t € R" \ {0}, where we denote by A;; the entries of the inverse

matrix of the matrix (a;;(x));j1,..n-
Observe that, for any fixed xo € B, I'(xo,t) is a fundamental solution for the opera-

tor

Lou(x) =) aij(x0) hx,x; (X),
ij=1

obtained from L freezing the coefficients in xo.

AISO we Set
1 7 atl 7Y )y 1] 7 atlat] 7 .

It is well known that l"ij(x, t) are Calder6n-Zygmund kernels in the t variable. In fact,
they are the first derivatives of a homogeneous function of degree 1 — n.

Hearth of the main results of this section is the following representation formula
that, combined with the boundedness result for Calderén-Zygmund singular integral

operator and commutators, allows us to obtain a Morrey-type regularity result.

.....

Then, fora.a. x € B,

Ugy, = P-V~/Fij(x/x_y) LZ (ank(x) — ank(y) )z, (y) + Lu(y) | dy
B

+£M<X) / Fi(x, t)tj dO’t.

|t|=1
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The following theorem is a local Morrey type regularity result for solutions of the

differential equation under consideration.

Theorem 5.2 ([72]). Let xo € R", the ellipticity assumptions (5.43) be true, 1 < g <
s < p < oo, K be a Calderén-Zygmund singular integral operator and we assume that the
function ¢(x,r), defined on R" x (0, c0), is positive and measurable and such that the following
conditions are fulfilled:

nq ns
B AT Rk AL
sup I < Ce¢(xo,7), sup s < Ceo(xo,7)
r<t<oo tr r<t<oco tr
and 7 essinf ¢(x0,T) T?
<T<00
/ e dt < Ce(xo,7),

’
where C does not depend on r. Then, there exists a constant <y independent of u and f and there

exists a number o, also independent of u and f, such that for every ball Bg € Q) having radius

R < o and every u € WP (BR) satisfying (5.42) such that 0;u € LM’{?;:’;}(BR), we have

95t anye (o) < YILuliae 5y Vj=1,000im

Proor. The proof is a straightforward consequence of Theorems 4.6, 4.7, and the

representation formula stated in Lemma 5.1. O



CHAPTER 3

Mixed Morrey spaces

This chapter is based on the following publication:

M. A. RaGcusa, A. SCAPELLATO,

Mixed Morrey spaces and their applications to partial differential equations,
Nonlinear Analysis: Theory, Methods & Applications, 151, 2017, 51-65,
http:/ /dx.doi.org/10.1016/j.na.2016.11.017.

In this chapter, new classes of functions are defined. These spaces generalize Mor-
rey spaces and give a refinement of Lebesgue spaces. Some embeddings between these
new classes are also proved. Finally, as an application, these functional classes are
used to obtain regularity results for solutions of partial differential equations of para-

bolic type.

1. Introduction

Aim of this chapter is to define new spaces and study some embeddings between
them. We will refer to them with the symbol L7#(0, T, LP*(IR")). As applications we
obtain some estimates, in these classes of functions, for the solutions of partial differen-
tial equations of parabolic type in nondivergence form. Preparatory to achieving these

results is the study of the behaviour of Hardy-Littlewood Maximal function, Riesz
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potential, Sharp and Fractional maximal functions, Singular integral operators with
Calderén-Zygmund kernel and Commutators (see e.g. [64], [66]).

We stress that are obtained results, known in L?, in a new class of functions that
can be view as an extension of the Morrey class ([54]), and used by a lot of authors, see
e.g. in [11], recently in [68], [59], [40], [41], [42] and others.

Let us point out that in doing this we need an extension to L%#(0, T, LP*(IR")) of
a celebrated inequality of Fefferman and Stein (see [30]) concerning the Sharp and the
Maximal function (Theorem 4.8) and, also, we study the behavior of Riesz potential in
the new class of functions, obtaining an extension of both a known estimate originally

proved by Adams in [1] as well as of a result announced by Peetre in [58].

2. Definitions and Preliminary Tools

In the sequel let T > 0 and let () be a bounded open set of R" such that 3A > 0 :
Vx € Qand 0 < p < diam (Q), |Q(x,p) N Q| > Ap", being Q(x,p) a cube centered in
x, having edges parallel to the coordinate axes and lenght 2p.

Classical Morrey spaces are used, among others, in the theory of regular solutions
to nonlinear partial differential equations and for the study of local behavior of solu-
tions to nonlinear equations and systems (see e.g. [54], [56]).

In the sequel B,(x) stands for the open ball B(x,p) = {y € R" : |[x —y| < p}.

Definition 2.1. Let 1 < p,q < 400, 0 < A, u < n. We define the set L9#(0, T, LPAM Q) as
the class of functions f such that is finite:

q

P

Q=

1 1
HfHLW(O,T,LV//\(Q)) = SU(PT p” / Su(]é’ p7 / fy, )P dy | dt |,
oG OT)N(to—photo) \ 70  ONB,(x)

with obvious modifications if () = R".

Definition 2.2. Let & be the unit sphere: £ = {x € R""!, |x| = 1}. We say that the
function k : R"1\{0} — R is the classical Calderén-Zygmund kernel if:
(1) k€ C*(R™1\{0});
) k(pxi, pxa, ..., pxn, u2t) = u~ "2 k(x), for each u > 0;
3) [|k(x)|dox < oo and [k(x) =0.
i i

The above definition, in particular condition (2), suggest to endow R"*! with a

metric, different to the standard Euclidean one. Thus let us consider, as Fabes and
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Riviére in the celebrated paper [28], the following distance d(x,y) = p(x — y) between

two generic points x,y € R"*! (used e.g. in [8]),

12 14 1L 442
x>:\/ = WF, x= (<) = (xf,...x, ) eR™L @)

Then R"*1, endowed with this metric, is a metric space.

Definition 2.3. We say that the function k(x,y) : R"*! x R"™1\{0} — R is a variable
Calderén-Zygmund kernel if:

(1) k(x, ) is a kernel in the sense of the above Definition 2.2, for a.e. x € R"*1
(i) g k(x,y)| <
5 )| <

Next Proposition is proved in [60] (see also [13] or [49]), it is useful to recall the

(2) sup, )1 c(B), for every multi-index B, independently of x.

statement and the technique used in the proof, because will inspire us to techniques

contained therein, for subsequent results.

Proposition 2.4. If 1 <g<p <o, 0<A<u<n,q= (( p . The following embedding

1s true

LPA(Q) C LI (Q).

Proor. Applying Holder inequality, we have

q

P

[ sy < | [ sty | sl

QNB,(x) NBy(x)

==

n(1—1
= c| [ ey |t

NB,(x)

=l

n(1—1 1 )
= cp"). o / flPwydy | -0
QNB,(x)

< CO"TTE M I fll oy = Cot- i

then we obtain

i / |f|L7( )dy <C- ||fHLPA

p?‘
QNB,(x)
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where
q q
=n-n-—4+ A=
! p p
and, obviously, we have
n—pu_q
n—A p
and the conclusion follows. O

Remark 2.5. It is possible to extend the previous result considering 1 < g < p < oo and

0 <A, u< nsuch that% > %.

3. Embedding Results

Theorem 3.1. Let 1 < p < 400, 0 <A <n, 1<qg<qg;1 <00,0< puy <pu<1and

q= %, we have

L7410, T, LA (Q)) C LY(0, T, LM (Q)).
PrOOF. Let us suppose that f € L7#1(0, T, LP*(Q)), then is finite

1
i a1

v

1 1
Sep o / sup - / f(y )P dy | dt
teor) P xe0 P
>0 (0,T)N(to—p,to+p) \ P> QNBy(x)

Let us set t € (0, T) and apply Holder inequality

q

p

1
[ e [ vworay| <
(O,T)ﬁ(t(]*p,to‘ljo) 0>0 QQBP(X)

q
%%1 a
1 _4
< [ e [ vwora] el ienne-peplh =
(O (lo—phot)\ =0 OB, (x)
q
PO\
1 1— 1
=¢ / o / fOlPdy | de | -p" ) =
(0,T)N(to—p,to+p) p>0 QNB,(x)
TN
1_4 1 1 A
Sk O R O - ORI I
(O,T)ﬂ(f[)*p,t(]‘i’p) >0 QﬂBp(x)
= CIIfI] pl T,

L71#1(0,T,LPA(Q)))
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Let
q q
=1- — 1-—=1—(1— uy1)—,
Z P, (1 =)
1—u _ 4.
1—m ¢
it follows, as request, that
1 —
g = (1 - oLy
M
and the proof is complete. O

Remark 3.2.. It is possible to extend the previous result considering 1 < q < q1 < oo,

O<m<pu<lorl<puy <u<n and

1—y>1—],11.

9 M
Theorem 3.3. [et 1 < g < p<oo, 0 <A< pu<mn, q= ((Z:P;L))p,l < g2 < g1 < 00,
O<m<up<lorl<uy <py<n andqy, = ((11_”2)‘71,wehave

—p1)
L (0, T, LPA(Q)) € L%2#2(0, T, LY (Q)).

ProoF. Letussett € (0,T). f1<g<p<oo,0<A<pu<nandqg= (?ni")z)p,

we have, from Proposition 2.4,

q

P

xeQ)
QNB,(x) p>0 QNB,(x)

1 1 2
b | wnay<c s 2 [AT i nay

Let us fix ty € (0, T), then, integrating in (0, T) N (ty — p, to + p), we have
b

/ sup / iy, tdy | dt <
xeQ) py
(O,T)ﬂ(t()*p,t()‘i’p) >0 QﬂBp(x)

1
p2

=¢ / sup / FI5 iy | de <
O (to—ptotp) \ 50 2 QNB, (x)

applying Holder inequality, we have

_n

<cC / supplA / [fIP (v, t)dy t| -p =

xeQ)
(0,T)N(to—p,to+p) p>0 ONB,(x)
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)
1
E a

-¢ pl’“ / SupplA / PGty | de | R T =

xeQ)
0,T)N(to—p,to+p) p>0 ONB,(x)

= Cll A om0y - 0

where
=1-01-m)- 2
q1
then
L—p g2,
L—m g
it follows
= (1= p2)q1
(1 — )
Then, we obtain
2o\ 3
S [ sea [ ovrwndr| et <cig
pH? wea PV ‘ = LI (0,T,LPA(QQ))

(O,T)ﬂ(fofp,t(]‘i’p) >0 QﬂBp(x)
and, finally

[ fll o201, Lom()y < C NI fllpam o100 (02))-
]

Remark 3.4. It is possible to extend the previous result considering1 < g < p < o0, 0 <

A<u<n 1<qp<qu<00,0<uy <pp<lorl<u,<u <n and
n—‘u>n—)x; 1—y221—y1.

q P 92 q1
4. Main Results

4.1. Estimates of some integral operators. Let f € L (R") and recall the follow-

ing Hardy-Littlewood maximal function

1
M (x) = sup ey (/ | )| dy

>0
where B, (x) is a ball centered at x and with radius p.
Proposition 4.1.. Let 1 < p < +00,0 < A < n. Then

HMfHLM(lR”) <C HfHLP/"(]R")

where C is independent of f.
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Let us now extend the previous result as follows.

Theorem 4.2. Let 1 < p < +00,0<A<n, 1<qg <+o0,0<pu<lorl<pu<n and
f e L1#(0, T, LPM(IR™)). Then,

||MfHLq’44(o,T,Lp,/\(H{n)) <C ||f||Lﬂ//#(O,T,LPr?\(]R"))‘
Proor. Lett € (0,T). From [30] (Lemma 1, pg.111), we have

[ M@ orxwdr < ¢ [1Fu 0Py
RH RYI

for any function f and x the characteristic function of a ball B,(x) C R", being the

constant ¢ independent of f. Then

+00
[mfwnray< [1rwormxwiay+ Y [ Ifwnr )y
B, (x) Byp(x) k:leka\szp(x)
it follows
1
5 [ Msrdy <
By(x)
1
<Con [ F@OPMxw)ay +cz g [ PO
BZp(x) B2k+1p( x)

using the method applied in [16] and considering the supremum for x € R"” and p > 0.
Let us fix fp € (0,T), then, elevating to %, integrating in (0,T) N (tp — p, to + p) and
multiplying for p~#, we obtain

7
P

[ s [ mMsworay | ars
P rern L
(O,T)N(to—p.to+p) \ P>0  Bp(x)

%
1 1
<C— / sup — / )P d dt
oF Sup 1 [f(y, t)|" dy
(O,T)N(to—p.totp) \ P>0  Bp(x)

taking the supremum, in both sides, for tp € (0,T) and p > 0, we obtain
, 1
q 7
r

; / : /
su sup — Mf(y, )P d dt| <
SUP P o (M f(y,t)|" dy

xeR"
p>0 (0,T)N(to—p,to+p) p>0 By(x)
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, 1
q q
P
1 1
lap X[ sk [ wore)| @
tote01) L XER"
p>0 (0,T)N(to—pto+p) \ #>0  By(x)

or, equivalently

|| M fHLq/,}l (OIT,L;’!,/\(RYI)) S C Hf” Lq/"‘ (O,T,LP’)‘ (]R”)) :
U

As application of this result we prove some estimates of the Riesz potential in
L7 (0, T, LP*(IR")) spaces.
Let us set t € (0,T) and consider, for 0 < a < n, the fractional integral operator of

order «,

ot .
Lf(x,t) = /|xf_(yy’n>_ady, a.e.inR".
]Rn
Theorem 4.3. Let0<0c<n,1<p<fl,0<)\<n —ap, %:% — ﬁ,1<q’<+00,
0<u <1andfecLi¥(0,T,LP"(R")). Then,

HLX fHLq’,u’(o,T,m/A(Rn)) <C Hf”m’,u’(o,T,Lp,A(IRn))'

PROOE. Let us fix x € R”, ty € (0,T) and f € L7# (0, T, LP*(IR")). Then, set t €
(0,T),

anwn= [ Peayr [ —nen
[x—y|<e [x—y[>e

estimating separately each integral I; and I, as in [1] (Theorem 3.1) or [16] (Theorem

2), we obtain

n—A—ap

Lefl(e ) < P () [ sup 5 [ 1pw Py |,

p>0 By(x)

n—A—ap __ 4
n—A g’/

ing to p~*, we have

recalling that elevating to the power g, integrating in B, (x) and multiply-

“q

[ rwnray< S [ g | s [y | dy<

xRN
Bp(x) Bp(x) p>0 Bp(x)

ot
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applying Theorem 4.2, and observing that -~%- + 1 %,

n—A

1 1
<clsup s [ Ifwnrdy| - sup i [ If oy | =

xeR" xeR"
p>0 By(x) p>0 By(x)

9
p

1
= sup / If(y, )lPdy |,

xeR"?
p>0 By(x)

then
1
P
1 1
5 [ efwopay<clsp s [ipwnray|,
B,(x) p>0 B,(x)

considering the supremum for x € R” and p > 0 and elevating both member to %

1 1
q 4

1 1
supp—A / I f (y,t)|7dy | <C supp—A / |f(y,t)|Pdy

xeRM? xeR"
p>0 By(x) p>0 By(x)

Now, elevating to ¢/, integrating in (0, T) N (tp — p, to + p) and multiplying to p~#, we

have /
%
1 1
— sup — I ,H)7d dt <
5 e [ s
(0.T)N(to—p.to+p) \ P>0  By(x)
i
P
1 1
<C— / Sup 1 / [f(y, t)|Pdy | at,

(0,T)N(to—p,to+p) p>0 By(x)
taking the supremum for ¢ty € (0,T),p > 0, we have

gf
1 1
sup — / sup — / |I f (y,t)|7dy dt <
toe(01) P xern L
p>0 (0,T)N(to—p,to+p) p>0 By (x)
q
r
1 1
< C sup — / sup —; / |f(y,t)|Pdy | dt.
toe(01) P xer" 0
p>0 (0,T)N(to—p,to+p) p>0 By(x)

. . l
Finally, elevating to ; we have

||LX fHLq’,V’(o,T,LW\(]RH)) <C ”f”m’,z/(o,T,Lp,A(IRn))'
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Corollary 44. Let 0 <o <n, 1 <p < 3, 0<A<n—ap. Letusalsoset1 <q<p

1_1 _ _n
such that & = 5 — 5, A < p < n such that p = (nflxp),

f e L0, T, LPA(IR")). Then,

1<q <400, 0< ' <1 and

||IDéf||Lq/rﬂ/(0,T,Lﬂlﬂ(]R'l)) <C Hf”Lﬂ/,}"(O,T/LPr)‘(]R”))'

where C is independent of f.

PrOOF. Let us fix x € R" and t € (0, T). From Corollary in [16], we have

q p
1 1
sup o [ lef oy | < | sup e [y |
>0 B(x) b0 B(x)

elevating to ¢/, fixing to € (0, T), integrating in (0, T) N (to — p, to + p) and multiplying

for p=#,
, 1
L q
q
1 1
sup sup [ L fnldy | dr| <
tpe(0,T) P” xern 0
p>0 (0,T)N(to—p,to+p) p>0 By(x)
N
7 q
r
1 1
sclsw o[ s [ IRy | a
tge(0,T) oH xeR"
>0 (0, T)N(to—p,to+p) p>0 By(x)
that is

||IDéf||Lq/rﬂ/(0,T,Lﬂ,V(]R'l)) <C Hf”Lq’,;l’(o,T,Lp,/\(]Rn))'
O
One more application of the technique used in the proof of Theorem 4.2 is the
following result, where we set T a convolution singular integral operator T = k * f,

where k is an usual Calderén-Zygmund kernel, studied by Coifman and Fefferman in
[19].

Theorem 4.5. Let 1 < p < 00,0 < A <nl<yqg < +400,0< p/ <1andf €
L7# (0, T, LPA(R™)). Then,

||Tf”Lq’,;f’(o,T,Lq,A(ﬂzn)) <C ||f||Lﬂ//V’(O,T,LP/\(]R”))'
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PRrOOF. Let us fix x € R", t € (0,T), f € L7+ (0, T, LP*(R")) and x the characteris-
tic function of a ball B,(x). Then, from a result by Coifman and Rochberg (see [20] pg.
251), M(My)" < c(Mx)?, then (My)" is a A; weight.

It follows, from a result contained in [19], that

[ s nrdy < [T £ Ma)ay < © [ IF 01 (M) dy
Bp(x) R® R”
estimating the last term following the lines of the proof of Theorem 4.2, we get the

conclusion. O

Before we prove the next results we need to consider two variants of the Hardy-
Littlewood maximal operator, that are the sharp maximal function and the fractional

maximal function (see e.g. Chapter 1 and [23]).

Definition 4.6. Given f € Li, (IR") let us define the following Sharp Maximal function

loc

1
Fi) = sup o [ 1ftw) = ol
B
for a.e. x € R", where B is a generic ball in R".

Definition 4.7. Set t € (0,T), f € L. (R") and 0 < n < 1. Let us define the Fractional

loc

Maximal function

|B|};7/‘f(y’t) _fB|d]/,
B

(Myf)(x) = sup
BD{x}

for a.e. x € R", where B is a generic ball in R".

The next Theorem is a generalization of a well known inequality by Fefferman and

Stein, see [30], pg. 153, or Chapter 1.

Theorem 4.8. Let 1 < p,q < 00,0 < A, u < nand f € L9 (0, T, LP*(R")).
Then, there exists a constant C > 0 independent of f such that
IM fll o orirarey) < C 1Ll Lan(or,on (o))

ProoF. Let us fix x € R",t € (0,T). Let us also consider p > 0,7 e]%;l[, X =
XB,(x), VX € R" the characteristic function of a ball B,(x). We know that (Mx)" € A;
and, from [33] pg. 410, we have

[P newmiy < ¢ [1FwnlPemdy, Vo € Ay, VF € LLR")
&

R?
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where L!,(IR") is the L space with respect to the measure du = w dx. We can use this
inequality because f € LP(R") implies f € L;Z MX)W(]R”) (see the calculation in [16] pg.
275).

Choosing w(y) = (Mx)"(y), we have, from [23] pg.327,

/ (M) (y, t)dy < / (Mf)P(y, 1) (M x)" (y)dy <

By () R*

xeR"
p>0 By(x)

< [Ifwnrm ) dy < ot sup o [ IF@ 0Py, ¥ e LR
4

then

1 1 .
o [ mprnay<csup o [IF@ 0Py, Ve L)
By (x) P>0  Bp(x)

and, taking the supremum for x € R” and p > 0 we have

1 1
sup / (M f)?(y, t)dy < Csup x [fi(y, 1) |7 dy,
b0 B b0 ' B ()

set ty € (0, T), elevating to %, integrating in (0, T) N (to — p, to + p) and multiplying for
p ¥, we have

q

4

1 1
N G T
xeR"
(O,T)N(to—pto+p) \ P>0  By(x)
9

4

1 1
<c [ e [ 1Fworay|
(0,T)N(to—ptotp) \ P>  Bo(x)

then, we obtain

Q=

q

p

1 1
sup / sup /(Mf(y,t))”(y,t)dy dt [ <
tpe(0, xeR"
0p<>0 (0,T)ﬂ(t0—p,t0+ﬂ) p>0 Bp(x)
1
% q
< C| sup iﬂ / Supi/\ / Fi(y, )P dy | dt
toe(0,1) P xer? 0
>0 (0,T)N(tg—p,to+p) \ P>0 By(x)

and we get the conclusion. O
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Theorem 4.9. Let 1 < p,q,q1 < 00,0 < A,y < nand f € L1 (0, T, LPA(R")).

Then, for every n €10, (1 — %)%[, there exists a constant C > 0 independent of f such that

1My £l gavim 01,000 @ey) < C 1l o,7,008 me))

where

_1
g p n—A

ProoF. Let x € R" and ty € (0, T).
Letus fix 1 <r < pand

(1-3)-t-y
-D3

Sett € (0,T), for a generic ball B of R", we have

g7 | by <
B

1 . % 1
< (BB/ f(y/t)dy) -(BQB/f(y,t)’”dy)

(=¢)
P

then

1—¢
7 | e 0ldy < MOFDY ) (sup = f(y,t)pdy)
B B

xeR" P
>0

from which it follows

(My(£))© (v, 1) < (M(If]")

Denoting by x(y) = XB,(x) (y) we have

(=9

o=
==

o=

[ 0,0 w0 xwdy < Il [ G’

R" R”

IN

Then, we obtain

o

14
(y/ t) d]/ <C ||f“£p,/\(]Rn) 'P/\~

| ()

Bp(x)

W) Wfl ey a-e-yEREE(OT).

(y,t) - x(y)dy

by [ 1P @0) - (M) d
J

4.1)

(4.2)
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Let us observe that

p
e 1
indeed, using (4.1), we have
R A—nnp
n—A 7
dividing by n - p, we deduce exactly (4.2).
Then, we obtain
1 1
q 4
sup plA / (My(£)' (v,1)dy | < C | sup plA / P tdy |
p>0 By(x) P>0 " By(x)

elevating to g; integrating both sides in (0, T) N (ty — p; to + p) and multiplying for p%,l,

we have
a
q

o / Sup% / (My(F)© (v, t)dy| d <

pﬂl xeRM P
(0,T)N(to—p;totp) [ >0 Bp(x)
0
4
1 1
< Con / sup 3 / [fIP(y t)dy | dt
(0,T)N(to—psto+p) | ¢>0 By(x)
the last term is less or equal than
n
p
1 1
C sup —- / sup — / |fIP(y, t)dy| dt.
tpe(0,T) n xern 0
p>0 (0,T)N(to—psto+o) | #>0  By(x)
Finally, we have
I
q
1 1
sup  —- / sup — /(qu)”’(y,t)dy dt <
to€(0,T) P xeR"
p>0 (0,T)N(to—p;totp) [ >0 Bp(x)
0
4
< C sup L / supi)L / LfIP(y, t)dy| dt.
tg€(0,T) o xer" 0
p>0 (0,T)N(to—pito+p) [ #>0  By(x)

Elevating both sides to ql—l, we have

[ My £l arm OTLA Ry < C 1Nl orin (0,T,LPA(R"))*
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4.2. Estimates of singular integral operators and commutators. Let k(x,y) be a
variable Calderén-Zygmund kernel for a.e. x € R"*!, f € L9#(0,T,LP*(R")) with
1<pqg<oo,0<Au<n acBMO(R"). For ¢ > 0 let us define the operator K

and the commutator C;[g, f], as follows

Kf) = [ kx—y)fdy

p(x—y)>e

Cela, f] = Ke(af)(x) — a(x)Kef (x) = / k(x, x = y)[a(x) —aly)]f (y)dy.
plx—y)>e
In the next theorem we prove that K.f and C[g, f] are, uniformly in ¢, bounded from
L% (0, T, LP*(IR™)) into itself. This fact allows us to let ¢ — 0 obtaining as limits in

L% (0, T, LP*(R™)) the following singular integral and commutator

KF(x) = PV. [ k(x,x =) f(y)dy = lim K.f(3)

IRH
Cla, A1(x) = Y. [[KGx,x =)o) — a1 F(y)dy = lim Cla, £1(3)
IRW
These operators are bounded in the class L%#(0, T, LP* (R")).

Theorem 4.10. Let k(x,y) be a variable Calderén-Zygmund kernel, for a.e. x € R"™, 1 <
p,q<00,0<Au<nandac VMO(R").

Forany f € L9#(0, T, LP*(IR")) the singular integrals K f, Cla, f] € L7#(0, T, LP*(R")).
exist as limits in L9 (0, T, LP*(IR")), for ¢ — 0, of K¢ f and C¢[a, f], respectively. Then, the
operators K f, Cla, f] : L9#(0, T, LP*(R")) — L9#(0, T, LP*(IR")) are bounded and satisfy

the following inequalities
[IKf Il o (O,T,LPA(RM)) = cll fllzan (0,T,LPA (RM)) (4.3)

ICLa, fllanor,eonwnyy < cllallll fllLano,r,0a rr)) (4.4)
where ¢ = c(n, p, A, a,K), the dependence on K is through the constant ¢(p) in Definition

2.3 part 2), for suitable B.
Moreover, for every € > 0 there exists pg > 0 such that, if B, is a ball with radius r such
that 0 < r < po, k(x,y) satisfies the above assumptions and f € L7 (0, T, LPA(B,)), we have

ICla, f] ||Lq,;t(0,T,LM(B,)) <ce ||fHLw(o,T,LM(B,)) (4.5)
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for some constant ¢ independent of f.

Proor. For every t € (0,T), from the known inequality (see e.g. [16])

sup [ KNy <esup o [ Iy,

xeR" xeRM
p>0 By(x) p>0 B,(x)

fixing to € (0,T), elevating to %, integrating in (0, T) N (o — p, to + p), multiplying for

o~ ¥,we have

9
4

1 1

s e [ IEp@aray | s
xeR?

(0,T)N(to—p,to+p) p>0 By(x)

q

P

1 1

< c— sup — LB |Pd dt

<er [ e [ rwora
(OT)N(to—p.to+p) \ P>0  By(x)

then, we have

=

sp [ s [IKA@Py | de<

toe(0,1) P xeR"
0>0 (0,T)N(to—p,to+p) p>0 By(x)
q
P
1 1
< ¢ sup — / sup — / |f(y, t)|Pdy | dt
toc(o,1) P xeR"
>0 (0, T)N(to—p,to+p) p>0 By(x)

elevating to %, we get the conclusion for K f. The proof of (4.4) is similar, starting from
the inequality
1€, Allparey < cllall [l fllon ) -

Finally, using the VMO assumption, if we fix pg such that 7(pp) < €, we get the
conclusion. Let us remark that the result is also true if we assume a defined only in
some ball with ||a]|. < e.

O

5. Applications to Partial Differential Equations

As application of the previous results we obtain a regularity result for strong solu-

tions to the nondivergence form parabolic equations.
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Precisely, let n > 3, Qr = ' x (0,T) be a cylinder of R"*! of base O/ C R".
In the sequel let us set x = (x/,t) = (x],x2,...,x),t) a generic point in Qr, f €
L9*(0, T, LPM(QY)),1 < p,g < 0,0 < A, < n and

L , . %u
Lu= Uy — ZZ ﬂl](x,t>m (51)
,j=1 i
where
a;i(x',t) = a; (¥, t), Vi,j=1,...,n, a.e.x € Qr (5.2)

Fv >0 v gP < B a0 &G <vIGP,  ace in Qr,VEER" (5.3)

a;j(x',t) € VMO(Qr) NL*(Qr),  Vi,j=1,...,n,. (5.4)
Let us consider
Lu(x',t) = f(x/,1). (5.5)
A strong solution to (5.5) is a function u(x) € L7#(0,T,LP*(Q))) with all its weak
derivatives D,u, Dx;x}u, i,j=1,...,n and Du, satistying (5.5) , Vx € Qr.

Let us now fix the coefficient xg = (x{,t9p) € Qr and consider the fundamental

solution of Ly = L(xo), is given, for T > 0, by
1-n i
4r7) " Al (x0) 3¢
F(x0:0) = T(o t0:,7) = 0 o (_W%> 6)

aif(xo) 4T

that is equals to zero if T < 0, being A”/(x) the entries of the inverse matrix {a’(x)} .
The second order derivatives with respect to {; and {;, denoted by Fij(xo, to; C, T),

i,j=1,...,n and Fij(x; 6), are kernels of mixed homogeneity.

Theorem 5.1. Let n > 3,a;; € VMO(Qr) N L*(Qr), B, CC O a ball in R"
Then, for every u having compact support in B, x (0,T), solution of Lu = f such that
Dx%u € L9#(0,T,LPM(B,)) Vi,j = 1,...,n, there exists ro = ro(n.p,v,n) such that, if

r < 1o, then
HDx,ij’- wll pano,eor(8,)) < CIlLullano,r,r(8,)), Lj=1,...,n (5.7)

| utHL‘i/P‘(O,T,LPr)‘(B,)) < CHL”HLW(O,T,LP/A(B,,))/ (5.8)

Proor. Let C; = {v € CF°(A) : v(x/,0) = 0,4 = R"™ N {t > 0}} and u € C;. The

local representation formula for the second order spatial derivatives of u (see [8]), is
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the following

Dx;x;u(x) = lim / Tij(x; x — y) Lu(y)dy

e—0
plx—y)>e
+lim Tij(x —y) Y ["(y) — a"™(x)] - Dy yu(y)dy
o(xy)>e I
+Lu(x) [ Ty,
Zn+1

fori,j=1,...,n,and for x in the support of u, being ¥, 11 = {x € R"* : |x| = 1} and
vi(y) the i-th component of the unit outward normal to X1 aty € X, ;1.
From (4.3) and (4.4) we get the first inequality (5.7). Let us now observe that
" 0% u
=L (X ) =
e £ ocen

and the second inequality (5.8) is proved.



CHAPTER 4

Integral operators on modified local generalized Morrey spaces

This chapter is based on the following publication:

V.S. GuLiYEv, M.N. OMAROVA, M. A. RAGUSA, A. SCAPELLATO,
Regularity of solutions of elliptic equations in divergence form in

modified local generalized Morrey spaces,

to appear.

In this chapter we prove regularity results, in some Modified Local Generalized
Morrey Spaces, for the first derivatives of the solutions of a divergence elliptic second

order equation of the form

n

Lu = Z (”ij(x)“xl')x. =V-f, for almost all x € Q)
iji=1 !

where the coefficients a;; belong to the Sarason class VMO and f is assumed to be
in some Modified Local Generalized Morrey Spaces m’{?;fg}. Hearth of this chapter
is to use an explicit representation formula for the first derivatives of the solutions
of the elliptic equation in divergence form, in terms of singular integral operators and
commutators with Calderén-Zygmund kernels. Combining the representation formula
with some Morrey-estimates type for each operator that appears in it, we derive a

regularity result.
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1. Introduction

In this chapter we consider the following divergence form elliptic equation

n

Py = Z (ﬂij(x)ux,->x, =V-f, for almost all x € () (1.9)

ij=1 !

in a bounded set Q) C R", n > 3.

We assume that .# is a linear elliptic operator and its coefficients belong to the
space VMO and the vectorial field f = (fi, f2, ..., fn) is such that f; € LMP? for i =
1,..,n, with1 < p < 00 and ¢ positive and measurable function. The space VMO was
introduced by Sarason and it is the proper subspace of the John-Nirenberg space BMO
whose BMO norm over a ball vanishes as the radius of the ball approaches zero.

In the last few years have been studied several differential problems on Generalized
Morrey Spaces (see, for instance, [43]).

Recently, in [71] and [72] the author studied some regularity results for solutions
of linear partial differential equations with discontinuous coefficients in nondivergence
form.

The main result in this chapter is the study of local regularity in the Generalized
Morrey Spaces LM ¢ of the first derivatives of the solutions of the equation under
consideration as in the past has been done in L? —spaces and in L —spaces.

See, for instance, [25] and [65] where the authors obtain local regularity in the
classical Lebesgue spaces L? for the first derivatives of solutions of the solutions of
the equation with discontinuous coefficients. See, also, [63] in which has been done
the same in the Morrey spaces LP*. Hearth of the technique is the use of an integral
representation formula for the first derivatives of the solutions of equation (2.10) and
the boundedness in LP? of some integral operators and commutators appearing in this
formula.

Precisely, in the sequel we apply the boundedness on Generalized local Morrey
Spaces of singular integral operators and its commutators obtained in [44]. We would
like to point out that in the last decades a lot of authors studied the boundedness of

such operators in several functional spaces (see e.g. [21], [27]).

2. Useful definitions

Let () be an open bounded subset of R”, with n > 3, and f be a locally integrable

function on Q).
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In 1991, Mizuhara in [53] extended the previous definition of Morrey Space, intro-

ducing the Generalized Morrey Spaces.

Definition 2.1. Let ¢(x, ) be a positive measurable function on Q3 x (0,00) and 1 < p < oo.
We denote by MP?(Q)) (WMP9(Q)) the Generalized Morrey space (the weak Generalized
Morrey space), the space of all functions f € L oc (Q) with finite quasinorm
1 1
, = su
1 lagr e vy o(x,1) IB(x,r)|%

O<r<d

I fllze ()

1 1
(hwninior = s9p oy lwrcinsn )

0<r<d

According to this definition we obtain, for 0 < A < n, the Morrey space LPA under
A—n
the choice ¢(x,7) =71 7 :

=

LPA = MP¥| -
glxr)=r"7

In this note we are interested in the study of regularity properties of solutions to
elliptic equations in the local version of Generalized Morrey Spaces. In order to achieve

this purpose we need of the following definitions.

Definition 2.2. Let ¢(x,r) be a positive measurable function on Q) x (0,d) and 1 < p < oo.
Fixed xo € Q), we denote by LM?;f;}(Q) (WLM}E;:’;}(Q)) the local Generalized Morrey space
(the weak local Generalized Morrey space), the space of all functions f € LfOC(Q) with finite

quasinorm

1
1 fllLampe () = su £ 1Ly (o r
/ My () 0<r£)d ¢(xo,7) | B(xo, r)’% Hirt@tn)
1 1
), = su ) |-
<Hf”WLMi’:S}(Q) 0<rI<)d ¢(x0,7) |B(XOIT’)|% HfHWLP(Q( ) ))>

Definition 2.3. Let ¢(x,r) be a positive measurable function on Q) x (0,d) and 1 < p < oo.
We denote by MP?(Q) (WMP#(Q)) the modified Generalized Morrey space (the modified
weak Generalized Morrey space), the space of all functions f € LF(Q) with finite norm

11 gzmey = If ey + I Fll oo
(It = 1 lwaeoan + I fllwer )

According to this definition we obtain, for A > 0, the local Morrey Space LM? on}
under the choice ¢(xop,7) = P

LMP?

T} (Q) = LMP? (Q)| An .

{xo} o(xo,r)=r P



2 Useful definitions 61

Definition 2.4. Let ¢(x,r) be a positive measurable function on Q3 x (0,00) and 1 < p < oo.
Fixed xo € Q, we denote by f]\v/I?;ﬁ}(Q) (EM@’;’;}(Q)) the modified local Generalized Morrey
space (the modified weak local Generalized Morrey space), the space of all functions f € LP(Q))

with finite norm

£z @y = W lliagee oy + I fllencay

(I hweaeee ) = I lweaazs o + 1f Iwerc )

Remark 2.5. For further details on Local Generalized Morrey Spaces, see for instance [38, 39,
47].

By A < B we mean that A < CB with some positive constant C independent of
appropriate quantities. If A < B and B S A, we write A =~ B and say that A and B are
equivalent.

Let () be a bounded open set in R", n > 3, let us consider

n
Lu=-Y, (aij(x)uxi)x‘ =V-f, aa. x €Q, (2.10)
ij=1 !
and, fixed xp € R", we suppose that exists p €]1,4+o0[ and a positive measurable

function ¢ defined on R” x (0, 00) such that:

f=(fu i fu) € [LM7D Q)] (2.11)

aij(x) €eL*NVMO,Vi,j=1,..,n; (2.12)

a;(x) = a;(x), Vi,j=1,.,n, aa xec (2.13)
Fe>0:x 2P < a6il; < k[E)F, VEERY, aa. x €Q. (2.14)

We say that a function u is a solution to (2.10) if u,0y,u € LP(Q)), Vi = 1,...,n and

forsome 1 < p < ©

/aijuxigoxj dx = — /fiq)xl. dx, Vo € C(Q).
Q Q
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3. Calderén-Zygmund kernel and preliminary results

In order to present the representation formula for the first derivatives of a solution

of 2.10, we find it convenient to present the definition of Calderén-Zygmund kernel:

Definition 3.1. Let k : R" \ {0} — R. We say that k(x) is a Calderén-Zygmund kernel (C-Z
kernel) if: .

(1) k€ C=(R"\ {0});

(2) k(x) is homogeneous of degree —n;

(3) [k(x)dx =0, where £ = {x € R" : x| = 1}.
z

Many authors obtained several boundedness results for integral operators involving
Calderén-Zygmund kernels. For instance, in [24] the authors studied the boundedness
of Calderén-Zygmund singular integral operators and commutators on Morrey Spaces.
Recently, in [44] the authors extended the previous results in Generalized Local Morrey
Spaces. Precisely, using the boundedness of the Calderén-Zygmund singular integral
operators from LM?;:S} (R") in itself (see [38]), the authors in [44] obtained the following
theorem (see Chapter 2 for further details).

Theorem 3.2. Let xo € R", 1 < q < s < p < +oo, K be a Calderén-Zygmund singular
integral operator and the measurable function ¢ : R" x (0,00) — R satisfy the conditions
ess infe(xo, T) "

sup =T < Co(xo,7),
r<t<oo tp

/°°ess info(xo, T)T?

t<T<00
i < Colx0,7),
TP

7

where C does not depend on r.
If a € BMO(RR"), the commutator

[a,K](f) = aKf — K(af)

is a bounded operator from LM?;“S} (R") in itself.

Precisely, for every f € LM?;’;} (R"), we have
Ha, KA lagpe, < cllallllfllage -
X0} {xo}

The previous theorem was proved using the following important result contained
in [38].
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Theorem 3.3. Let xo € R", 1 < g < oo, K be a Calderon-Zygmund singular integral operator
and the functions @1, ¢, satisfy the condition

n

ess inf @1(x0,T) T
T<0O
/ R dt < C @a(x0,7), (3.15)

r
where C does not depend on r. Then for 1 < q < oo the operator K is bounded from
LM?;”]} (R™) to LM?;”Z} (R") and for 1 < q < oo the operator K is bounded from LM?’X?} (R™)

to WLM?;{% (R™). Moreover, for 1 < q < co

||Kf||LMq,q)2 <c HfHLM‘?"f’l ’
{xp} {xo}

where c does not depend on xo and f and for 1 < g < o

HKfHWLMq"”Z <c HfHLM‘“”l ,
{xo} {xo}

where ¢ does not depend on xo and f.

4. Hardy operators and boundedness results

In order to achieve the regularity results, we must to prove the following theorem.

Theorem 4.1. Let ) be an open bounded subset of R", d = sup,. ¢, [x —y| < oo,
Q(xo,7) =QNB(xp, 1), x0€0,0<r<d,1 §q<p<oo,%:%+%and

_ 8(y)
K / eyt

(i) If g € LI(QY) such that
d
/ gl d < o forall re (0,d), (4.16)

r
then for any r € (0,d) the inequality
d
T8 lwer (o) < cr? /t Mgl xot)dt+cr”H8HLq (4.17)
T
holds with constant ¢ > 0 independent of g, xo and r.
(ii) Let 1 < q < oo. If g € LI(Q)) satisfies condition (4.16), then for any r € (0,d) the

inequality
d

HTgHLV(Q(XO,r)) <crv / HgHL'? Q(xp,t) )dtL + C}’F’ HgHM (4-18)

7

holds with constant ¢ > 0 independent of g, xo and r.
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Proor. Let1 < g < p < 0. Since

d
n
rr
r

d
-5 Hg||m xot)dt > rp”gHLq xor)/fpldt

r

~ Hg”Lq XOT )(d% - r%)l r E (O/d)/

we get that

d
I8l < 7 / E5 gl A+ 7 8l T E©Od).  (419)

r

(i). Assume that 1 < g < oo. Letr € (0,d/2). We write g = g1 + g with

81 = 8§XQ(xo2r) AN &2 = §X 0\ (xo,2r)- Taking into account the linearity of T, we have

IT8llwes(or) < 1T IwLixor) + 1T82llwLa(xor))- (4.20)

Since g1 € L7(Q)), in view of (4.19), the boundedness of T from L7(Q)) to WLF(Q))
implies that

HTngwm(Q(xo,r)) < HTngwm(Q) S HngM(Q) ~ HgHLﬂ(Q(xo,zr))
d

1t [ gluagon dt + 1% Iy 21)

r

where the constant is independent of g, xo and 7.
We have

Tg2(x)| S / |x|§(]]//|)”|‘1 dy,  x€Q(x,r).
O\Q(x0,2r)

It’s clear that x € Q(xq,7), y € Q\(Q(x0,2r)) implies 3|xo —y| < [x —y| < 3|x0 — y|.

Therefore we obtain that

1T82 || e ((xo,r)) S re / \JCo’g—(\'Ll i
O\ (Q(x0,2r))
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By Fubini’s theorem, we get that
3 [
8y / s
——d 1+ — | d
| e~ [ i) = a
O\Q(x,2r) O\Q(xp,2r) [x0—y|
h d
s
= [ swlavs [ swl| [ 5]
O\Q(x0,27) O\Q(xp,2r) xo—Y|
h d
s
= / \g(y)\dy+/ / gW)ldy | =
O\Q(x0,27) 2r r<|xo—y|<s
d
ds
< | lg()ldy + 8W)ldy | o
O 2r (XO/S)
Applying Holder’s inequality, we arrive at
3| /
s\
| s S lsho + [ 5 sl
O\Q(x0,2r) 2r
Thus the inequality
d
ITg2lsiatnn S T [ F Igluomen ds+ P lglue  @22)
holds for all r € (0,d/2).
On the other hand, since
IT2llwir o) < 1T82llLr((xor)
using (4.27), we get that
d
HTg2HWU’(Q(x0,r)) S re / HgHL'? Q(xo,8) )ds—i_rpHgHM (4-23)
holds true for all r € (0,d/2).
Finally, combining (4.20) and (4.21), we obtain that
d
1Tl S 7 [ 57F gl ds+ 17 ooy (424

7

holds for all r € (0,d/2) with a constant independent of f, xp and r.



4 Hardy operators and boundedness results 66

Let now r € [d/2,d). Then, using (L7(Q2), L?(Q}))-boundedness of T, we obtain

ITgl e axor)) < NT8lry S N8MLay = 77l

and, inequality (4.17) holds.
(ii). Assume that 1 < g < oo. Let again r € (0,d/2). We write ¢ = g1 + g2 with

81 = §XQ(x02r) A0 &2 = §X 0\ (x,2r)- 1aking into account the linearity of T, we have

1Tg | Loaxor)) < TS x0r)) T T F2ll Lo (x0))- (4.25)

Since g1 € L1(Q)), in view of (4.19), the boundedness of T from L7(Q)) to L”(Q)) implies
that

ITg1ll s xory) < NT&1Lq) S N81llac) = 8llia(xo2)
d
ot [ gluaon dt+ 17 ooy (426)

r

where the constant is independent of f, xo and r.
Using (4.24), we get that

T2l S7F [ 5 Igliauan s+ gl @22

holds true for all r € (0,d/2).
Combining (4.25), (4.26) and (4.27), we see that inequality (4.18) holds true for all
r € (0,d/2) with a constant independent of g, xp and r.
If r € [d/2,d), then, using the boundedness of T from L7(Q)) to LP(Q}), we obtain
that
IT8l e xor)) < NTENLr) S NI8lLaca) = r%HgHL‘?(Q)

and, inequality (4.18) holds. O

In this section we are going to use the following statement on the boundedness of

the weighted Hardy operator

d
/g s)ds, 0 <t <d< oo,
t

where w is a fixed function non-negative and measurable on (0, d).

The following theorem was proved in [38, 39] and in the case w = 1 in [10].
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Theorem 4.2. Let vy, vy and w be positive almost everywhere and measurable functions on
(0,d). The inequality

ess sup vp(t)H,,g(t) < Cess supvi(t)g(t) (4.28)
O<t<d 0<t<d

holds for some C > 0 for all non-negative and non-decreasing g on (0,d) if and only if

d

B :=esssup vy(t / < 0. (4.29)
O<t<d ess sup (T
t s<t<d

Moreover, if C* is the minimal value of C in (4.28), then C* = B.
Remark 4.3. In (4.28) and (4.29) it is assumed that é =0and0-00 = 0.
In order to achieve the regularity results, we must to prove the following theorem.

Theorem 4.4. Let Q) be an open bounded subset of R", xg € Q0,1 < g < p < o0, % = % + 1

Let also ¢1(x, 1) and ¢2(x,r) two positive measurable functions defined on Q) x (0,d) such
that the following condition is fulfilled:

4 ess inf ¢ (xg, T) Ti
/ feree dt < C1(xo,7), (4.30)

n
,+
r

where C does not depend on r. ThenA,}:or every § € mtgf}(ﬂ), the function Tg(x) is a.e.
defined, Tg belongs to the space WLM?;Z?} (Q)) and there exists ¢ = c(q, p1, 2,n) > 0 such
that

In the case q > 1 the function Tg belongs to the space mﬁxﬁl}(ﬂ) and there exists
c =c(q, 1, 92,n) > 0 such that

Proor. By Theorem 4.1 and Theorem 4.2 with

0(r) = i(x0,1)7Y,  vi(r) = ga(xo,r) Wi
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and w(r) = 7 we have

d
_ dt

1Tl wiairm ) S sup ¢1(xo,7) 1/HfHWL‘I(Q(xU,t))n+1 + ITgllwrr ()
{xo} o<r<d ) tr

< sup @a(x0,7) ' 1 |8llracages) + Igla(q)
O<r<d

= HgHLM?;::)z}(Q) + HgHL'?(Q)

= ngmg‘&(g)

and forg > 1

d
_ dt
HTgumf/;;l}(Q) < sup ¢1(xo,7) 1/HfHL'7(Q(xo,t))ﬁr;H+ HTgHm(Q)

0<r<d

< sup @a(x0, 7)1 I8l + 181y
O<r<d

= l18llagg ) + s

= HgHm’Z'x";Z}(Q)-

From Theorem 4.4 we get the following corollary.

Corollary 4.5. Let Q) be an open bounded subset of R",1 < g < p < oo, % = % + 1. Let also
@1(x,7) and @y(x,r) two positive measurable functions defined on Q) x (0,d) such that the
following condition is fulfilled:

/d ess inf ¢o(x, T) T4

t<t<d T dt < Ce1(x,71), (4.31)
r

where C does not depend on x and r. Then, for every g € M%92(Q), the function Tg(x) is a.e.
defined, Tg belongs to the space WMP#1(Q)) and there exists ¢ = c(q, @1, 92, 1) > 0 such that

HTgHwMPm(Q) < C||gH1\7WP2(Q)~

In the case q > 1 the function Tg belongs to the space MP-#1(Q) and there exists
c =c(q, 1, 92,n) > 0 such that

||Tg||]\71pr¢1(0) < CH8||]\71»7,¢2(Q)-
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5. Application to partial differential equations

Let us consider the divergence form elliptic equation (2.10), in a bounded set () C
R", n > 3. We set

1 n 2on
v At
T(x,1) n(2 — n)wy /det{a;(x)} <i;1 i( )tt]>

Ti(x,t) = iI“(x,t‘), Tij(x,t) = J [(x,t),

ot  0tot;
0T (x,t
M = max max L ,
i,j=1,..,n |1x|§2n at‘x Loo(QXZ)

for a.a. x € Band Vt € R"\ {0}, where A;; denote the entries of the inverse matrix of

.....

It is well known that T';;(x, t) are Calderén-Zygmund kernels in the ¢ variable.
Letr,R € RT,r < Rand ¢ € C*(Q) be a standard cut-off function such that for
every ball Bg C ),

p(x)=1 inB,, p(x) =0, inQ)\ Bg.
Then if u is a solution of (2.10) and v = gu we have
Llv) =V -G+g
where
G=¢f +uAVey,
g = (AVu, Vo) = (f, V).

Using the notations above, we are able to recall an integral representation formula for

the first derivatives of a solution u of (2.10).

Lemma 5.1 ([25]). For everyi =1,...,n, let a;; € L*(R") N VMO satisfy (2.13) and (2.14),
let u be a solution of (2.10) and let ¢, g and G defined as above. Then, for every i = 1,...,n,
we have

Iy, (gu) = h_anl P.V. / Tij (e, x = y){(@jn(x) — apm(y))oxn(9u)(y) — G;(y)} dy
]= Bg

- /Fi(x,x —y)8(y)dy + i cin(x)Gy(x), Vx € Bg,
h=1

Br

setting ¢y = [ Ti(x, t)t, doy.
=
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Using the representation formula stated in Lemma 5.1, we can obtain a regularity

result for the solutions to (2.10).

Theorem 5.2. Let a;; be such that (2.12), (2.13), (2.14) are true, we assume that the condition
(4.30) is fulfilled and that ¢, 2, ¢1. Let also suppose that u is a solution of (2.10) such that
Oy, U € ﬁ\//lzﬁ}(ﬂ),for alli=1,..,n, f € [f]\v/lml}(())]”, xo € Q. Let ¢ € C®(Q)) a stan-
dard cut-off function. Then, for any K C Q) there exists a constant ¢(n, p, @1, @2, dist(K,0Q2))
such that

(1) Oxu € LM{gy(K), Vi=1,.,n,

2) ||ax,~“||m§;gl}(1<) S/ ||u|’m?;§1}(0) + ||axiu||mmz}<g) + Hme?;?}(Q), Vi=1,.,n,

11,1
wherep q-l-n.

Proor. Let K C ) be a compact set. Using Lemma and the boundedness of the

commutator proved in [44], we obtain the following estimate:

||axf((l)u)|’m’{”;(’;l}(1<) < HC[LZZ']', qp]axh(u¢)||m?f;1}(1<) + ||KG||mF{7;/;1}(K) + HTngM*{’;‘gl}(K)

+HGHLT4’{”;"(’)1}(K)

IN

C””H*||axh(u(P)||m’{"X‘gl}(K) + HG”m*{’;gl}(K) + HgHLTA‘?j;Z}(K)

+HGHEIT4'§;:’)1}(K)/

where the norm ||a||.. is taken in the set Bg.
Taking into account that a € VMO, we can choose the radius R of the ball B such that

cllall+ < . This remark allow us to write

Haxi(qou)HLT/fﬁ‘gl}(K) < ”GHW?;WK) + HgHm%;gz}(K) + HGHmﬁ?}(K)
~ HGllmr{’;gl}(K) + IIgHm%z}(K)
= llof + 1AVl o + [KAVE Vo) =, Vol e g

< ||f||m?:gl}(1<) + ||u||m’{”;‘gl}(1<) + ||ax,vu||mmz}(1<) + Hf“ﬁ\i/lmf}(K)'
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Now we apply the hypothesis ¢, 2 @1, obtaining the following estimate for the norm

Hfﬂmgj;z}-

1 1
MY < su X0, +
||f||LM§j;2}(1<) < 0<rl<>d (Pz(xofr)\B(xo,r)ﬁ”f”M(B( oK) F I fllacx
1 1
S sup Ll Bornk) + 11 Lok

0<r<d P1(X0,7) |B(xq, 7)1

- HfHLM?:‘;l}(K) + Hf”L‘I(K) = Hf”m?q’l (K)'

xo}

Using the previous estimate we finally obtain that

sy < € (1) o+ 19z o+ Wl ) - ¥ = Lo

From Theorem 5.2 we get the following corollary.

Corollary 5.3. Let a;j be such that (2.12), (2.13), (2.14) are true, we assume that the condition
(4.31) is fulfilled and that o 2 @1. Let also suppose that u is a solution of (2.10) such that
Oyl € mg’;z}(ﬂ),for alli=1,..,n, f € [MP?1(Q)]". Let ¢ € C®(Q) a standard cut-off
function. Then, for any K C Q) there exists a constant c(n, p, ¢1, @2, dist(K,9Q))) such that
1) oyu € MPP(K), Yi=1,..,n,
(2) ||ax,~“||1\71pf<ﬂ1(1<) < H”HM%%(Q) + ||axi”||1\7m/evz(g) + Hf”]\}]‘?r‘/’l(())l Vi=1,..n,

1_1.,1
wherep q+n.

In the case ¢1(x,7) = @2(x,r) we get the following corollaries.

Corollary 5.4. Let a;; be such that (2.12), (2.13), (2.14) are true, we assume that ¢(x,r)
positive measurable function defined on Q) x (0,d) and the following condition is fulfilled:
d : h
cinfoCo )T
1

dt < Ce(xo,r1),
v

where C does not depend on r.
Let also suppose that u is a solution of (2.10) such that dxu € mﬁ{l'(P (Q), forall i =

XU}
1,..n f € [EJ\V/I?;/;}(Q)]”, xo € Q. Let ¢ € C®(Q) a standard cut-off function. Then, for
any K C Q) there exists a constant c(n, p, ¢, dist(K,0Q))) such that

(1) Oxu € LM{gy(K), Vi=1,.,m,

XQ}

2) ||ax,~“||m§;g}(1<) S/ ||u|’m?;’z}(0) + ||axiu||m?;/;}(g) + ||f“m?}?{’]}(0)/ Vi=1,.,n,
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11,1
wherep q+n.

Corollary 5.5. Let aj;; be such that (2.12), (2.13), (2.14) are true, we assume that ¢(x,1)
positive measurable function defined on Q) x (0,d) and the following condition is fulfilled:

t<T<OOt%+1 dt < C(p(x, r),

/d ess inf ¢(x, T) T

r

where C does not depend on x, 1.
Let also suppose that u is a solution of (2.10) such that o,u € Z\7I‘7"/’(Q),for alli=1,..,n,
f e [MP?(Q)]". Let ¢ € C*(Q) a standard cut-off function. Then, for any K C Q there

exists a constant ¢(n, p, ¢, dist(K,0Q)) such that
(1) d,u € MP?(K), Vi=1,..,n,
(2) Haxi“HMw(K) S H“HMW(Q) + HaxiuHMq/‘/’(Q) + HfH]V[‘W(Q)I Vi=1,.,n,

1_1.,1
wherep q—l—n.



Conclusions

We wish to continue the research started during the PhD. Specially, we would to
investigate the behavior of other integral operators both on mixed Morrey spaces and

modified generalized local Morrey spaces.

In line with the two sides studied in this thesis, the aim of the future research
should be the applications of the estimates for integral operators to the field of partial

differential equations and systems of various type.

Taking into account the recent development of real and harmonic analysis related to
Morrey-type spaces, it seems that the parallel study of the theory of integral operators
and the regularity of solutions to partial differential equations is very fruitful. For
this reason, we hope to contribute to the development of new issues and new useful

techniques.
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